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Resumo

Nesta tese, vamos analisar uma forma especifica de baralhar um namero finito de cartas. O baral-
hamento consiste em retirar a primeira carta e langar ao ar uma moeda: se sair cara, coloca-se a carta
na Ultima posicao do baralho, mas se sair coroa, coloca-se a carta na penultima posicao do baralho.
Este baralhamento foi introduzido por Arunas Rudvalis (cf. [4], pagina 90), pelo que o denominamos
por baralhamento de Rudvalis.

A dissertacao encontra-se dividida em dois capitulos. Na primeiro capitulo, comegamos por definir
propriedades basicas de cadeias de Markov. De seguida, fazemos um estudo do baralhamento de
Rudvalis, usando cadeias de Markov e as propriedades vistas anteriormente, tais como o tempo de
mistura. O principal objetivo deste capitulo é estudar o problema resolvido por Wilson em [15], i.e.,
estimar uma cota inferior (em funcao do nimero de cartas do baralho) para o0 nimero minimo de vezes
que temos de baralhar as cartas se quisermos que o baralho fique bem baralhado.

Na segundo capitulo, aplicamos sucessivamente o baralhamento de Rudvalis e vamos olhando para
a configuracdo das cartas como um sistema de particulas (identificando as cartas vermelhas como
sitios vazios e as cartas pretas como sitios ocupados), fazendo uso de cadeias de Markov em tempo
continuo. O resultado principal € o Limite Hidrodindmico, que caracteriza a evolugdo da densidade de
particulas. Em particular, provamos a existéncia da solugao fraca de uma equagao diferencial parcial,

a equacao do transporte no toro.

Palavras-chave: cadeias de Markov, equacodes diferenciais parciais, limite hidrodinamico,

sistema de particulas, tempo de mistura, equagao do transporte.
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Abstract

In this thesis, we analyze a specific way to shuffle a finite number of cards. The shuffle consists of
drawing the first card and flipping a coin: if it lands heads, we place the card at the last position of the
deck, while if tails come out, the card is placed at the second-to-last position of the deck. This shuffle
was introduced by Arunas Rudbvalis (cf. [4], page 90), so we call it the Rudvalis shuffle.

The dissertation is divided into two chapters. In the first chapter, we start by defining basic properties
of Markov chains. Next, we study the Rudvalis shuffle, using Markov chains and the properties previously
seen, such as the mixing time. The main goal of this chapter is to study the problem solved by Wilson in
[15], i.e., to estimate a lower bound (as a function of the number of cards in the deck) for the minimum
number of times we have to shuffle the cards if we want the deck to be well shuffled.

In the second chapter, we successively apply the Rudvalis shuffle and look at the configuration of
the cards as a particle system (identifying the red cards as empty sites and the black cards as occupied
sites), making use of continuous time Markov chains. The main result is the Hydrodynamic Limit, which
characterizes the evolution of the particle density. In particular, we prove the existence of the weak

solution of a partial differential equation, the transport equation on the torus.

Keywords: Markov chains, partial differential equations, hydrodynamic limit, particle system,

mixing time, transport equation.
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Nomenclature

I lly

d(t)

tmix

[/

Dx[0,T)

Given two probability measures . and v, we denote by || — v||,, the total variation distance

between these measures.

We denote by d(t) the total variation distance between the distribution of a Markov chain at

time ¢t to its stationary distribution.

We denote by ¢,,,;.. the mixing time of a Markov chain.

Given f : X — R, we denote by || f||, = sup|f(z)| the L>°(X)-norm.
zeX

Given T > 0 and a metric space X, we denote by Dx[0,7T] the space of right continuous

functions z : [0, 7] — X which have left-hand limits.

Given a probability measure p defined on Q2 and a random variable, Z : Q — R, we denote by
E,[Z] = [, Z(w) u(dw) the expectation of Z with respect ... Likewise, we denote by Var,(Z)

the variance of Z with respect to .

Given a measure 1 on Q, a measure P, on Dq[0,T] starting from n, we denote by E,[Z] =
fDQ[O ) Z(z)P,(dx) the expectation of Z with respect to P,,. When referring to a Markov pro-

cess, E,, indicates the expectation given that the initial measure is p.

Given a complex valued function f and a real valued function ¢ defined in N, we write that
f(n) = O(g(n)) if there are M,ng € N such that | f(n)| < Mg(n) for all n > ny.

Given a complex valued function f and a real valued function g defined in N, we write that
f(n) = o(g(n)) if lim 3 —o.

Given a complex number A = a + bi (with a,b € R), we denote by R(\) = a its real part.

Given a complex number A = a + bi (with a,b € R), we denote by $(\) = b its imaginary part.
Given a complex number \ = a + bi (with a,b € R), we denote by A\ = a — bi its conjugate.

We denote by T := R/Z = [0, 1) the one-dimensional continuous torus.

We denote by T,, := Z/nZ = {0,1,...,n—1} the one-dimensional discrete torus with » points.

We denote by Q,, := {0,1}™ = {5 : T,, — {0,1} | nis a function} the space of configurations

of particles on the torus.
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Given a random variable Z and a probability distribution n, we write that Z ~ p if Z has
distribution .

We denote by M the space of positive measures on T with total mass bounded by 1 endowed

with the weak topology.

We use this notation for two different operations: if p is a function, then we denote by (p, f) =
[ p(u) f(u) du the inner product in L?(T), while if 7 is a measure, then we denote by (r, f) =

[ f(u) w(du) the integral of f with respect to .

We denote by C™ the space of functions whose the ;™ derivative for j € {0,1,...,n} exists and

it is continuous. In particular, C° := C is the space of continuous functions.

Given T > 0, we denote by C™™([0,T] x T) the space of functions f : [0,7] x T — R such that

fis C™[0,T] in the first component and C™(T) in the second component.
Given f: RT x T — R, we denote by 9, the first derivative on the first component (time).

Given a function f : Rt x T — R, we denote by V (¢, ) the first derivative on the second

component (space).

Given a function f := f(t, u) that depends on two variables, we write f;(u) instead of f(¢,u) in

order to simplify the notation.

Given two sequences {f,}nen and {g, }nen, we write that f,, < g, if there exists a positive

constant C, independent of n, such that f,, < C g, foralln € N.

Given two measures p and A, we write that . < A if p is absolutely continuous with respect to
A

We denote by X a generic metric space and by B the o-algebra generated by the open sets,

the Borel o-algebra on X.
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Introduction

Markov chains, named after Andrey Markov, are widely used in several fields, e.g., statistics, eco-
nomics, machine learning. A Markov chain is a stochastic process, i.e., a collection of random variables
indexed on time, which has the property (Markov property) that the future of the process depends only

on its present and it is conditionally independent of its past.

There are many real life occurrences of Markov chains but our focus in this dissertation will be a
Markov chain generated by a card shuffle, more precisely, a random walk followed by the permutations
of the cards when the deck is shuffled. Here the state space is the symmetric group S,, (whose elements

are called permutations) and the transitions are given by the specific chosen way to shuffle the cards.

We are interested on the number of shuffles it takes for a deck to be well shuffled. But what does
it mean for the deck to be well shuffled? Well, it means that after a certain number of shuffles, all the
possible n! permutations are equally likely. In a standard deck of 52 cards, the number of possible states
of the deck (52!) is already very large, and it might seem that we need several shuffles to mix the deck.
Of course, the number of shuffles we need depends on the shuffle. For example, if we use the classical
riffle shuffle (in which half of the deck is held in each hand and then cards are released so that they
fall to the table interleaved), after only 7 shuffles, the deck is close to random [2]. We are going to
consider instead another shuffle, which was introduced by Arunas Rudvalis [4] and it is very simple to
understand. We take the first card of the deck and we insert it in the last position with probability 1/2 or
in the second-to-last position with probability 1/2. Note that the Markov property is verified because the
next permutation of the deck depends only on the previous one and it is conditionally independent of the

others.

We shall look for the number of shuffles needed for the deck to be well shuffled after successively
applying the previous shuffle. But how can we do this? We will start by defining some basic concepts
of discrete time Markov chains, namely, the mixing time, which gives the time it takes for the chain to be
arbitrarily close to its stationary distribution. If the deck reaches the stationary state, which is the uniform
distribution, this means that at that moment any permutation is equally likely. In other words, when the
state of the deck reaches stationarity, the deck is well shuffled. Thus, finding the number of shuffles
it takes for the deck to be well shuffled boils down to estimating the mixing time of the Markov chain
described by the Rudvalis shuffle. Having realized that, we will use some properties of eigenvectors to
estimate the mixing time of the Rudvalis shuffle. The upper bound of the mixing time Rudvalis shuffle is

O(n®log (n)) [10] (after that number of shuffles the deck is well shuffled). Here we explain the method



used by Wilson in [15], which shows that the lower bound for the shuffle is also O(n3log (n)) (we need
at least that number of shuffles for the deck to be well shuffled). Therefore we can conclude that the
mixing time for the Rudvalis shuffle is O(n? log (n)).

For the second part of the dissertation, we will interpret the Rudvalis shuffle as an interacting particle
system on n sites, associating black cards with particles and red cards with vacant sites (in a standard
52-card deck of French-suited playing cards, this would correspond to having a system of 52 sites with
26 particles). We want instead to find what happens to the system when n goes to infinity, i.e., we want
to know how the particles behave when the number of sites goes to infinity.

This scenario is motivated by the interaction between particles (microscopic) in a real system, such
as a gas or a fluid (macroscopic). In this kind of systems, the number of particles is very large and thus
it is impossible to study the behaviour of each particle individually in order to understand the collective
behaviour of the system, i.e., it is not easy to study the macroscopic space (for example the gas) using
the microscopic space (looking at the motion of all individual particles). To overcome this problem, what
it is done instead is to consider that the particles move randomly according to some probability law (this
is shown to model well real macroscopic systems) and use the results obtained for the microscopic case
to draw conclusions for the macroscopic space.

The last strategy is done by considering an initial density of particles at the macroscopic level and
a probabilistic law for the microscopic particles (this will be determined by the Rudvalis shuffle). Then
we associate the density of the macroscopic system with an initial distribution of particles in the micro-
scopic system, to which we associate a continuous Markov chain, modelling the microscopic system.
This system conserves one or more quantities (in our case, the number of red and black cards is the
preserved quantity) but the distribution of this quantity changes through time. The question we ask is
how can we approximate the distribution of particles through time, and the hydrodynamic limit tells us
that the density of particles is described by a solution of a partial differential equation (PDE). In other
words, the hydrodynamic limit allows finding a macroscopic law (in general a solution of a PDE) through
a microscopic underlying random dynamic.

The hydrodynamic limit is really interesting in the sense that it allows us to relate concepts of proba-
bility theory with partial differential equations. This is because the density of particles in the macroscopic
space is usually described by a weak solution of a PDE. So if we take a random process (the card shuf-
fle), this random process gives rise, in the limit, to a deterministic process. Furthermore, if we prove the
unigueness of the weak solution of that PDE, the hydrodynamic limit allows concluding the existence of
a weak solution to a PDE which a priori we did not know it existed. In other words, we use a random
process to prove the existence of a (weak) solution of a PDE. This is exactly what we aim to do in the
second part of this dissertation: explore the Rudvalis shuffle (which is a random process) and use it to

find the (weak) solution of a PDE, in our case, the transport equation.



Chapter 1

Discrete time Rudvalis shuffle

In this chapter, we start by studying discrete time Markov chains. We define a Markov chain, present
basic properties such as stationarity and irreducibility and we also have a brief look at eigenfunctions
associated with Markov chains. Then, we define the Rudvalis shuffle and estimate a lower bound for its

mixing time by using properties of discrete time Markov chains.

1.1 Discrete time Markov chains

Among the properties of a Markov chain, the irreducibility and the stationarity are of special interest,
since, for example, if a Markov chain is irreducible and its state space is finite, then the stationary
distribution is unique [13]. For these chains, we can define the mixing time, which is the time the chain

takes to be close (to be rigorously specified later on) to its stationary distribution.

1.1.1 Basic properties

Let (Q,]—' ,IP) be a probability space. Recall the definition of a (homogeneous) discrete time Markov
chain [8]:

Definition 1.1.1 (Discrete time Markov chain). Let P be a k x k matrix with elements {P(i,j) : i,j €
{1,---,k}}. A random process {X:}.cn, with finite state space Q) = {s1,---,s;} is said to be a (ho-
mogeneous) Markov chain with transition matrix P, if for alln, alli,j € {1,--- ,k} and all ip,- -+ ,i,—1 €
{1,--- ,k} we have

]P(XnJrl = Sj\Xo = SiU,X1 = Siy, s Xn—1= Sin,lan = Si) = P(Xn+1 = Sj|Xn = Sz)

= P(i,j).

The elements of the transition matrix P are called transition probabilities: P(i,j) = P(X,11 =
s;| X, = s;) is the probability of transitioning from state s; to state s; in one time step.
The stationary distribution of a Markov chain is a probability distribution such that if the chain starts

from that distribution, then it will always have that distribution at any time ¢ € N.



Definition 1.1.2 (Stationary distribution). Consider a (homogeneous) Markov chain { X }.cn, With tran-
sition matrix P and state space Q) = {s1,...,si}. A probability distribution 7 = (w1, ..., ) is said to be

a stationary distribution (or stationary measure or invariant measure) if tP = «, thatis, forj =1,...  k

(wP)(4) = Y _m(i)P(i5) = 7 ().
i=1
Remark 1.1.3. In order to avoid an enumeration of the state space, sometimes we might denote P (i, j)
by P(s;,s;) and m(i) by m(s;).

Another concept related to Markov chains is the one of irreducibility. A chain is said to be irreducible

if all states can be reached from every state. More precisely:

Definition 1.1.4 (Irreducibility). A Markov chain {X:}+cn, With state space Q2 = {s1,--- , s} and transi-
tion matrix P is said to be irreducible if for all s;, s; € Q there is a positive probability of ever reaching s;

starting from s; and ever reaching s; starting from s;. In other words, there exist n, k € Ny such that

]P)(Xm-‘rn = 3j|X'rrL = sz) > 07

P(Xm+k = 5i|Xm = Sj) > 0.

Otherwise the chain is said to be reducible.

It is well known that every Markov chain with finite state space has at least one stationary distribution
and that if the Markov chain is irreducible, the stationary distribution is unique.

Throughout the rest of this section, we shall denote by {X;}:cn, an irreducible and aperiodic (for any
state s, the greatest common divisor of the set of times the chain can return to s is 1) Markov chain with
finite state space 2, transition matrix P, initial measure uo(-) = P(X, € -) and stationary distribution
. Let F; := o(X; | s < t) be the o-algebra generated by X, X5,..., X; and {F; }ien, the filtration
associated with { X} }+cn,. Moreover, denote by E,,; the expectation starting from .

One question we might ask is if the distribution of the chain converges (with time ¢t € Ny) to its

stationary distribution. In order to know that, we first need a way to compare two probability distributions.

Definition 1.1.5 (Total variation distance). Let . and v be two probability distributions defined on a finite

state space §). The total variation distance between these two probability distributions is defined as

I = vy = glgg lu(A) —v(A)],

where ji(A) = 3,y u(x).

Most often, the set which maximizes the difference of the distributions might not be easy to find, so

we propose another way to compute this distance between distributions.

Proposition 1.1.6. Let i and v be two probability distributions defined on the state space 2. Then

5= vl = 5 3 n(a) — (@)

e

4



Proof. Considerthe event B = {x € Q: pu(z) > v(z)} and let A C Q.
Let C := An B¢ C B¢. Since u and v are finite,

w(C) < v(C) & u(A) — v(A) < W(AN B) — v(AN B) (1.1)
and for D := A°N B C B,
u(D) 2 v(D) & w(AN B) —v(ANB) < u(B) — v(B). (1.2)
Combining (1.1) and (1.2), we obtain
p(A) = v(A) < u(B) —v(B).
Similarly, taking C := AN B°and D := AN B,
v(A) — u(A) < v(B°) — W(B°) = u(B) — v(B).

Thus, from the two previous inequalities, we conclude that |u(A4) — v(4)] < u(B) — v(B), so that

1 1

max [1(4) = v(A)] = u(B) = v(B) = 5 (u(B) = v(B)) + 5 (w(B°) — u(B*)
= 2 wla) @)+ g 3 ) — @) = 5 3 ) — ()]
zeB rEBe zeQ

Remark 1.1.7. Itis clear that0 < || — v|| ;v < 1 and if || — v||y, = 0, then p = v. Furthermore, from

the previous result we can also write the total variation distance as

I~ vz = 5(u(B) ~ v(B))

where B = {z € Q: u(z) > v(x)}.
Convergence in total variation distance is defined as expected.

Definition 1.1.8 (Convergence in total variation distance). Let {u:}ien, and p be probability distributions

on a finite set ). We say that {.; }+cn, converges to  in total variation, which we denote by 11, ti—v> wif
thj{}o e = pll gy = 0.

In particular, for an irreducible and aperiodic finite chain, the distribution of the chain converges (in
total variation distance) to the unique stationary distribution 7 (Section 4.3 of [13]). But how much time
t does it take for the distribution of the chain to get arbitrarily close to the stationary distribution? With

that question in mind, we define a function that keeps track of the distance between the distribution of



the chain at time ¢ and the stationary distribution:

d(t) = max || P*(,

) 77T||TV’

where P!(z,y) := P(X; = y|Xo = z) is the probability of reaching state y in ¢ time steps, given that
Xo = z, that is, given that the chain started at state x.

It can be shown that d(t) is a decreasing function (Exercise 4.2 of [13]) which approaches zero as ¢
goes to infinity, i.e., the more the chain evolves, the closer it is to stationarity. The time ¢ in which the
chain gets arbitrarily close to the stationary distribution is called the mixing time of the Markov chain and

is precisely defined as follows:

Definition 1.1.9 (Mixing time). Fore € (0, 1), we define
tmiez(€) = min{t : d(t) < e}.

It is common to choose ¢ := 1 and define t,i, := timiz(1/4).

1.1.2 Eigenfunctions

It will be useful to introduce the concept of eigenfunctions and eigenvalues of the transition matrix of
a Markov chain. Moreover, there are properties relating eigenfunctions and the stationary distribution of

a Markov chain.

Definition 1.1.10 (Eigenfunction). Let P be a transition matrix of a Markov chain with finite state space
Q. A function f on Q is an eigenfunction (or eigenvector) of P associated with the eigenvalue X if
Pf=\f

Remark 1.1.11. The eigenfunctions, as well as the eigenvalues, can be complex-valued. Moreover,
by abuse of language, we might say “a Markov chain with eigenfunction f” instead of “a Markov chain

whose transition matrix has an eigenfunction f".
The previous definition is equivalent to having
2) =Y P(,)f() = M(2)
JjEQ

for every state z € Q2. From now on, we will omit the first parenthesis and just write P f(z).
Let f be a function on ©2 and p be a probability distribution on Q. Then, we can use the Markov

property to write

Eulf (Xeq)|Fe] = ELlf (Xer1) | Xe] = ZP X, ) = Pf(X),
zEN

where the Markov property is used in the first equality. If f is an eigenfunction with eigenvalue A, then

Eu[f (Xer1)|Fe] = Eulf (X 1) | Xe] = A (X). (1.3)



The fact that the transition matrix P is right stochastic (i.e., each entry is non-negative and each row
adds up to 1) will give rise to an eigenfunction associated with the eigenvalue 1. In fact, it is true that all

the eigenvalues have absolute value bounded from above by 1.

Lemma 1.1.12. Let {X:}:cn, be a discrete Markov chain with finite state space (2, transition matrix P

and initial distribution 1. Let f be an eigenfunction of P with eigenvalue \. Then
1. By [f(X0)] = A f(Xo).
2. |A| <1 and there exists always one eigenvalue equal fo 1.

Proof.

1. If we set g(t) := E,,[f(X¢)] and take expectations on both sides of E,,, [f(X¢4+1)|X¢] = A f(Xy), we
get (by the Tower Law property) that g(t + 1) = A\g(¢), for all ¢t € Ny. Solving that equation we get
g(t) = X'g(0). Thus, for all ¢ € Ny, we have that

Epuo[f(X0)] = MEy, [f(X0)] = A f(Xo).
2. Let||fll. = max | f(x)]. Since the entries of P are non-negative and the rows add up to 1,

1Pl = max| D" Ple.y)f(y)] < max > Play)lfW)] < |l max Y- Pla,y) = [1f]l
ye yeQ yeN
Now suppose, by contradiction, that |\| > 1. Then ||Af| . = [A | fll > | fll«, leadingto || Pf]|, <
[IAfll.., which is a contradiction with the definition of the eigenfunction A.
In order to see that there is an eigenvalue 1, just note that since the rows of P add up to 1, it is true

that Pf = f,if f(x) = 1forany z € Q, thatis, 1 is an eigenvalue of P.

O

We define the expectation of a function ¥ : © — C under a probability measure n on a finite space Q
by
B9 =Y W(n)p(x).

zEQ
Lemma 1.1.13. Let P be a transition matrix of a Markov chain with finite state space 2 and stationary

distribution 7. If f is an eigenfunction with eigenvalue \ # 1, then E.[f] = 0.

Proof. Note that

Mrf =AY f@)m(x) = AEq[f]

e

and since = is stationary, 7Pf = nf = E.[f]. Thus, multiplying by = on both sides of Pf = \f, we
obtain that E[f] = AE.[f]. Since X # 1, we must have E.[f] = 0. O



1.2 Rudvalis shuffle

We will now take a look at a very specific way to shuffle a deck of cards. Since a card shuffle consists
of a random walk on the permutations of the deck, this shuffle can be seen as a Markov chain. With that
in mind, we will find a lower bound for the mixing time of this chain. In other words, we will determine
how many times g(n) we have to shuffle the deck so that after those shuffles, the deck is still not well
shuffled (we need at least g(n) shuffles if we want the deck to be well shuffled and we know that shuffling
less than that number will not guarantee a well shuffled deck).

Let us consider a deck with n cards numbered from 1 to n (we label the first card with 1, the second
with 2, and so on). At each time ¢t € N, we remove the card on top of the deck and insert that card at the
second position from the bottom with probability p and at the bottom of the deck with probability 1 — p,
where p € (0,1).

Figure 1.1: Inserting the top card at positions n — 1 or n with probability p or 1 — p respectively.

Example 1.2.1. According to the initial configuration of the deck, we label the cards from 1 to n. We

have the following example forn = 5. We are seeing the deck from below. The top card, the 3 of hearts

Figure 1.2: A deck with n = 5 cards being labelled.

is labelled with 1. The second card, the king of clubs, is labelled with 2. And so on.

In order to see the dynamics of the shuffle, consider the following example of two consecutive shuffles

for a deck with n = 19 cards.



Example 1.2.2. Suppose the deck has n = 19 cards. We can use a (not necessarily fair) coin to decide
where we place the first card. If it lands “heads”, we place the first card at position n = 19, if it lands
“tails”, we place it at positionn — 1 = 18. The following image shows the four different possibilities after

two shuffles. The top card and bottom cards of the initial configuration of the deck are respectively the

34 A% 48

3¢
34 Hr'le
2¢ !

Figure 1.3: Example of the Rudvalis shuffle with n = 19.

3 of diamonds and 8 of clubs (we can imagine the deck in a circle where the last and first cards are
“connected”). After the first shuffle, the 3 of diamonds either goes to position n — 1 or position n. We see
that in both cases, all the cards but the 3 of diamonds (and possibly the 8 of clubs) are pushed up one
position, i.e., almost all the cards rotate counterclockwise. If the deck keeps being shuffled, the cards

keep “rotating” and as we will see later on, this is what makes the Rudvalis shuffle so unique.

The discrete-time Markov chain described by Figure 1.1 was introduced by Arunas Rudvalis (in fact
it is a slight generalization of the original shuffle proposed by Rudvalis), which considers p = 1, and for
this reason, it is known as the Rudvalis shuffle. Its state space is the symmetric group S,, of all possible
permutations of an n-element set. For o € S,,, we write o(x) = y if card y is in position x of the deck.
The transition matrix P is given by

P, if E — O.n—l
P(0,§) =q1—p, ife=0"

0, otherwise

where ¢% is the permutation obtained from o after we move the top card to position z. In other
words, given ¢ = (o(1),0(2),---,0(n)) € S,, with probability p, the state of the deck changes to
permutation o"~! = (0(2),0(3),--- ,0(n — 1),0(1),0(n)) and with probability 1 — p to permutation
o = (0(2),0(3),--- ,0(n),a(1)). Moreover, c"~*(n — 1) = o™(n) = o(1), e" 1 (n) = 0"(n — 1) = o(n)
andfory € {n —1,n}, 0¥(z) = o(x+ 1) forany z € {1,...,n —2}.

We denote the Rudvalis Markov chain by {o;}:cn,. Moreover, we denote by P(c, -) the distribution
of the deck after ¢ shuffles, given that the initial permutation of the deck is o. For example, Pt(o, €) is the
probability of having permutation ¢ after ¢ shuffles, given that the starting permutation is o.

We denote by E, the expectation with respect to the law of the process when the initial distribution

wo(-) = P(og € -) is concentrated on o, that is, the initial permutation of the deck is o (we have that



po(o) =1).
If the Rudvalis shuffle was not an irreducible chain, it would not make much sense to call it a shuffle
(we would not be able to achieve some specific configurations). But as expected, the Rudvalis chain is

irreducible, as can be seen in the next proposition.
Proposition 1.2.3. The Rudvalis chain is irreducible.

Proof. We start by noting that the chain is irreducible if, and only if, we can move any card & from its
position to a position between any two consecutive cards without changing the order of any card except
k. We then have to show that if the card k is at position ¢, we have a positive probability of moving it to
between the cards at positions j—1 and j , without changing the order of the remaining cards. First, note
that we can “rotate” the deck by consecutively placing the first card at the bottom of the deck until card
k reaches the first position. Let us call this sequence of shuffles an ascension (of card k). An ascension
brings card k to the top of the deck without changing the order of the deck. Then, we can place card k
at position n — 1 and so this card “moves up” with respect to all the remaining cards. Let us call this only

shuffle, i.e., placing card k at position n — 1 by increment. Next, we can do another ascension followed

11 2| 3| 4 5 5| 1| 2| 3 4
2| 3| 4| 5 1 11 21 3| 5 4
3| 4| 5| 1 2
41 5| 1| 2 3
5| 1| 2| 3 4

Figure 1.4: Ascension of card k£ = 5 on the left, and its increment on the right.

by an increment, and card & “moves up” one more position. Thus, in order to move card & from position
i to between cards at positions j — 1 and j (“above” the card at position j) , maintaining the order of the
remaining cards, we would need (i — j) mod n ascensions and increments, obtaining a configuration
with the cards initially at positions j — 1 and j at positions n — 2 and n respectively, and card & at position
n — 1. For example, in Figure 1.4, a card which starts at position i = 5, needs i — j = 1 ascensions and

increments to reach the position between the cards at positions j — 1 =3 and j = 4. O

Remark 1.2.4. As seen in the previous proof, if the Rudvalis shuffle placed the first card at position n
with probability 1, we would just be rotating the deck and the Rudvalis chain would be reducible (this

shuffle would be equivalent to the usual “cut” of a deck of cards).
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Example 1.2.5. Card magicians often use reducible card shuffles. For example, it is common to mem-
orize the first (or last) card of the deck and then apply the riffle shuffle but keeping the first card in its
place (at the eyes of a spectator, this will look like a normal shuffle). This shuffle is reducible since the
first card will always be the same and a configuration where another card is on top is impossible to be
reached using this shuffle. Then, the spectator, who thinks that the magician is, in fact, shuffling the
deck, does not know that the magician holds that extra information of knowing the first card and that he

could use that in his trick.

Since the chain is irreducible and has a finite state space, it has a unique stationary distribution U,,,
which is the uniform distribution on S,, (cf. Proposition 2.16 of [13]). In fact, it is simple to verify that

U,P = U,. For any permutation o,

(UnP)(0) = Y Unl€)P(E,0) = D 33 P(E,0) = 1(P(€1,0) + Pléz,0)) = 3y = Ua(o),
s, €eS,
where ¢; and &, are the permutations such that o = ¢77* = ¢2.

If we keep shuffling this way, how long must we shuffle the deck until it is well shuffled? But what
does it mean for the deck to be well shuffled? It means that the arrangement of the deck is close to
random. Thus, another way to ask this question is: How many shuffles does it take for the distribution of
the deck to become close to uniform? As we have seen before, this can be done using the mixing time of
the Markov chain. While an upper bound of O(n? log(n)) for the mixing time was already found (cf. [10]),
in this dissertation we focus on finding a lower bound for the mixing time of this chain. The bound for the
mixing time translates into a bound on the number of shuffles which tells us that if we shuffle the deck
any number of times below that bound, we know for sure that the deck is still not well shuffled. In order
to find this bound, we first find a lower bound for the total variation distance between any two probability
measures. Then, we consider the case in which one of the measures is the uniform measure on S,, and
the other is the distribution of the state of the deck after ¢ shuffles. This will allow finding a lower bound
for d(t). Finally, we will use this result to obtain a lower bound for ¢,,;. (¢).

Thus, we need to find g(n, €) such that ¢,,:,(¢) > g(n,<). If we can find such a function, we have just
shown that for any initial configuration of the deck, we need to shuffle the deck at least g(n, ) times if
we want the deck to become well shuffled. However, shuffling g(n, ) times does not guarantee that the

deck will be well shuffled.

1.2.1 Lower bound for the mixing time of the Rudvalis shuffle

Recall that for ¢ € (0,1), the mixing time of the Rudvalis Markov chain is given by ¢,,;.(¢) = min{¢ :
d(t) < e}, where

d(t) = max || P*(0,-) — U,

max e

where U,, is the uniform measure on S,,.
We introduce the following notation for a probability distribution defined on some other space. For
f : Q — I’ measurable and p a probability distribution on 2, denote by p.f~! the probability distribution

11



on IT', which is defined for I C T as

Lemma 1.2.6. Let i and v be probability distributions on Q2 and let f : Q@ — T be a measurable function,

where T" and Q) are finite sets. Then
| = vy > ||Mf—1 - Vf_lﬂw :
Proof. For a measurable set J C I, since

uf7HI) = vf D) = () = (I,

it follows that

it = vy = max (1) = (D] = masx |uf () = w5 D] = s~ =08

We will use the following proposition to find a lower bound for the distance between the distribution
of the chain at time ¢ and the stationary distribution, i.e., a lower bound for d(¢). If we can bound d(t)
by a “large” number, i.e., if we show that for small § > 0, there is t* (possibly depending on ¢) such that

d(t*) > 1 — ¢ then we can conclude, since d is decreasing, that ¢,,i, () > t*.

Recall that for a complex random variable 7, the expected value and variance with respect to a
measure y are respectively given by E,[Z] = E,[R(Z)|+i E,[S(Z2)] and Var[Z] = E,[|Z]?] - |EL[Z]|? =

E,[ZZ] - E,|Z|E,[Z], where the real part, R(Z), and the imaginary part, 3(Z), of Z are real random

variables.

Proposition 1.2.7. Let . and v be two probability distributions on a finite state space 2 andlet f : Q@ — C

be a complex-valued function on Q2. Then,

max{Var,(f),Var,(f)}
HEWA = 1B A 1P

||M—VHTV >1-8

Proof. Assume without loss of generality that |E,[f]| > |E,[f]| and let

oo LB = B

where

Oy = \/max{VaTH(f), Var,(f)}.

If I := (|E,[f]] + §04,00) C R and g := |f|, by Markov’s inequality, then (bear in mind that for two

12



complex numbers z, w, it holds |z| — |w| < | |z| — |w| | < |z —w|)

v (D) = B + Sou < g < 00) = vlIf] = B > 502) < wll7] = |BAA) > 5vVar,(7)
< u(lf = BAf > §VVar, (D) <

and
pg~ (1) = n(IB[f]] + 5ou < g < 00) = u(|f| > [Bulf]l = | |EL LA = |BuIf]] | + 50%)

> p(ELfIl = |fI < 5ou) = p(EL[fl = [f| < 5VVaru(f))

> p(1Blf] - 11 < 5VVar () 2 1- .
Thus,

g™ = w9y > g™ (D) g™ (D] 21~
and by Lemma 1.2.6, since g : Q — |f(Q)] with f(Q) finite,
1 8 maX{VaT#(f),VaTV(f)}.

= vllgy > lng™ = ve™" |7y > l=7=1-8

B = [E LA 2

O

This result is particularly useful if we consider the Rudvalis Markov chain {o:}:cn, and take p :=
Pt(o,-) (1 is time dependent), the distribution of the state of the deck after ¢ shuffles given that the
initial state is ¢ € S,,, and v := U, the uniform measure on S,, (v does not depend of ¢). Indeed, by

Proposition 1.2.7 we have

d(t) > ||P(0,-) = Unl|pyy = 1 — % (1.5)
where
22 | |Eulf(a)]] = [E[f(o)]] |7

max{Var,(f(o¢)), Var,(f(o))}’

and we would just need to compute E,,[f(0¢)] := Eo[f(or)], Ev[f(o4)], Var,(f(o.)) and Var, (f(o)).

When we look at (1.5), we realize that in order to get d(t) close to 1 (which means that the chain has
not mixed by time ¢), we would like the variances to be small and the difference of expectations to be
large. But now the question is, how can we find a function f : S,, — C which provides these properties?
The main idea, as we will see, is to use the eigenfunctions of the transition matrix of a Markov chain.

The approach from [15] uses an eigenvector ® (with eigenvalue \) of the transition matrix of a Markov
chain {X;}:en, With initial distribution 1o and stationary distribution 7. As seen in (1.3), since ® is an
eigenfunction, E,, [®(X;+1) | Xi] = ®(X,). Moreover, we have already seen in Lemma 1.1.12 that by
taking expectations on both sides of the last identity, we get E,,,[®(X;)] = A'®(X)). In particular, if the
eigenvalue \ verifies [A| < 1, then when the chain approaches stationarity, E,,,[®(X;)] approaches 0
(since ||t - 0). Furthermore, if the eigenvalue is close to 1, it will take a “long” time before E,,,[®(X;)]
is close to 0, which will make it easier for us to find a time in which the chain is distant from stationarity.
If it is still true that E,,[®(X,)] is large, then E,, [®(X})] is distinguishable from E.[®(X;)] = 0 (Lemma
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1.1.13), that is, the difference of expectations is large. In order to have a small variance, this eigenvector
has to be such that E,,, [®(X})] is with high probability close to ®(X;).

Another possibility is to find an eigenvector ¥ not for the original chain, but for another chain (X;, Y;),
where Y; is obtained by taking into account more information about the shuffle. Wilson [15] refers to the
chain {(X, Y;) }ien, as the lifted chain. We want the eigenvector of the lifted chain to have the property
that for all =, y1, y2, the eigenvector verifies |¥(z,y1)| = |¥(z,y2)|, So that | ¥ (X, Y;)| is a function of X;

alone. Now let us see how to define Y; and then obtain an eigenfunction ¥ with the desired properties.

Recall that the state o; of the Rudvalis chain is the permutation giving the order of the cards at
time ¢t. It will be convenient to look at the position of a particular card. Hence denote the position
of card k (with & € {1,---,n}) at time t by X;(k) := o, '(k) , where X;(k) = 1 if, at time ¢, card k
is on the top of the deck, X;(k) = 2 if, at time ¢, card k is at the second position and so on. Thus
{X: = (Xe(1),...,Xi(n)) }en, i @ Markov chain with state space S,,. In particular {X;(k)}ien, is
the random walk (on Z,,) performed by card k. But we have to consider more information about the
Rudvalis chain. We observe that when we place the top card in position n, every card is cyclically
shifted counterclockwise (see Figure 1.3) and when we place the top card in position n — 1, every card
except the last is cyclically shifted (counterclockwise). Thus, at each time ¢, besides keeping track
of the position of card k, X;(k), we will also count, with Y;, the number of times the deck is shifted
counterclockwise (modulo »). We shall consider the lifted chain {(X;, Y;) }+en, With state space (S, Z,,),
where

Xi(k) = o, l(k)
Y; =t (mod n).

With that in mind, given a card k, define

(X, Y1) = 0(X, (k))en Z(F) (1.6)
where
Zy(k) = (Xi(k) — Xo(k)+Y:) modn
and v : {1,...,n} — Cis a function, to be determined later, which will turn, for all & € {1,--- ,n}, ¥} into

an eigenfunction (for the lifted chain) with the same eigenvalue \. Furthermore, define
U(X,,Y;) = Z K(X1, Y1)

which is an eigenfunction with eigenvalue A, since {¥,}7_, are eigenfunctions with the same eigenvalue
A. This new eigenfunction ¥ will provide a better bound (when compared with a single eigenfunction
¥). The idea is that if we only consider a single ¥, we are only keeping track of a single card and
the time it takes to reach the equilibrium. Ideally, we want to follow every card so that we know when
the deck has been totally shuffled. For that reason, we consider the sum of the eigenfunctions for each

card, obtaining a “better” eigenfunction.

14



Note that Zy(k) = 0 and Z;11 (k) — Z¢(k) = Xi41(k) — X (k) + 1. The evolution of Z; in time happens

according to the two possible shuffles:

o if the top card is placed at position n (at time ¢ + 1),

Zir (k) — Zy(k) = —1+1=0, fork € {1,--- ,n}. (1.7)

e if the top card is placed at position n — 1 (at time ¢ + 1),

—1 ifXy(k)=1
Zia(k) = Zy(k) =<1 it X, (k)=n (1.8)

0 if 1 < Xy(k) <n.

Furthermore, note that
W5 (X, Yo)| = [v(Xe(K))]

AW < u(X,(K)),

which means that for fixed =, and for ¥, y2,

Wk (@, 91)| = [Wr(2, y2)| = |v(@)];

hence |¥ (X, Y;)| is a function of X, only, as we wanted. Finally, the function f to consider in Proposition
1.2.7 is

f:8,—C

o —= U(X, Ys).
A simple, yet useful, result to keep in mind when dealing with the big O notation is the following.

Lemma 1.2.8. If f : N — C satisfies f(n) = O(n®) for o < 0, then sufficiently for large n,

1
——— =1+0(n%.
T+ L HOmY
Proof. For sufficiently large n, |f(n)| < 1. Hence, doing a geometric series expansion,
; — - _1\k k _ «
T~ D) =1+ 0(n),

k=0

We shall use this result without mentioning it.

Proposition 1.2.9. The random walk performed by a card k under the lifted Rudvalis shuffle has an
eigenvector of the form
\I/k(ac7y) _ v(x)e%riz/n’
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where v(x) is the x-th number in the list

A2 NNy

the eigenvalue is

p 42

— 1
A=l=g,77 06

p 2 1
XZl‘FHT-FO(,,TQ),

andz=x—k+y.

Proof. Let w = €27/ and note that from (1.6), Wy (x,y) = v(z)w?. If at time ¢, card k is at position

1 <z < n, then from (1.7) and (1.8)
Ui (Xpi1, Yigr) = 0(Xppr () w1 F) = xo(X,(k)w? ®) = A0, (X,, V)

deterministically, because at time ¢ + 1, card % will be at position 2 — 1. For the remaining cases, recall
that the first card is placed at position n — 1 with probability p and in position n with probability 1 — p.
If at time ¢, card & is at position 1, i.e., if X;(k) = 1, then

1, with probability p,
U(Xt(k)) = )\n72 and ’U(Xt_;'_l(k)) =

X, With probability 1 — p.
Moreover, by (1.7) and (1.8),

—1, with probability p,
Ziv1(k) — Zi(k) =
0, with probability 1 — p.

Thus,

Bk (Xe1, Vi )X, V)] plw i+ (1 —p)xw®  pw+(1-p)x
AW (Xe, Ye) A v(X¢(k)) An—1 '

If at time ¢, card k is at position n, i.e., if X;(k) = n, then

X, with probability p,
v(Xe(k)) = x and v(Xi11(k)) =
1, with probability 1 — p.

Moreover, by (1.7) and (1.8),

1, with probability p,
Ziy1(k) — Zi(k) =
0, with probability 1 — p.

Thus,
B[ Ve (Xe1, Vi (X, V)] pxw'+(1-p) 1w’  pwx+(1-p)
AL (Xe, Ye) (X (k)) AX -
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In order to have
E 95 (Xig1, Vi) |(Xe, V)] = AV (Xe, Y:),

(ensuring that ¥, is an eigenfunction) we must have

n—1__ -1

pwt 4+ (1—p)x =A""" X = A= —
=

pwx + (1 —p) = Ax X =325

and combining both equations for y, we get A” — pwA"~! — pw =X — 1 + 2p = 0. Now let

1

q(z) = 2" —pwz™ ' —pwlz — 1+ 2p

be a polynomial which has A as a zero. In order to find A, we apply Newton’s method and start from a
root close to 1 (recall that we want A to be close to 1 so that E,, [V (X}, Y:)] decreases “slowly” to 0).

Starting with o = 1, we iterate for i > 0,

q(z;) (1.9)

T T )

By Taylor's Theorem with Lagrange’s remainder (cf. [1], page 880),

q(@ig1) = q(zi) + ' (@) (Tig1 — x) + %Q"(fu)(ﬂ%ﬂ —z;)?

for some &, = ux; + (1 — u)x;4+1 and some u € (0,1). Moreover,

o)+ o) wins =) = alon) + o) (-0 ) =

Therefore, ,
) _} " 2 1 7 q(:)
(o] = S i i < 3 1| ZEL ] (1.10)
where [l¢"|. = max|q”(2)]. If |z — 1] = O(;%) then,
£(@) = na" "t — (n— Dpwr™2 —pw = n— (n— p+ 0(1) = (1 p)n + O(1)
and
" () =nn—-1)2""2 = (n—1)(n—-2)pwz" 3 =nn—1) — (n—1)(n —2)p+ O(n)
= (1 —p)n* +O(n).
By (1.10), if [z; — 1] = O(;3) and |zi41 — 1| = O(5),
‘ 1A=p*+0m) o 1+0(5)
‘Q(xz+l)| < 2 (1 —p)2n2 |Q(xz)‘ - 2(1 _p) |q(-rz)‘ : (111)
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Now note that

which implies that
q(xo) =p(2—w fw’l) :p‘lnL; Jro(n%)'

We claim that for all i € Ny and n sufficiently large,

2\ 2°
|q(x")|§(1’p)(<1fp>%> +0(;r) (1.12)

and
|[Tiv1 — 1 :O(%) (1.13)

We can verify both facts by induction on i € Ny:

e for i = 0, the inequality holds on account of the computation of ¢(x,) and

la(zo)| _ P3E +O(

1
2i) a1
g’ (o) (17 ) +0(1) =0(33)-

|z1 — 1| = |21 — 20| <

e Now suppose (1.13) and (1.12) hold for i € Ngy. By (1.11), and for n sufficiently large,

2

1+0 () 2 110() )
lg(zit1)| < S0 —p) lq(z)|” < r_p) ((1 —p) ((1 P) e 0(7)) >
_ %(1 0 () ok

2i+1

2
<(-p) (i) +0Gk).
Moreover,

q\T;
Tiyo — 1 < |wigo — Tiga| + |z — 1] < la@i )l + 0(5%)
i+l

G- P (%) +0Gh)
- (1-pn+0(1)

= 0(%).

Using (1.9) and (1.12), for i € N,

|Tip1 — x| = ’qq/((a;)) <




and thus we can conclude that

PP DTN i oy (T ) S s
Tit1 — Lol = AR 777J—|—O(1)j:0 (1—p) n? S on4O(1) e s

j=0

Thus, for n sufficiently large, the sequence {z;};cn, converges to a point A. Since ¢ is continuous, this

limit point must be a root of ¢. After the first iteration of Newton’s method we get

4
p w (nL p 4’ 1

(1-p) nd

q(zo) 1 E:
q'(xo) (1- ) +0(1)

Tr1 =Ty —

)
1)

Since, .
0o 1 00 P 47_[_2 27 )
_ < ) = - = —
ol < Yles =2 = o O () =0

we conclude that the sequence must converge to

p  4n? 1

A=1- L T
(1—p) n?

Hence we have just found an eigenvalue ) with the properties we wanted. Plugging this value in the first

expression for y, we get that

Al pwt 14+ 0(E)" —p(1+ 22+ 0(%))  (1—p)—p*Z +0(%)
- 1-p 1—p B 1-p

O

In order to use Proposition 1.2.7, we need to compute the expected value and variance of ¥(X,, Y}).
The expectation can be easily computed, but the variance demands more effort, which is why we com-
pute instead E,[|¥(X;11) — ¥(X;)|?] and use the following Lemma.

Lemma 1.2.10. Let {X,}:en, be a Markov chain with finite state space 2, with eigenfunction ¥ and
eigenvalue \, and let 1. be a probability distribution on Q. If R(\) > } and |A| < 1, then

Bu[[¥(Xi11) = 9(X)P
Var,[P(X;)] < 2(1+— R(N))

Proof. Let U, = W(X;), VU, = U, — Uy, Vipy = E,[|[V¥,41]?|X,] and denote by ¥ the conjugate of

¥. Since WV is an eigenvector with eigenvalue A, by (1.3)
Eu VU] Xy = E [T |X] = Uy = (A= 1)T,.

Since

U1 Wi = U0 + Uy (Wi — W) + U (Ui — Uy) + (Ueq — ) (Wygr — Uy)

= \Ilt@t + \I’tﬁaﬂ_l +@t@\11t+1 + |6\Ijt+1|2,
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we have

Eu[‘ljt—‘rl@t-‘r”Xt] = qjt@t + \Ift<)\ — 1)\1115 +§t(A — 1)‘1/15 + Eu[|@\1’t+l|2|Xt] (1 14)

By induction on t, we have that

Eu[Vt-&-l]

E, [0 0,] < (2R(N) — 1)" W00, + m

(1.15)

Indeed,
e fort =0, since V1 > 0, R(A) < |\| < 1 and ¥ is deterministic, we have

B, [Vi]

B U] = U0y < U0, 4+ —F U
u[PoWol o%¥o = Yo O+2—28‘E(>\)

e Now suppose the inequality holds for ¢t € Ny. Then, by (1.14) and by the Tower Law property,

Eu V1V ] = By By W1 V| X)) = EL[(2R(N) — 1) W0, + Vi)
< ) - 1) (@RO) - ' + 3200 4 B,

= | EuViu]
< — ) U 4
< (2R(N) - 1) o%o + 27— 2R(\)
By Lemma 1.1.12, E,[¥,] = \'¥,. Subtracting E,[¥,|E,[¥,] on both sides of (1.15), we get that
for t € Ny (recall the definition of the variance of a complex random variable, above Proposition
1.2.7)

VGJT“ [\I/t] = E/L[\I’tlpt] — E'L,‘[\Ijt]E’u[\Ijt]
"

= 2R DWoo + 2E—[2V£E;\]) — MW (ADg)

= ((2R0) = 1) = X)) %Wy + zE—[z‘;&A])
_EulVin]

~2(1-R()

where the last inequality comes from the fact that ¥, ¥, > 0 and

AN > 2RV —1Df e (AN) > 2R\ —1) < (1-X)(1=X) >0,

which holds for any ¢ € Ny, since 2R(A) —1 > 0 and (1 — X)(1 — A) > 0 for any complex number A.

O

We need to compute the eigenvector at time ¢ = 0 in order to get its expected value. The next
lemma illustrates that simple computation. In order to find a lower bound for ¢,,..(¢), we can find a

lower bound for d(¢). By the definition of d(t), if we pick an initial configuration o, a lower bound for
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| P*(o,-) — Uyl Qives a lower bound for d(t). Looking at (1.4), we want to start from a configuration
which maximizes the expectation of ¥ (X, Yy). In our case, we show that this value does not depend on
the initial configuration of the deck, which means that starting from any given configuration of the deck,

we will obtain the same lower bound.

Lemma 1.2.11. Let {(X,,Y:)}:>0 be the lifted Markov chain described above and let ¥ be the eigenvec-
tor with eigenvalue X\. Then,

In particular, this value is independent from the initial configuration of the deck.

Proof. Let X, = 00’1 for some initial configuration o of the deck. Then,

(X, Yy) = Zn: Ui(Xo,Yo) = Y v(Xo(k))w?® =" v(Xo(k))
k=1

k=1 k=1
=14+ x+A+ .+ A P=14+14+0E))+1+0(E5)+...+(1+0())
=n+0(3).

In particular, since X, (k) is the position of card k in the initial configuration, it ranges over {1, ...,n} and

thus the value of ¥(Xy,Y,) does not depend on the initial configuration of the deck. O

Now we can compute the expected value and the variance of U(X;, Y;).

Lemma 1.2.12. Let (X;,Y;) be the lifted Markov chain described above, ¥V = > U, the eigenvector
k=1
(with eigenvalue \) obtained from Proposition 1.2.9 and uf := P'(o,-). Then, for any t € Ny, the
expectation and the variance of the complex random variable V(X,,Y;) under the probability distribution
wg are given, respectively, by
B [¥(X:, Y1) = ANU(Xo,Yy) = M+ O(%) and Var,s [¥(X;,Y;)] = O(n).
Proof. By Lemma 1.1.12, E,¢ [V(X;,Y;)] = A (X, Ys). By the previous lemma, the first result follows.

Let @, ,, be the (complex) random variable given by

U (X1, Yig1) — V(X4 V9)

@ . =
tk wZe(k)

= o(Xpp1 (k) wZerr®=2e®) _ (X, (k).

Given the position of card k (at time t) and where we place the top card, we can express @, ; determin-
istically:

o if the top card is placed at position n, then
xw? — A" =0(4) if Xi:(k) =1,

Qi =quw’ —x=0(2) if Xi(k) =n,

A=DA%® = 0(L) if1 < Xy(k) <n.
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e if the top card is placed at position n — 1, then

wl = A2 =0(d) if Xi(k) =1,
Pik=quw'x—x=x(w—-1)=0(L) if X, (k) =n,

(A= DA = O(F) if 1< X;(k) <n.

Since |w| =1,

n

U (X1, Yin) = U(X3, Vi) €D [Wk(Xigr, Yirn) = Up(Xy, Vi) = D [ @14 [0 P
k=1 k=1

=20(3) + (n—2)0(;5) = 0(3)

and consequently
Eug[[W(Xis1, Yig1) — U(X4, Vi) 2] = O(h).

n

By Lemma 1.2.10,

o) o)
Var,s V(X Y)] < T 2&% o) = O(n).

We can finally find a lower bound for the mixing time of the Rudvalis shuffle.

Theorem 1.2.13 (Lower bound on the mixing time of the Rudvalis shuffle). For the Rudvalis shuffle with

n cards,
9t log O(1)
d(t) > 1 —8e s N/
()2 1-8e n+0(L)
where
A2
A=1— 1%? +0()
Furthermore, for e € (0,1),
1 _
bz (€) > Tp8—2n3 log (n) + O(n®)

Proof. Let ug := P*(o,-) be the distribution of the deck at time ¢ given that the initial configuration of the
deck is o, and let U,, be the uniform distribution on S,,. Let ¥, := ¥(X,,Y;) be the eigenfunction with

eigenvalue X determined in Proposition 1.2.9. If we take f(o:) := ¥, in Proposition 1.2.7,

max{Var,s (¥;), Vary, (¥:)}
| |Eug [¥e]| = [Eu, Y]] |2

HM? - UnHTV >1-38 (1.16)

We have seen in the proof of Lemma 1.2.12 that |E,¢ [¥,]| = |\[*|W,| and Var,s [¥;] = O(n). In partic-

ular, the variance does not depend on ¢. Hence max{Var,s (¥;), Vary, (¥;)} = O(n). Furthermore, by
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Lemma 1.1.13, Ey, [V:] = Ey, [¥] = 0. Plugging these values in (1.16), we obtain

O(n) _a O(n) —2tlog |A o(1)
¢ Unllpy >1-8 =1-38\ =18 2loslAl 2
145 Iy = | TA[F[¥o] — O] RY ERE n+0(1)
Hence
o ~2tlo o)
d(t) = max [|uf — Unllpy 21— 8e 2tlog Al T o)

Since —log|A| > 0, we can see that for fixed n, for “small” ¢ the distance d(t) stays close to 1 whereas
when ¢ increases, the lower bound keeps getting worse. For sufficiently large n, there is a constant &
such that

dit) >1— B 2tog Al
o n

Fore € (0,1), solving 1 — 8ke=2t1oe[Al = £ we get

_ log(n) | log (%57)
—2log|A|  —2log ||’

Owing to the fact that [A\| = 1 — v + O(%) with v = ﬁ%z we have that for n sufficiently large,

—log|A| = v+ O(-%) > 0 and consequently

%Sin log(n) + O(n?).

Above, note that ¢ is inside of O(n?). Since d(t) is decreasing, this implies that by doing

t*(e) = %%n log (n) + O(n®)

number of shuffles, the total variation distance from uniformity is greater or equal than ¢, i.e., ¢, () >

t*(e). O

Remark 1.2.14. A generalization of the Rudvalis shuffle is the top to bottom-k shuffle which places the
first card uniformly at random in one of the bottom k., positions (for k,, = 2, we have the Rudvalis shuffle).

In [6] we can see that if k,, is a constant, we would still have a lower bound (and upper bound) of order
n3log (n).
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Chapter 2

Hydrodynamic limit for the continuous

time Rudvalis shuffle

Now that we have studied the discrete time Rudvalis Markov chain, it is time to extend it to continuous
time. In this chapter, we focus on the case p = % (to simplify the computations and notation). Anyhow,
a general 0 < p < 1 would lead to the same result (see the remark after Lemma 2.6.3). After defining
the process, we will convert it into a particle system and study the hydrodynamic limit of this system.
Moreover, we shall prove the existence and uniqueness of a (weak) solution of a PDE, the transport
equation, and this is the main goal of this chapter.

As we will see, the hydrodynamic limit can be seen as the convergence (in probability) of a random
measure to an absolutely continuous measure (with respect to the Lebesgue measure) whose density
is the unique weak solution of a PDE. If we prove this convergence together with the uniqueness of the
solution, we will have proved that there exists a unique weak solution of that PDE [7].

To prove this convergence, the entropy method is employed. First, we prove that the sequence of
probability measures (associated with the random measures of the density) is relatively compact, which
tells us that every subsequence has a weakly convergent subsequence. Then, we characterize their
limit points by showing that they are unique. Since all the (weakly) convergent subsequences converge

to the same limit point, the whole sequence converges to that unique limit point.

2.1 Rudvalis process

Let us define a continuous-time version of the Rudvalis Markov chain. Let us consider a Poisson
process {7 : k € N} of rate 1, thatis, 7o = 0 and {(7x — Tx—1) : k € N} is a sequence of i.i.d. exponential
random variables with mean 1 which is responsible for giving our process the Markov property. The
process {7 : k € N} is known as the Harris process or the clock process (see [9] for instance). It is
important to observe that in Harris’ construction, the probability that two clocks ring simultaneously is
equal to 0. At each time a clock rings, we toss a fair coin (since we fixed p = 3). If the coin lands heads

up, then we remove the top card from the deck (the card at position 1) and insert it at position n. If the
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coin lands tails up, then we remove the top card from the deck and insert it at position n— 1. In particular,
every card performs a continuous-time random walk on the deck.
The continuous-time Rudvalis shuffle is the Markov process {o: : t > 0} with state space S,, and

infinitesimal generator (cf. Chapter 2 of [14]) givenon f : S,, — R, by

i) =5 3 0.l

z=n—1

where

and ¢” is the permutation obtained from o by placing the first card at position z.

Denote by T = R/Z = [0,1) the one-dimensional continuous torus (macroscopic space), by T,, =
Z/nZ = {0,1,...,n — 1} the one-dimensional discrete torus with n points (microscopic space) and by
Q,, = {0,1}" the space of functions from T,, to {0,1}.

Recall that o(z) = y if, and only if, card y is at position x in permutation . Now we will color the
cards, so, in order to identify the color of the card at a position z, we define n(x) = 1;4(2) is black}- ThUS,
the projection o — P(0) = n induces a Markov process with state space (2,,, which we shall call the

space of configurations, and with infinitesimal generator given on f : ,, — R, by

Lot =5 3 0.i),

r=n—1

where

and n® = P(o%).
Now we can think of a simple, yet remarkable, mapping. Taking each position of the deck as a site,

the black cards as particles and the red cards as empty sites, a particle system emerges!

Remark 2.1.1. Forz € T,, andn € Q,, n(x) is the number of particles at site x:

(@) 1, ifcard x is black (site x is occupied)
nx) = .
0, ifcardz is red (site x is empty)

Example 2.1.2. Consider a simple example of a deck of n = 5 cards.

Figure 2.1: The configuration of the particle system corresponding to a deck with 5 cards.

The top card of the deck, the 3 of hearts, is red, so we do not assign a particle to site 1, the king of
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clubs is black, so we assign a patrticle to site 2. We keep doing this procedure until there are no more

cards. Moreover, taking the shuffle of Figure 1.3 as an example, we can see a particle system in motion.

38 18 A9

Ae 5
3¢ AR
34 2
2 2
36 5
8- 3

Figure 2.2: Particle system in motion obtained from the Rudvalis shuffle.

Our goal is to study the evolution in space and time of this system. In order to restrict the system
to T, we shall consider the process evolving in T,,/n and then we will take n — co. We can identify
the microscopic space with T,, (discrete) and the macroscopic space with T (continuous). A site x in
the microscopic space T,,, can be identified with = in the macroscopic space T. This means that the
particles move between the sites 0, 2, 2, .. 1. If we let n go to oo, then we can think of an initial density
of particles, denoted by v : T — [0,1]. Moreover, if we let the system evolve through time, we can
wonder what function describes the density of particles at each time, given that the initial density is ~.
As we will see, this function will be given by a weak solution (proved to be unique) of some PDE. This
kind of behaviour of the density is the so-called hydrodynamic limit.

Observe that applying the generator £ to functions that only depend on the colors of the cards is
equivalent to applying the generator £,,. But if we want to see a non trivial evolution of the system when
n — oo, speeding up the process is absolutely necessary. This is justified by the fact that we want to
divide macroscopic space T into n intervals of size +, that is, {0, %, 2,..., %=1} = T, /n, and then let
n — oo. For this reason, if we want to see an evolution of the initial density of particles v : T — [0,1] in
the macroscopic space, we will need to accelerate the process by a function of n. For example, consider
the process with generator £,, and imagine that a particle moves from site k; to site ks with kq, ks € T),.
If £, and k5 do not depend on n then, although we see an evolution in the microscopic system (a particle

moves from one site to another), when we look at the macroscopic space (by letting n — ), it appears
k1 ko

n’n

as if the particle stayed at the same place, since — 0. According to the Rudvalis shuffle, in the
microscopic system a particle will take O(n) shuffles (time) to return to the same place. Let us go back
to the deck of cards and see how much time it takes for a card to return to its original position. This value
will tell us the factor by which we need to scale the time. Consider for example the top card (position 1).
That card goes to position n — 1 with probability 2 and to position n with probability 5. If the card goes to
position n, then, in the next coin flip, it stays there with probability % (if the first card is inserted at position
n — 1) and goes to position n — 1 with probability 3 (if the first card is inserted at position n). Hence, at

each shuffle, the card has probability 3 to go to position n — 1 (if that position was not yet reached). It
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follows that the number of shuffles in which the top card reaches position n — 1 is a geometric random
variable with parameter 1. Consequently, the average number of shuffles in which the top card reaches
the second-to-last position is 2. Once the card is in position n — 2, it reaches the top of the deck in n — 2
shuffles (deterministically). We conclude that the top card takes on average n shuffles to return to its
initial position. Similarly, every card takes on average n shuffles to return to its original position. For this
reason, from now on we will speed up the process in the hyperbolic time scale tn.

We will still denote by {n; },>¢ the Markov process with generator n£,, and denote the initial measure
by u,,. Owing to the fact that it was derived from the Rudvalis card shuffle, we call the process {n;}:>0

the Rudvalis process.

Remark 2.1.3. Note thatn, € Q, is already in the hyperbolic time scale, i.e., it is already accelerated
by n. For this reason, these processes are often denoted by n,,. However, to simplify the notation, we
just write n, but it should always be kept in mind that the Rudvalis process depends on n, which is the

number of sites (cards), and that this process is already accelerated by n.
In order to study {n, };>0, we start by defining the space where our process lives.

Definition 2.1.4 (Space Dx[0,7]). LetT > 0 and X be a metric space. Denote by Dx[0,T] the space
of functions x : [0, T] — X that are right-continuous and have left-hand limits:

(i) for0<t<T,x(tT) = h?tl x(s) exists and x(t*) = x(t);
S
(i) for0 <t <T,xz(t”) = 11%1 x(s) exists;

and which is endowed with the Skorohod topology (A.3).

Remark 2.1.5. Functions satisfying the two properties above are called cadlag (French: “continue a
droite, limite a gauche”, meaning “continuous on the right, limit on the left”) functions. We call the

elements of Dx |0, T trajectories and denote them by z , i.e., for eacht € [0, T, we denote x(t) by x:.

The trajectories of the Rudvalis process {n;},>¢ belong to Dgq_[0,T], i.e., for each time ¢, 7, is an
element of Q,,. Moreover, the function ¢ — 1, is cadlag (it has jumps).
Let P, be the probability measure in Dq, [0, 7] induced by the Rudvalis process with initial measure

in- Denote by E,, the expectation with respectto P, .

2.2 Initial measures

We have an initial profile, that we assume to be measurable, denoted by v : T — [0,1] , i.e., vis a
function which assigns mass to points on the torus. As an example, if the density of a gas was initially

described by ~(x) = ]1[0)%](3:), this would mean that the density of particles is concentrated “on the left”.

Definition 2.2.1 (Sequence of measures associated with a profile). A sequence of probability measures

{1n}nen 0N Q,, is said to be associated with a measurable profile v : T — [0, 1] if for every 6 > 0 and
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every continuous function G : T — R,

>6>:0.

We might ask if such sequence of measures exists for the Rudvalis process defined above. In order

lim p, (7] €Qy: ’711 Z G (£)n(x) - /TG(u)'y(u) du

n—oo
zeT,,

to see that in fact it does, consider the following example. Throughout the rest of the text, for some space
X and G : X — R, denote the L>°(X)-norm by |G|, = sup|G(z)|.
reX

Example 2.2.2. Let~: T — [0, 1] be continuous. An example of a sequence of measures satisfying the
assumption above is {uﬁ(,) }nen, where V20 is the Bernoulli product measure associated with ~, that is,

it is the measure defined on the state space 2,, such that:
e the random variables {n(x)}.ct, are independent;

o 1(z) ~ Bernoulli (v(%£)).

Thus, the Bernoulli product measures verifies

Vi) = TT @) + 0 —n@) (1 —v(2))]

z€eT,

which means that this measure assigns a particle independently to each site x with probability ().

In order to see that this sequence of measures satisfies the condition of Definition 2.2.1, we do the

following:
. Z G(Z)n(z) - | Gu)y(u) du
zeT, T
1 1
“In Z G (3) (n(z) () - (/ G(u)y(u) du — - Z G (%) 7@))’
zeT T o,
<t X @ 0@ -1@)|+ |1 X 6(3)13) - [ Gunw d
z€T, z€T,,

It is then enough to prove that for any positive ¢,

Tim w7 (n €Q,: ‘; > G(E) (@) —(3)

z€T,

and

)
nE

For the first limit, since {n(z)}.ct, are independent with respect to Vi) {G(Z)(n(x) —v(£)) e, are

i Y = Z)y(%) - u)y(u) du
v (“EQn-‘n > G /TG( )v(u) d

zeT,

also independent random variables with respect to v’} ., but this time with mean zero. Thus,

1 ’ 1 al?
o {( 2. Gt ‘V(ﬁ))> ] = LY B, [(©(2) ) - (27 < 1

n
z€T,, z€T,
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From Markov's inequality,

For the second limit, since G and ~ are continuous, f := G~ is continuous and whence there exists
N € N such that forn > N,

(2.1)

N>,

and the limit follows.

Example 2.2.3. As an example, for v(z) = Ljo,1 (z) (v is not continuous, but the previous example can
be adapted so that (2.1) holds), the associated initial measure would set particles with probability 1 on

the sites 0,1, ..., 5 and with probability 0 on the remaining sites.

Since the Bernoulli product measures are quite simple, we can take them as initial distributions when

one wants to obtain scaling limits. In terms of the generator, a measure v is invariant if
E,[Lf] = A Lf(n) v(dn) = 0.

Proposition 2.2.4. Let {n.}:>o denote the Rudvalis process. Then, for a € [0, 1], the Bernoulli product

measure with parameter «, v, is an invariant measure.

Proof. Let v7 : Q,, — [0,1] be the Bernoulli measure with parameter «, with o € [0, 1]. We need to show
thatforany f: Q, — R,

Ly f(n)vy(dn) = 0.
Q.

It is then enough to show that

Fryvadn) = | f"vialdn) = | fn)va(dn).

Q. Q, Q,

Since v does not depend of the position of the particles (it only depends on the number of particles), if
¢ and ¢’ have the same number of particles, then v7(¢) = v7(¢') = ol (1 — )", where [ is the number

of particles in £. Thus, by a change of variables,

nyn _ I/n _ n—1 Vn .
/Q 1) / rew) / i
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2.3 Empirical measure

We have already seen how to obtain a particle system from the Rudvalis process. Now it is time to
study the evolution of the Rudvalis process {n; },>¢ with infinitesimal generator n.,, and state space (2,,.
Let M be the set of positive measures on T with mass bounded by 1 endowed with the weak topology.

If {7"}nen, ™ € M, we say that 7™ converges weakly to 7, which we denote by

if for all G € C(T)
/G 7" (du) —> G m(du).

In order to obtain a scaling limit of the Rudvalis process, we introduce a measure which gives weight X

to each occupied site of the configuration ».

Definition 2.3.1 (Empirical Measure). For each configuration n € Q,,, we define the empirical measure
7" (1, du) in 0,1] by
1

€T,

where 6, is the Dirac measure concentrated on y < T.

Since we are interested in studying the behaviour of this measure with respect to the Rudvalis pro-

cess {n; }+>o, define

7 (du) := 7" (e, du) = % Z ne(2)dz (du) € M.

zeT,

Given a function G : T — R, we denote the integral of G with respect to a measure p (on T) by

)i= [ Gu) ula)

In particular, for the empirical measure 7}', we have

(nf, G /G :%ZG(%)nt(:c)

z€Ty,

Remark 2.3.2. This definition should not be confused with the inner product in L*(T), i.e., for p,G €
L*(T),
(0.G) = [ p(w)G(a) du

For this reason, if a measure w(du) has a density p;(u), i.e., mi(du) = p(t,u) du, then

<7Tt7 pt7 /G

Using this notation, the convergence in M can be restated as follows: =" —— = if, and only if, for all

ntoo
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G e C(T),
(", G) — (7,G)| —— 0.

ntoo

2.4 Transport equation

From now on, fix T" > 0. When we think about the Rudvalis shuffle, the behaviour of the cards is quite
similar to a wave: we take the top card and put it in the bottom (or almost at the bottom), pushing all
the cards one position up. We shuffle the deck over and over again, that is, the cards are being pushed
up continuously (Figure 1.3). With that picture in mind, we analyze the following PDE: the transport

equation (sometimes called the one-way wave equation), given formally by

Oip(t,u) = Vp(t,u), fort € [0,T],u €T,
ip(t,u) = Vp(t, u) [0, 7] 22)

p(0,u) = v(u), foru e T,

where V is the space derivative and v : T — [0, 1] is a measurable function.

Observe that the solutions of this equation are functions that behave like “waves” moving to the left,
i.e., if v is C! in space, then the function p(t,u) = v(u + t) is a (strong) solution of (2.2). In particular, if
v(u) = a € [0,1], then p(t,u) = « for any (¢,u). For example, we would have the following graph for a

solution of (2.2) captured at three distinct times 0 < ¢; <ty < t3 < T.

2.5 Motivation for the weak solution

When we look at equation (2.2), we see that a necessary condition for a function to be its solution is
that it must be differentiable in time and space. If v is not differentiable, a function satisfying (2.2) (strong
solution) might not be easy to find and we will instead try to find a weaker solution, i.e., a function for
which the derivatives may not all exist but which satisfies the equation in some sense that we are going

to define below.
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Define C%1([0,T] x T) as the space of functions f : [0,7] x T — R with first derivative in time and
second derivative in space, both being continuous. Let f € C%1([0,T] x T). We multiply both sides of
the equation 9;sp(s,u) = dup(s,u) by f(s,u) and integrate it on time [0,¢], for ¢ < T, and on space T.

Then, applying Fubini’s theorem, we obtain

/T/[;tagp(s,u)f(s,u) ds du/;/;@up(S,U)f(s,u) du ds.

Applying integration by parts on the left hand side,

/T/Otasp(S,U)f(s,u) ds du:/qrp(t,u)f(t,u)fp(O,u)f(O,u) duAAtp(s,u)asf(s,u) ds du.

Integrating by parts again, but this time on the right hand side and using the fact that f is periodic in T,

we obtain

/Ot/T@up(s,u)f(S,u) duds = — At/jrp(&uwuf(s’u) du ds.

Using the initial condition p(0,«) = v(u) and combining both equations, we get

[ttt s an— [ [t dudss [ [ s, wousn acds=o

Having come to this, we can define the concept of weak solution for the transport equation (2.2):

Definition 2.5.1 (Weak solution of the transport equation on T ). Let~ : T — [0,1] be a measurable
function and T > 0. A measurable function p : [0, T] x T — [0, 1] is said to be a weak solution of equation
(2.2) ifforall f € C*1([0,T] x T) and all t € [0,T), p satisfies

[ ottsten = 20,0 du- [ t [ ot fts.w duds+ | t [ ot p(s.w) du s o

2.6 Heuristic argument for weak solution

As stated above, our goal is to prove that the density of particles is ruled by the weak solution of a
PDE, in our case, the transport equation. In order to do that, we work with the microscopic space T,, and
then take the limit on the number of sites, n. For that reason, it is useful to define the notion of derivative

in the discrete case.

Definition 2.6.1 (Discrete left derivative). GivenG : T — R, n € Nandz € T,,, the discrete left derivative

at = is defined by

Remark 2.6.2. Note that, if G is C1,

lim |V;;G(Z) - VG(Z)| = 0.

n—oQ
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Computing the generator on (77, G) is one of the first steps when one wants to find how the empirical

measure evolves in space/time. The following lemma shows that computation.

Lemma 2.6.3. Let{n;}.>¢ be the Markov process with generator nL,, (Rudvalis process). Then, for any
t>0andG:T—R

nLa{f G = —(nf', Vi G) — o (m(1) — (0)) V7 GL0).

Proof. We start by computing £,,n:(z), for z € T,,.

2ne(x 4+ 1) — 2me(x), ifx & {n—1,n}

Lol ;Z@n SR @) =20 () = 5 3 () + (1) — 2 — 1), o= n—1
(1) —m(n), fx=n
Thus,
G ZG e+ 1) = m(@)] + 3G + me(1) = 2 = )]+ 3G (1) — ()]
= 3 nI0E) - GC - 5r[6G) -6 ()] 4 5un [6() -6 (5
- >0 5= (1) = 1:(0)) ¥ G(0)

Remark 2.6.4. If we had considered the general Rudvalis process with generator given by

L.f(n) =pO,_1f(n) + (1 —p) O, f(n), similar computations would lead to

As we will see next, what matters is that the rightmost term of the above expression is O(L) and thus

taking a general p € (0, 1) would lead to the same result.

Remark 2.6.5. Since there is at most one patrticle per site, |n:(1) —n:(0)| < 1. If we take G € C(T), then,

since G is continuous on the compact set T,
InLy(n', G) + (7}, V, G)| = O(3).
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Now fix f € C%1([0,T] x T) and apply Dynkin's formula (A.1.2) with F(¢,7,) = (2, f.). Then

t
MP(f) = (' f2) — (g fo) / (O +nLy)(x, f2) ds,

N (f) = (Z\ﬁ"(f))r“—/O I"((n7, fs)) ds, where T (], f.)) := nLy (s, fo)? = 2(xl, fonLln(ns, fo),
(2.3)

are martingales with respect to the natural filtration 7; = o(ns : s < t).
Using Lemma 2.6.3, we can rewrite the first martingale as

t

t 1 t
M) = ()=t o= [ (ot it [ V) dsgn [0 =n(0) V2 £0) ds. 24)

Since the expected value of a martingale remains constant and M{(f) = 0, we have for all ¢ that
By, [M{(f)] = 0.

Consider the function pj'(z) := E,, [n:(x)]. The martingale gives us an idea (in the discrete case) of
the condition satisfied by the solution of the PDE which we are expecting. Taking the expectation with

respect to P,,,, in (2.4), we get the following equation for p}':

th ) pi —*Zfo ) pi (x

zeT z€T,,

/ > 0ufe (2 ds+/ D Vi (2)pl(x) ds +O(5).

zeT, €T,

If we look carefully and assume that |p} (z) — p:(£)] T—> 0, these are Riemann sums for the integrals
in Definition 2.5.1.

2.7 Hydrodynamic limit

Now that we have seen an heuristic argument to obtain a weak solution for equation (2.2), let us
see how to prove rigorously the hydrodynamic limit for the dynamics of the Rudvalis process. Recall
Definition 2.1.4 and the space Dq,, [0,T], where P, is defined. The process {n}}:>0, induced by the
Rudvalis process, can be seen as a Markov process, but this time in D [0, 7] endowed with the Skoro-

hod topology.

Let {Q"},.en be the sequence of probability measures in D4[0, T induced by the process {n}'};>0

and by the probability measure IP,, .. Equivalently, Q™ is induced by the application

7" : (Dq, [0,T],P,.) = (Dm[0,T],Q™)

1, — 7" (n.,du).
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In particular, given a measurable set A € D [0, T],
Q"(A) =Py, ((7") 7 (A)) =Py, (. € Dq, [0,T] : 7"(n.) € A) =P, (n. € Do, [0,T] : 7" € A)  (2.5)

As we will see later, the sequence {Q"},,cn of probability measures converges weakly to a limit point.
The concept of relative compactness will help us to assert this fact. In what follows, (X, B) denotes a

metric space X with o-algebra B generated by the open sets, the Borel o-algebra.

Definition 2.7.1 (Relatively Compact). LetII be a family of probability measures on (X, B). We say that
11 is relatively compact if every sequence of elements of I1 contains a weakly convergent subsequence,
that is, for every sequence {P, } .cn in 1l there exists a subsequence {P.,, };cn and a probability measure

P (defined on (X, B) but not necessarily an element of I1) such that P,,, -T“’—» P.

Recall the concept of a sequence of measures associated with a profile, given in Definition 2.2.1. We

now present the main result of this chapter.

Theorem 2.7.2 (Hydrodynamic Limit). Consider the Rudvalis process {n.}+>o. Fix a measurable initial
profile v : T — [0,1] and let {u., }nen be @ sequence of probability measures associated with . Then,

foranyt € [0,T], forany é > 0 and any G € C(T), it holds

lim P, (n € Dq [0,T]:
n—o0

ZG /G p(t,u) du

IeTn

> 5) (2.6)

where p(t,-) is the unique weak solution of (2.2) with initial condition p(0,-) := ~(-).
Remark 2.7.3. We call equation (2.2) the hydrodynamic equation of the Rudvalis process.

But what is the hydrodynamic limit really saying? We start by noting that we can rewrite what is inside
of P, in (2.6) as

%Z /G p(t,u) dul = |(x2, G — (m, G)]

z€T,,

where . (du) = p(t,u) du, i.e., m,(du) is an absolutely continuous measure (with respect to the Lebesgue
measure) whose density p;(u) is the unique weak solution of the transport equation.

If all the measures involved were deterministic, we would just say that 7;* converges weakly to ;.
However, this is not the case, since 7} := 7" (n;) is a random measure (which depends on the Rudvalis
process) we have to express in which sense this convergence holds. With respect to P, , the measure
induced by the Rudvalis process with infinitesimal generator n£,, and initial measure p,,, verifies =) —
m¢ SO another way to express the limit in (2.6) is to say that #}* converges in probability to =, (because
the convergence is only verified under IP,,, ). Another way to see this condition, is that the Law of Large
Numbers holds at time ¢ € [0, T for =}

Similarly, the definition of probability measures associated with v can be rewritten as the sequence
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of measures for which given any integrable function G : T — [0, 1] and ¢ > 0, verifies
Jim i (7 € Q2 (7" (0), G) = (7, G)| > 6) = 0.

In conclusion, what we are really doing when proving the hydrodynamic limit is showing that if the Law
of Large Numbers for the empirical measure holds at the initial time ¢ = 0, then it also holds for any

subsequent time ¢. The hydrodynamic limit is a consequence of the following proposition.

Proposition 2.7.4. Let~ : T — [0,1] be measurable and consider a sequence of measures { i, } nen
on Q,, associated with ~. Let Q* be the probability measure concentrated on a trajectory m. of D ap[0, T
consisting of absolutely continuous measures with respect to the Lebesgue measure, i.e., m(du) =

p+(u)du where the density p._is the unique weak solution of (2.2). Then
Qn i> Q*

Since Q" is the measure induced by P, and the application =", the weak convergence of Q" to Q*
is the same as the convergence in distribution of #}* to =, for any ¢ € [0,T]. Since m:(du) = pi(u)du is
a deterministic measure, the previous convergence is also valid in probability (with respect to P,,,,) and
whence, by the previous observations, Proposition 2.7.4 implies Theorem 2.7.2. For this reason, when

we want to prove the hydrodynamic limit, we often follow the sequence of steps given below:
1. The sequence {Q"},cn is relatively compact with respect to the Skorohod’s topology (A.3.4).

2. The limit points of the subsequences of {Q"},.cn are concentrated on trajectories of measures
which are absolutely continuous with respect to the Lebesgue measure and whose densities p(¢, «)

are weak solutions of the hydrodynamic equation.
3. The hydrodynamic equation has a unique weak solution.

Note that proving these 3 steps is exactly what we need to establish Proposition 2.7.4: if {Q"},en is
relatively compact, then there exists a subsequence of {Q"},,cny which converges weakly to a limit point
Q*. By 2., the limit points of every convergent subsequence are concentrated on a trajectory =, such that
for t € [0, T], m is absolutely continuous with respect to the Lebesgue measure, i.e., 7:(du) = p:(u) du.
Moreover, the density p(t,u) is a weak solution of the hydrodynamic equation. In 3., we are going to
see that the hydrodynamic equation has a unique weak solution p(¢, «), and this all together implies the
existence and uniqueness of the limit point Q*. Finally, we conclude (since the limit point is unique) that
the whole sequence {Q"},n converges weakly to Q*, which is a measure concentrated on a trajectory
«. of absolutely continuous measures with respect to the Lebesgue measure and whose density is the

unique weak solution of the hydrodynamic equation.

2.7.1 Relative compactness

The concepts of tightness and relatively compactness are related in a well know theorem by Prohorov

(Theorem A.2.1). In that regard, we define the concept of tightness:
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Definition 2.7.5 (Tightness). LetII be a family of probability measures on (X, B) . We say that 11 is tight
if for every ¢ > 0, there exists a compact set K such that P(K) > 1 — e for every probability measure P
in 1.

Put into words, a family of probability measures is tight (and by Prohorov’s Theorem, is relatively
compact as well) if there exists a compact set that accumulates mass for every measure of that family.
The notion of a compact, which is summarized in A.3, is not so clear when we are working with the
Skorohod topology and we refer the reader to [3] (Chapter 3).

When proving the tightness of {Q"},,cn, we will use Dynkin’s formula as in Section 2.6. Moreover,
the following lemma will be useful. But before, let us just introduce the next notation (similar to the big
0). For two sequences { fx}ren and {gx }ren, we say that f,, < g, if there exists a positive constant C,

independent of n, such that f,, < C g,.
Lemma 2.7.6. Recall the operator ' defined in (2.3). Let G € C'(T). Then,

2
< IvGIZ
~ n

Proof. Recall the operator ©, defined in Section 2.1. Note that for n, € Q,, if h(ns) = (2, G) then
0. (h(ns)?) — 2h(ns)Oh(ns) = (©.h(ns))?. Using this fact and the mean value theorem, we get

r=n—1 rz=n—1

2

=5 D (0.(n1,G)’ =3 (i G(Z)Gxns(y)>
r=n—1 r=n—1 y€eT,,

_|_

2
2‘171( > G(Z)(ns(yﬂ)—ns(y))+G(”;1)(ns(l)—ns(n—n))

y#{n—1,0}

+ = (— D) [G (L) =G ()] = (ns(1) = 1s(0) [G(0) — G (”Zl)])

y€T,

< o (Z |G(Z)—G(yn)!) D (Z \G(Z)—G(T)H!G(O)—G(T)\)

<a (Z 6 () -c () +eo) -6 (”#)!) < 2 (1G] + £ 196])*
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Proposition 2.7.7. The sequence {Q"},.cn is relatively compact.

Proof. Recall that Q™ is the probability measure defined in D [0, T] which is induced by the process
{m}}+>0 and P, and is defined in D 4[0,T]. We will show that the sequence {Q"},cn is tight and use
that fact together with Prohorov’s Theorem to conclude that the sequence is relatively compact.

We start by noting that C*(T) is dense in C(T) under the uniform topology. Let G € C*(T). By Lemma
A.2.2, it is enough to show that {Q™%},,cy is tight, where Q™ is the probability measure induced by

G : (Dum[0,T],Q") — (Dr[0,T],Q™%)
{mi'tiz0 = {(7, G) }io.
Soif A € Dg[0,T] is measurable, then, by (2.5)

Q™Y (A4) = Q"G (A) = Q"(z" € Dm[0,T]: G(7") € A) = Q" (7" € Dm[0,T] : (", G) € A)
=P, (n. € Do, [0,T]:(x"(n.),G) € A).

We thus have to show the tightness of the family {(z?",G) : 0 < ¢t < T},en for G € C(T), which will be
done by applying Aldous’ criterion (Proposition A.2.4):

e Condition (i) of Aldous’ criterion.
Lett € [0,7] and £ > 0. Note that

ZG

16’]1‘

<Gl

(7', G

where the last inequality comes from the fact that |7 (z)| < 1 and that G is a continuous function
defined on a compact set and therefore it is bounded. Thus we can take K := B,.(0) withr > ||G||
(closed ball with radius r centred in 0) as the compact we need for condition (i) of Proposition A.2.4
since, for this set,

Q“C((x",G) € De[0,T] : (n,G) ¢ K) =0 < e

and the first condition of Aldous’ criterion is proved.

e Condition (ii) of Aldous’ criterion.

Let e > 0 and 77 be the set of stopping times bounded by 7. We have to show that

lim limsup sup  Q™C((z",G) € Dr[0,T]: |(r74,G) — (72, G)| > &) = 0. (2.7)

720 nooo reTT,0<y

Using Dynkin’s formula with (7', G) as in (2.3), we have that

MP(G) = (a}',G) — (nf, G) - / (8 + 1) (. G) ds,

NP(G) == (MP(G))? / I ((x", G)) ds,

S
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where
" ((nf, G)) = nLly(nl,G)? = 2(xl, G)nLy(nl, G),

are martingales with respect to the natural filtration 7, = o(ns : s < t). We can bound the
probability inside (2.7) as follows:

QC((n",G) € Dgl0,T] : |(n}y4,G) — (77, G)| > ¢)
= Qn(ﬁ.n € DM[()?T] : ‘<7T:—L+0’G> - <7T¢’G>| > 5)

T+6
MPp(G) = MG+ [ nLan,G) ds

T

=P, <77_ € Dq, [0,T]:

>5)
>E)

T4+60
<P, <n.eDQn[o,T]:|Mr+9<G>—Mr<G>|+ [ neatmic s

IN

n n €
P, (n. € Da, 0,711 [M5(G) — M (G)| > )

+ ]P)#n <77 S DQn [O,T] :

4 " n 2
< 5By, [[M2(G) - MP (O] + 2,

_52

where the last inequality comes from applying Markov’s inequality. Consequently, in order to
achieve our goal, it is enough to prove the following facts:

lim limsup sup E,, [|M}4(G) — M*(G)|*] = 0; (2.8)

720 nooo reTT,0<y

lim limsup sup E,,
720 nooo reTT,0<y

a) Proof of (2.8)

We start by noting that for ¢, s > 0, the quadratic variation of the martingale verifies

Ep, (M o(G) = M{(G))?) = By, [M]} ((G)?] = 2B, [M' ((G)M (G)] + By, [M]'(G)?]

=E,, [Mtn-i-s(G)Q] —Eu, [Mtn(GF]
t+s
—B, | [T 6) ds| 4B VRG] 4 B NG
t
t+s
=E,, [/ " ({(rd, GY) ds} ,
t
where the second equality comes from martingale’s properties, namely

B, M (G)M(G)] = By, [By, [M (G M (G| Fi]] = By, [M (G)E,, [M (G F]]
=E,., [M}(G)?].

By the previous observation, by the Optional Stopping Theorem and by Lemma 2.7.6,
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Ey, [IM}1(G) = M2 (G)]'] = E,,

T4+6 2
/ IVGIE ds]
, n

VG| e
- VP,

and to conclude (2.8) it is enough to send n to infinity.

b) Proof of (2.9)

By the mean value theorem, we have that

- x r— !
(78, VG < D 1G(E) = G Ins() < = 3 IVG = VGl
zeT, zeT,
and
1 1
—1(ns(1) — ns - < - .
5| (0:(1) = 1 (0) ¥V G(0)] < ~ VG
By Lemma 2.6.3,

0, 2,6 < (2. 926+ (1) = )V GO < (145 ) IVG.

We can use this relation to get an upper bound for the expectation in (2.9)

7'+9 1
<[ (1e1)wel. as

E <E

Hn R

T+0 T+0
/ nly(rl, G) ds fin / [InL, (77, G)| ds

1
0 (1+) Ivel. .
n

and to conclude (2.9) it is enough to take the limit as n — oo, and then take the limitas v — 0

(since 0 < 7).

This concludes the proof that {Q™“},,cy is tight. Using Lemma A.2.2, {Q"},¢y is tight and finally by

Prohorov’s Theorem, we conclude that {Q"},,cn is relatively compact. O

The next step is to characterize all possible limit points, i.e., to find their properties.

2.7.2 Characterization of limit points

Having proven that {Q"},.cn is relatively compact, it is time to characterize the limit points of the
subsequences. We divide this proof into two parts. First, we show that any limit point Q* is concentrated
on trajectories (in D4[0,T]) which are absolutely continuous with respect to the Lebesgue measure.
This means that the trajectories 7 satisfy m;(du) = p(t, u)du for some function p (the density). Then,
we prove that the density p is a weak solution of (2.2). We start by recalling the concept of absolutely

continuous measure.
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Definition 2.7.8 (Absolutely continuous measure). A measure p. on Borel sets of R is absolutely contin-
uous with respect to the Lebesgue measure A, which we denote by . < X if, for every measurable set
A, A\(A) =0 implies u(A) = 0.

The following lemma gives a sufficient condition for a measure to be absolutely continuous with
respect to the Lebesgue measure. If we can prove that the sufficient condition of the lemma holds for

trajectories in which Q* is concentrated on, then we can conclude the first part.

Lemma 2.7.9. Let u be a measure which satisfies |{u, G)| < fol |G(u)| A(du) for all G € C([0,1]). Then,

w << A, where X is the Lebesgue measure.

Proof. Let F C [0,1] be closed and define for n € N, F,, = {z € [0,1] : d(z,F) < 1}, where d is the

usual metric in R. Let {g,,}.cn be a sequence of functions such that foreachn ¢ N, 0 < g, < 1lisa
continuous function taking value 1 inside of F' and 0 outside of F;,. In other words, g,, is a continuous

function satisfying 1 < g, < 1p,. We getthatforn e N

1 1
W(F) = (1, 1p) < {1, gn) < / g (1) A(du) < / L, (u) A(du) = (A Lp,) = A(F,).

0

Since () F, = F and A(F}) < oo, by continuity from above,
neN

w(F) < lim A(F,) = A(F).

n—oo

Now assume that A C [0,1] is a measurable set such that A(4) = 0. Hence, (by definition of set with
measure zero) for ¢ > 0, there are closed intervals I1, I5, ... such that A C |-, I, and Y7, A(I,,) < e.
Thus .
= 1 < ] < 3
<u(Un) = Jim u(J 1) < tim (U 5) < fim S5A0) <

Since ¢ is arbitrary, we conclude that p(A4) = 0. O

Proposition 2.7.10. Let Q* be a limit point of a subsequence of the sequence {Q"},>1. Then, Q* is

concentrated on trajectories of measures absolutely continuous with respect to the Lebesgue measure.

Proof. Let {Q™*}en be a subsequence of {Q"},,>1 converging to Q*. We will show that the condition

of Lemma 2.7.9 holds for the trajectories in which Q* is concentrated on. Let G € C(T) and denote by

O(n™) := sup [(n}',G)| a real random variable which depends on the process {1, }:>0 (recall that this
0<t<T

process is indexed on n). Since we have at most one particle per site,

O(r™) = sup |(n},G)| = sup
0<t<T 0<t<T

Z G(Z L3 Gl (2.10)

zeT,

Now let ¢ > 0. Since G is continuous, there exists N := N(e) € N such that for any n > N,

—/01|G(u) du
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=3 e
zeT,




From (2.10) and (2.11), for sufficiently large n, we get that Q™ (F.) = 1, where

F. = {71 € Dpm[0,T]: O(mr) < /01 |G (u)] du—i-fs}

is the set of trajectories of measures in which Q™ is concentrated on , for n € N. Now we proceed to
show that F is closed in the Skorohod topology Da4[0,T]. Let {n"} € F. and 7. € D[0,T] such that
«™ — . in Skorohod’s topology. We aim to show that =. € F.. By Lemma A.3.8, for almost every s in
[0,7T] (including s = 0and s = T), 7 # ms. We claim that for every ¢ < T, we have a sequence
{ti}wen with ¢ | ¢ such that ]! m%) 7, forall k € N.

Let S ={s € [0,T]: 70 ﬁ ms} With A(S) = T, where X is the Lebesgue measure. We want to
prove that for every 0 < ¢ < T and every § > 0 such that ¢t + § < T, we have (¢, + §) NS # 0, which is
always true because

AM(E,t+0)NS)=A(t,t+)N[0,T]) =46 > 0.

By definition of weak convergence and since n™ € F,
1
(w1, G| = lim [, G)| < lim ©(x") < / \G(u)| du + e, for all k € N.
n [e ] n o0 0
Since _ is right continuous, t — |(m, G)| is right continuous, which leads to
1
(2, G)| = Jim |(m,,G)| < [ 1G] du -+,
k—o0 0

Since 7% % mr, we have that |(rr,G)| = lim |(7%},G)| < fol |G(u)| du 4 e, which concludes that
n|Too n—oo

m. € F¢, thatis, F. is closed. Since, by hypothesis, {Q"* },cn converges weakly to Q*, by Portmanteau’s

Theorem, given a closed set F,

limsup Q"* (F) < Q*(F).

k—o0
Taking F := F,
Q*(F:) > limsup Q™+ (F.) =1,

k—o0

which means that Q* is concentrated on F.. Since ¢ is arbitrary, we have that Q* is concentrated on F. ,

for m € N. Moreover, since F_1

m+1

C F1 (and Q*(F1) < o0), we have by the property of continuity from
above of measures that

Q' (F) = Q' ( () Fy) = lim Q'(F1)=1,
1

ﬁjx

where Fy := [ Fo = {r. € Dp[0,T] : (3, GY| < fol |G(u)| du} is a set of trajectories whose
m:1 m

sup |
0<t<T
measures satisfy the condition of Lemma 2.7.9. Hence, given a trajectory =, on which Q* is concen-
trated, we have that for all ¢ € [0, T], =, satisfies the condition of Lemma 2.7.9 which means that =; is

absolutely continuous with respect to the Lebesgue measure. O

We conclude from this result that Q* is concentrated in absolutely continuous trajectories, i.e., for

each ¢, m(du) = p(t,u)du where p is the density of 7. Note that in order to achieve this result, we do not
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need to consider anything about the dynamics of the process (the process may have any generator), we
just need 7, to be bounded.

For the second part, we prove rigorously the ideas explored before in the heuristic argument (Section
2.6). This is the main ingredient for the hydrodynamic limit since we are now characterizing the limit of
the sequence, proving that it is concentrated on a set of trajectories whose density is a weak solution of
the transport equation.

For the next proposition, in order to simplify the notation, denote a subsequence of {Q"},,>1 just by

{Q"},>1 and assume (without loss of generality) that it converges weakly to Q*.

Proposition 2.7.11. Let Q* be a limit point of a subsequence of {Q"},>1 and assume without loss of
generality that Q" > Q*. Let f € C*'([0,T] x T) and fort € [0, T], define

t

A= {w. € D0, 7] - <pt,ft>—<mfo>—/0 (pes 0, 1.) ds+/0 (00, V1) ds=0}. (2.12)

Then, fort € [0,T], Q* is concentrated on A, that is, Q*(A:) = 1.

Proof. Let 6 > 0 and recall that ;(du) = p(t,u)du. Fix f € C*!([0,T] x T). Define ® : Dp([0,T] — R

as

t
By(n) = sup [(mign) = (mo,92) ~ [ (mga) ds].
0<t<T 0

where g1 == f, : T — [0,1], g2 :== fo : T — [0,1], g3 := (9s — V) fs : T — [0,1] are continuous for all
s,t € ]0,T]. Since for any ¢ € [0, 7],

t

q)f(ﬂ-) Z <pt7ft> - <’va0> 7/0 <p57asfs> d5+/0 <,Ds,vfs> ds 5

it is sufficient to show that
Q*(m. € Dpm[0,T] : ®p(m) > 6) =0. (2.13)

By Lemma A.3.9, since g1, g» and g3 are continuous, ® () is continuous as well. This means that {r ¢
Dm[0,T) : @4(m) > &} is an open set (because it is the inverse image of the open set {y e R : y > 4}

by a continuous function) and by Portmanteau’s Theorem, it is enough to show that

lim inf Q" (7. € Dpyg[0,T] : ®(m) > §) =0, (2.14)

n—roo

as the probability in (2.13) is bounded from below by the limit above. Using the relationship P, o
(™)~ := Q" between Q" and P,,,,, we get

liminf Q"(w. € Dpq[0,T) : @p(m) > 6) =

t
limianP’Hn<n,6DQn[07T]: sup <7r§‘,ft>—(7r{f,f0>—/ (x™, (95 — V) fs) ds‘>§).
0

n— 00 0<t<T

Summing and subtracting nL(x?, fs) inside of the time integral, the previous limit is bounded by the sum
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of

¢ ¢
liminf P, (7], € D, [0,T]: sup ‘(W?,fgf(wg,f())f/ (77, 0s fs) dsf/ nLy (7Y, fs) ds‘ > g) (2.15)
0 0

n— 00 0<t<T

and
liminf P, (77 € Dq,[0,T]: sup ’/ o, Vis) ds+/ nl,(ny, S>ds’ >é) (2.16)

n—00 0<t<T 2

So it is sufficient to show that (2.15) and (2.16) are zero.

e For (2.15):
Applying Dynkin’s formula as in (2.3), we have that M]*(f) is a martingale with respect to the
natural filtration F, = o(n, : s < t). Moreover, note that the martingale is equal to the term inside
the absolute value in (2.15). By Doob’s inequality (A.1.5) with p := 2, the probability in (2.15)

satisfies
) 4 4 T 1 T ,
S n J— n n ) < = i
Py, ( sup [M7'()] > 5) < SE[ME(P] = 521[«:[/ ((x2 £2)) ds] W/g IV£II% ds
where the last inequality comes from Lemma 2.7.6. Therefore we conclude that

5
lim P, ( sup \Mt"(f)\>f) —0.
0<t<T

n—o0 2

e For (2.16):
Looking at the action of the generator, we see that in order to prove that the limit is zero, it is

sufficient to show that the following limits are zero:

lim P, (77 € Dq,[0,T]: sup ‘/ (72, Vo fs) — <7TS,VfS>)dS‘ é):O;

n—0o0 0<t<T

lim P, (77. € Dq, [0,T]: sup ’/Ot i(ns(l) —n5(0))V,, f5(0) ds‘ > %) —0.

n—o0 0<t<T 2n

For the first limit, note that

(T2, Vi fo) = (0 VI = 17 nu(@) V5 £o(2) = VE(2)] < 2 )7 |V, fo(2) = V(2)].

z€Ty z€T,

We can use Taylor's Theorem to simplify the difference of the derivatives:

|v:zfs(%) - qu(%)‘ = |n(f€(%) - fs(mgl)) qu( )‘ = |TL( qu(%) +0(%)) - vf?(%”

=no(3).

It follows that for any ¢,

| [ 9700~ 1) ] =m0l

converges to zero (with n). For the second limit, V_, f;(0) converges to V f.(0), which is bounded.
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Thus, by a similar argument as the previous one, we conclude that the limit is zero.

Until now we have seen that Q™ converges to Q*, where Q* is a Dirac delta on a trajectory =, which
is absolutely continuous with respect to the Lebesgue measure and whose density is a weak solution of
(2.2). So we might have different subsequences of {Q"},.cn converging to limit points concentrated on
trajectories whose densities might not be the same. It is thus left to show the uniqueness of the weak

solution of (2.2).

2.7.3 Uniqueness of weak solutions of the transport equation

Recall Definition 2.5.1. Assume that p' : [0,7] x T — [0,1], [ = 1,2, are two weak solutions of (2.2)
starting from the same initial condition. Define p = p* — p? and observe that 5(0,u) = 0 for any u € T.
Thus, from the definition of weak solution, for all f € C%'([0,T] x T) and ¢ € [0, 7]

[ ittt = / t [ ot w0, £.() duds - / t [ otsw) (Vrauas. a7

Now, fort € [0,T] and uw € T, let ¢, (t) = —=e2>™/T and &, (u) = e>**** and recall that {¢,, : m € N
VT

and {gk c k€ NO} are orthonormal basis of L2([0 T]) and L?(T) respectively, for the inner products
fo g(t) dt and (f,g) = Jp f( g(u) du, where g is the conjugate of g. Thus, if 1, (t,u) =
gbm( )gk( ) = Jme 2’”("”/T+"“) , then {z/)m r :m, k € Ny} is an orthonormal basis of L2([0,7] x T) for the

inner product (f, g) ﬁ) Jp f(t,u)g(t g(t,u) du dt. It is easy to verify that the functions are orthonormal

T
(G Vs ) = /0 [ e T s T gy

T ; ! 1t
= %/ /627ri((mfm')t/T+(k7}c’)u) du dt — L ifm=m"andk =k !
0 ifm=m ork+#Kk.

To see that the functions form a basis of L?([0,T] x T), check Chapter 7 of [11]. Moreover, for any
m,k € No we have 0, ¥, k(s,u) = 2103 P i(s,u) and V ¢, k(s,u) = 2wk, k(s,u). Therefore,
replacing fs by ¥, 1 (s, -) in (2.17) for fixed m and k, we obtain

m, du = m, dud
/T(tu)w k(t, u)du = 2mi // (8, U) Pk (8, u) du ds.

Taking a time derivative on both sides of the above expression, we conclude that
) ( / Pt ) om (£, ) du> = i (k) / Pt W) (1, ) d.
T T
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Hence, [} p(t,u)tm i (t,u) du is a solution of the first order linear Ordinary differential equation y/(t) —
2mi (% — k) y(t) = 0, that is,

/ Pty )b i (t, u) du = < / H(0, 1)y 1 (0, 1) du) e?miltm/T=Rt — ),
T T

Recall that we can write j as a linear combination of the functions {i,, ;, : m,k € No}:

= chmkwmktu

m=0 k=0

with (5 is a real function)

Cm.k = <ﬁa ¢m,k> = Aﬁ(ta U)wm,k(ta u) du = 0.

Therefore we conclude that j(t,u) = 0 a.s. (almost surely), i.e., p! = p? a.s., which proves the unique-

ness of weak solution of (2.2).
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Chapter 3

Conclusions

In this thesis, we analyzed a card shuffle known as the Rudvalis shuffle. In the first chapter, we
proved, by using tools from the theory of Markov chains, that performing this shuffle on a deck of n
cards, we would need at least O(n?1log(n)) shuffles in order to have a well shuffled deck. As expected,
the Rudvalis shuffle would not be a very practical way to shuffle a deck of cards but although the shuffle
is “slow”, we were able to use it to prove some interesting properties regarding the hydrodynamic limit.

In the second chapter, we considered the continuous version of the Rudvalis chain and we did the
a mapping with a particle system, namely, we made a correspondence between the colors of the cards
with particles in the following way: a black card corresponds to a particle and a red card corresponds
to a hole. Therefore, from a deck of n cards, we obtained a particle system with particles and holes
evolving on a discrete set with n sites. By shuffling the deck according to the Rudvalis shuffle, and by
using the previous mapping, we were able to describe the behavior of the density in the particle system.
More precisely, we showed that the space/time evolution of the density of the system is given by the
unigue weak solution of the transport equation. In conclusion, we were able to prove the existence (and
unigueness) of a weak solution of a partial differential equation by means of a random process.

Another interesting problem we could have considered, but for a matter of time we did not, was,
instead of the Law of Large Numbers, the Central Limit Theorem for the empirical measure, which is often
called density fluctuations. In this case, the equation we expect to obtain is no longer a deterministic

one (like the transport equation), but instead a stochastic partial differential equation.
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Appendix A

Auxiliary results

In the next results, denote by X a generic metric space and by B the o-algebra generated by the
open sets, the Borel o-algebra on X. We will mainly follow Chapter 4.1 of [12] and the Chapter 3 of [3].

A.1 Probability theory

Proposition A.1.1 (Markov’s inequality). Let Z be a random variable defined on a probability space
(Q, F,P) and let E denote the expectation with respect to P. Assume that E[|Z|]! < oo for somet € N.

Then, for any § > 0,
E[|Z]]
5t

P(|Z] >9) <

Theorem A.1.2 (Dynkin’s formula). Let {n.}+>0 be a Markov process with infinitesimal generator £ and

with countable state space J. Take a bounded function F : R x J — R such that:
1. forallz € J, F(-,x) € C*(RY);
2. there is a constant C such that for k = 1,2 we have sup |0%F(s,z)| < C.
(s,2)
Define
t
M(F) = F(tm) = F(O.0) — [ @1+ O)F(5.n.) s,
0
t
Ny(F) := (My(F))* — / T(F(s,ns)) ds, where T(f) = L(f?) — 2fLf is the carré du champ operator.
0
Then, the sequences {M,(F)},>o and {N,(F)}.>o are martingales with respect to the natural filtration
Fi=0(ns:s<t).
Proof. The proof can be found in Appendix 1.5 of [12]. O

Remark A.1.3. The integral term fot I'(F(s,ms)) ds is the quadratic variation of M;(F').

Theorem A.1.4 (Portmanteau). Let {P,}.cn, P be probability measures on (X, B). Then the following

conditions are equivalent:
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(i) P, B P;

(i) limsup P, (F) < P(F), forall closed F C X;

n—oo

(iii) lim inf P,,(G) > P(G), for all open G C X;

n—,oo
Theorem A.1.5 (Doob’s inequality). Let {M,}o<:<r be a submartingale with right continuous trajecto-
ries. Leté > 0andp > 1. Then

| —

IP( sup | My >5) <

0<t<T

CE[| M)

(o9

and

p
E[ swp M| < (72=) ElMP).
0<t<T -p

Proposition A.1.6 (Tower Law). If Z is integrable and 7, C F, are two c-algebras, then

E[E[Z|F]|F1] = E[Z]F1] = E[E[Z]| 1] F2]-

A.2 Tightness criteria

Theorem A.2.1 (Prohorov’s theorem). LetII be a family of probability measures on (X, B).
1. If11 is tight, then 11 is relatively compact;
2. If X is separable and complete, then 11 is tight if and only if 11 is relatively compact.
Proof. The proof of this theorem can be found in Theorem 5.1 and Theorem 5.2 (Section 1.5) of [3]. O

Lemma A.2.2 (Proposition 1.7 of [12]). Let {gx}ren be a dense (with respect to the uniform topology)
sequence in C(T). Let {Q"},en be a sequence of probability measures on D [0, T'| and define for each
k the sequence {Q™9 },cn oOf probability measures on Dg[0,T) where Q™9 is the probability measure
induced by Q™ and by the application
g . (DM [07 T}v Qn) — (DR[Ov T]7 Qn’gk)
{7 bezo = {7, 9) b0
If for every k the sequence {Q™9 }, < is tight in Dg[0, T'] then the sequence {Q™},.en is tight in D a4[0,T].

Remark A.2.3. The above result tells us that in order to prove the tightness in D4[0,T), we just need

to check the tightness in Dy[0,T| (which is easier in general).

Proposition A.2.4 (Aldous’ criterion). Let {IP"},cn be a sequence of probability measures on Dg[0,T].
Then {IP™},,cn is tight in the Skorohod topology of Dx|[0,T) if the next two conditions hold:

(i) foreacht € [0,T] ande > 0, there is a compact K C R such that

supP"(x. € Dg[0,T] :2: ¢ K) < ¢
neN
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(i) for eache > 0,

lim limsup sup P"(x € Dgl[0,T]:|zr4e — x| >¢€) =0,
720 nooo reTT,0<y

where Tt is the set of stopping times bounded by T'.

The Aldous’ criterion is obtained from Theorem A.3.5 and Proposition A.3.7 which are stated in
Section A.3.

A.3 Skorohod topology

Let (X, ) be a metric space and {P"},,cn be a sequence of probability measures defined on Dx [0, 17,
the space of right continuous functions on [0, 7] with left limits taking values in X. To endow this space

with a reasonable topology (cf. Chapter 3 of [3]), consider the following definitions:

A={X:[0,T] — [0,T] | \is a strictly increasing function},

Alt) = Als)

I
08 t—s

Al = sup
s#t

and for two trajectories x ,y. € Dx|[0,T],
o) = juf max { I sup aninco) -
AEA 0<t<T

Proposition A.3.1 (Theorem 12.2 of [3]). Dx[0,T], endowed with the metric d, is a complete separable

metric space.

Definition A.3.2 (Convergence in the Skorohod topology). We say that a sequence {x"},cn of elements

of Dx[0,T] converges to a limit z_ in the Skorohod topology if there exist functions \,, in A such that
1. lim x’;n( # = Tt uniformly int;

n— oo

2. lim A\, (t) =t uniformly int.

n—oo

Consider the following definitions:

Wh(y):= inf max sup (s, x
=(7) {tito<i<r 0SI<T ¢, <s<t<titr (e, )
where the infimum is taken over the partition 0 = tg < t; < --- <t, =T witht; —t;,_1 >~yfori=1,... 7.

Remark A.3.3. A function z : [0,T] — X isin Dx[0,T) if and only if lir% wl(v) =0 (cf. page 123 of [3]).
Y=

Proposition A.3.4 (Proposition 1.2 of [12]). A C D [0, T] is relatively compact if and only if the next
two conditions hold.
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1. {xzy € X 1z € At €[0,T]} is relatively compact in M.
2. lim supw(y) = 0.
~—0 zEA
Theorem A.3.5 (Theorem 1.3 of [12]). Let{P"},.cn be a sequence of probability measures on Dx |0, T).

This sequence is relatively compact if and only if the next two conditions hold.
1. Fort € [0,T] and e > 0, there is a compact K (t,c) C X such that sup,, oy P"(z; & K(t,¢)) <e.
2. Fore >0, lim limsup P"(z, € Dx[0,T]: w.(y) >¢) =0.
Y7V n—ooco

Remark A.3.6. Since w! (v) < w.(2v), we can replace the second condition of the previous theorem by:

Fore > 0, lim limsup P"(z, € Dx[0,T] : w.(vy) >¢) =0.
=0 nosoco
Proposition A.3.7 (Proposition 1.6 of [12]). Let {P"},en be a sequence of probability measures on

Dx[0,T). This sequence satisfies the second property of Theorem A.3.5 if for every € > 0,

limlimsup sup P"(z. € Dx[0,T]: 6(xryg,pr) >€) =0.
Y n—oo reTr,0<y
In the previous results, two spaces are of our interest, X := M and X := R. Recall that M is
the space of positive measures on T with total mass bounded by 1, endowed with the weak topology.
Furthermore, the space for the evolution of the empirical measure 7}* is D 4]0, T'], the set of right contin-
uous functions with left limits taking values in M- In order to define a distance in M, consider a dense
(with respect to the uniform topology) countable family { fx}ren Of continuous functions on T and define

0 (which is a metric). For u,v € M,

S o b [ fie) = (v Sl
0e) = 2 T TG ) — (o T A0

In the case X := IR, we can take 4 as the usual distance distance in R, §(z,y) = |« — y|.
Lemma A.3.8. Let {z"},cn,z. be trajectories on Dx|[0,T].

1. Ifz} —— x, uniformly in t, then the convergence is also valid in the Skorohod topology;

ntoo

2. If X .= M and 2™ — x_in the Skorohod topology then, for every almost every t € [0, T] including

t=0andt="1T, x?gazt.

Proof. By Definition A.3.2, there is a sequence of elements {\, }.en € A such thatfor¢ € [0, T, |A.(t) —
t m—oo> 0 uniformly in ¢, and 2% ) # x¢. For the first statement, just take A, (¢) := ¢. For the second
one, first note that since A\, (0) = 0 and A\, (T) = T, we have that =7 7:;? xs for s € {0,T}. Now let
A={te]0,T]:z is continuous in ¢t} and let ¢t € A. Note that the Lebesgue measure of A is T because
x. is cadlag (it has at most countably many discontinuities). If d is the metric on X defined above,

dig d(oo af) =0
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By hypothesis and by symmetry of \,,(¢) and X, (¢) with ¢,

sup |t — A;l(t)| = sup [t— A (t)) — 0
0<t<T 0<t<T ntoo

which implies that lim,, . [t — A\,;1(¢)| = 0. Since z_ is continuous at ¢, we have that

nh_}n;@ d(@e, xy-1(4y) = 0.

Furthermore,

d(JUAEI(t),.’E?) < sup d(z, 2 (1)) —— 0.
0<t<T ntoo

Finally, by the triangle inequality

d(@e, 2t') < d(@e, Ty -1(p) + d(@y o1y, 7)) —— 0.

ntoo

Lemma A.3.9. Letg1,g2,95 € C(T) and ® : Dp[0,T] — R be defined as follows:

t
B(r) = sup |(me0) = (mo.g2) + [ (7ar ) s
0<t<T 0

Then, @ is continuous for the Skorohod metric in D ([0, T).

Proof. Check Proposition 8.3 of [5].
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