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Resumo

Um problema de teoria de sistemas comum para sistemas dindmicos nao lineares criticos, como
sistemas aeroespaciais, & a estimativa da regidao de atragdo. Uma abordagem bem conhecida é
baseada em fungdes de Lyapunov e conjuntos invariantes. Varias estratégias usando relaxagdes de
soma de quadrados e otimizagbes semi-algébricas tém sido propostas, mas falta uma comparagao
dessas estratégias em problemas de referéncia e uma caracterizagao detalhada. Propriedades
como convergéncia, robustez e sensibilidade a configuragdo inicial, questdes computacionais e
escalabilidade nao foram estudadas de forma clara. Nesta tese, é apresentado um conjunto de
problemas e procedimentos onde diferentes algoritmos, incluindo um novo algoritmo proposto, devem
ser caracterizados, comparados e testados. Uma comparagcao dos algoritmos mais conhecidos e
recentes da literatura é apresentada juntamente com algumas observagoes sobre implementagao e
usabilidade. Além disso, um novo método para estimar a regido de atragdo num sistema dinamico
caraterizado no plano com base no teorema de Bendixson-Dulac e relaxagdes de soma de quadrados
€ apresentado. Algumas extensdes possiveis para dimensoes superiores também sao apresentadas e

comparadas com alguns algoritmos presentes na literatura.

Palavras-chave: Regido de Atracgao, Sistemas Dindmicos néo Lineares, Polindmios Soma de

Quadrados, Programagao semi-definida, Fungao de Lyapunov, Critério de Bendixson-Dulac



Abstract

A common system-theoretic problem for critical nonlinear dynamical systems such as aerospace
systems is the estimation of the region of attraction, a well known approach is based on Lyapunov
functions and invariant sets. Several strategies using sum-of-squares relaxations and semi-algebraic
optimizations have been proposed, but a comparison of those strategies on benchmark problems and
a detailed characterization is lacking. Properties such as convergence, robustness to initial guesses,
computational issues and scalability have not been studied in a clear way. So in this thesis, a set
of problems is presented which build up a proposed test bench where different algorithms are to be
characterized, compared and tested, and where all those properties can be extracted. Results from the
most known and recent algorithms in the literature are presented as an application of the test bench,
alongside a new proposal involving the use of two adaptive shape functions. Additionally, a proposal
to estimate the region of attraction through an iterative sum-of-squares approach is presented but in
contrast to the current literature, it is not based on Lyapunov theory but instead on the Bendixson-Dulac
criterion for planar dynamics and set invariance. Also, extensions for higher dimensional systems are

presented and discussed.

Keywords: Region of attraction, Nonlinear dynamical systems, Sum-of-Squares, Semi-definite

programming, Lyapunov Function, Bendixson-Dulac Criterion
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CHAPTER 1 -

Introduction

In the field of dynamic systems and control, one critical aspect the controller design engineer must
take into account is stability. Even if a controller is designed to give the system the performance
required, it might not meet the requirements for stability, which can lead to issues when used in real-world
applications like aerospace systems. Linear analysis is the most common technique for stability analysis
and controller development [1], but lacks guarantees and bounds on the stability region. Supplemented
with simulation-based techniques, such as Monte Carlo simulations over the entire nonlinear system [2],
it provides further information regarding stability bounds and asymptotic stability. Even though this
technique seems promising, it is sample-based and does not give an analytical representation on the
stability bounds of the system, and actually some nonlinear characteristics can go undetected [3, 4]
through the use of this method.

The region of the state space regarding a nonlinear dynamical system where for all initial state vectors
within it, the trajectories of the system converge to an equilibrium point x. as time goes to infinity is
known as the Region of Attraction (ROA) associated with the equilibrium point x.. The estimation of the
ROA has numerous applications such as aerospace systems [5—7], robotics [8], power systems [9—11],
chemistry [12—14] and essentially in any system classified as critical.

Computing the exact ROA for nonlinear dynamical systems is very hard if not impossible, only in a
few systems in the literature it has been found and typically those systems are simple and have a very
well-defined structure.

Numerous methods are put forth in the literature to calculate an approximation of the ROA [15-
24]. The dominant approach is based on Lyapunov theory, because it only considers the analytical
description of the nonlinear system to certify analytically if a region of the state space is a subset of
the true ROA. Even though the Lyapunov theory defines constraints that any Lyapunov Function (LF)
must have, they do not give any way or procedure to find either a LF or the ROA. Those constraints
are quite difficult to ensure for a general system since they correspond to guarantee positiveness (or
negativeness) of functions over a region of the state space.

When dealing solely with polynomial dynamical systems and LFs, the problem of certifying

positiveness of functions over a set can be relaxed and efficiently solved.



To certify that a polynomial is positive corresponds to a NP-hard problem but some results from the
past century from real algebra, has shown us a way to certify positiveness of polynomials through the
use of sum-of-squares relaxations [25, 26]. Employing those results into the Lyapunov’s methods and
considering a polynomial dynamical system, an estimate of the ROA can be found in a computationally
efficient manner by solving iteratively semidefinite programming problems.

Although multiple algorithms have tackled in the last two decades the problem of estimating the
ROA through an iterative bilinear sum-of-squares optimization, there is no clear set of properties or
well-defined set of problems proposed in the scientific community to study those algorithms in a coherent
and well-defined way. Therefore, the purpose of this thesis is to fill the gap in the literature as a set of
problems and analysis procedures to not only extract characteristics from each approach but also to
compare each one is proposed. Additionally, a new algorithm, corresponding to an enhancement of a
well known algorithm, called V-s iteration [27] is presented.

A novel method based on iterative bilinear sum-of-squares algorithms to estimate the ROA on planar
dynamics using the Bendixson-Dulac criterion and set invariance is also presented. A few extensions to

higher dimensions are also proposed and compared with other algorithms.

Remarks on notation

For ease of notation, given a continuous scalar function R(x) : R* — R and a scalar v € R, we
define the set L(R,y) = {x € R" | R(x) < v}, i.e., L(R,~) is the y-sublevel set of R. Additionally, we
define the set L°(R,v) = {x € R" | R(x) < ~} for the same R and +, corresponding to the interior
of the ~-sublevel set of R. The ~-level set of R is defined by the set OL(R,v) = {x € R | R(x) = 7}.
Likewise, given a continuous function J(x) : R” — R™ ™ and a scalar v € R, we define the sets
LJ,v)={xeR"| J(x) 2+I}and L°(J,v) = {x e R" | J(x) < ~I}.



1.1 Motivation and problem statement

In recent years, applications of sum-of-squares methods for aerospace systems have grown
significantly. Multiple methods to estimate the Region of Attraction (ROA) of a nonlinear system based
on iterative bilinear sum-of-squares optimization have surged in the literature since the beginning of the
215¢ century.

The goal of each method is to estimate the ROA described by the semi-algebraic L(V,~) where V' is

a polynomial in x and ~ is a scalar, that solves the following optimization problem.

Problem 1. Given Vol : P(R™) — R and an autonomous dynamical system x = f(x) with f € C*

max Vol(R)
R

st. R=L(V,y)CQ
where the set () is the true ROA associated with an equilibrium point x...

When dealing solely with polynomial systems, Problem 1 can be relaxed such that it is an optimization
with a linear cost in one decision variable and a set of constraints that are bilinear in the decision
variables.

Several strategies have been proposed in the literature and demonstrated for exemplary systems
the capability to solve the Problem 1, yet a comparison or a proposed set of tests does not exist in
the scientific community. Each author evaluates and presents their own algorithm on a minor set of
examples but a deep analysis into the advantages and drawbacks of it is not clearly shown.

Some current issues in the literature that this work intends to explore and propose solutions are the

following.

» There is no defined set of problems and procedures to evaluate and extract properties of each
iterative sum-of-squares algorithm that estimates the ROA. Properties such as convergence,
robustness to initial guesses, recurrence of computational issues, computational cost and

scalability.

» Some important observations in relation to implementation and usability of each proposed method

is not stated in the literature.

» The algorithms presented in the literature are tested on a minor set of dynamical systems, most
of the time with a well-defined ROA and behavior. There is a lack of information about the

performance of the algorithms in chaotic systems and systems with a more complicated dynamic.

As a result, this thesis proposes a unified set of problems to evaluate, validate, and test each
algorithm in order to facilitate comparison and make it easier for future papers that propose a new

algorithm to estimate the ROA based on iterative bilinear sum-of-squares optimization.



1.2 Contribution

The purpose of this work is to fill the gap in the literature as a set of problems and analysis
procedures to not only extract characteristics and properties from each iterative bilinear sum-of-squares
ROA estimation algorithm but also to enable comparison between each one is proposed. While working
on iterative ROA estimation algorithms, an enhancement of one existent algorithm called V-s iteration,
is proposed aiming to tackle some issues of it, such as convergence and accuracy. Additionally, an
unconventional strategy for ensuring asymptotic stability, not based on Lyapunov functions, is presented
and formulated as an iterative bilinear sum-of-squares algorithm.

The specific contributions of this work are fourfold:

* First, to present an analysis and comparison of some relevant and well known iterative

sum-of-squares ROA estimation algorithms.

» Second, to propose a new algorithm, corresponding to an enhancement of one of the algorithms

present in the literature in order to tackle some of its issues.

« Third, to inspect the effect of s-multipliers degree choice and propose a rule to choose those based

on the constraints and the iterative scheme itself.

+ Fourth, to provide a completely different approach to estimate the ROA, not based on Lyapunov
theory, but instead on Bendixson-Dulac criterion and on positively invariant sets. A particular
strategy for planar dynamics is presented and two algorithm proposals for dynamical systems in

any dimension are also presented.



1.3 Thesis Outline

The outline of this thesis is as follows:

Chapter 2 gives the background needed in relation to system dynamics for problem formulation and
understanding of the content in the subsequent chapters. Topics such as Lyapunov methods, Nagumo’s
theorem and set invariance is presented in this chapter.

Chapter 3 gives an overview of the current state of the art for estimating the ROA of nonlinear
dynamical systems. Highlighting a few significant traits and characteristics that distinguish each method
in the literature.

Chapter 4 provides a brief overview of sum-of-squares polynomials, the Positivstellensatz,
semi-definite programming and bilinear sum-of-squares optimization. The aforementioned concepts
serve as the foundation for the algorithms developed and discussed throughout this work.

Chapter 5 presents a collection of some pertinent iterative bilinear sum-of-squares ROA estimation
algorithms for comparing and testing on a variety of systems throughout this work. In addition, a
new algorithm is presented that improves one previously mentioned algorithm while avoiding some
shortcomings of the original.

Chapter 6 discusses the problem of selecting the degree of the s-multipliers used in iterative ROA
estimation algorithms. Additionally, a suggested rule is offered to select those based solely on the
degree of each term involved in the sum-of-squares constraint. The remainder of the thesis employs the
method for choosing the s-multiplier degrees described in this chapter.

Chapter 7 studies each algorithm presented in Chapter 5, addressing issues such as accuracy,
sensibility to initial guesses, time of computation, numerical issues, feasibility and scalability. Multiple
case studies are presented, mostly planar systems but also some significant systems in higher
dimensions are considered.

Chapter 8 presents a new iterative sum-of-squares ROA estimation algorithm that it is not based
on Lyapunov theory but instead on Bendixson-Dulac criterion and set invariance. The supporting
theory and background is presented along with the proposed relaxations and iterative schemes. A
discussion is conducted after some results are displayed comparing the proposed algorithms to some
Lyapunov-based algorithms.

Chapter 9 presents the conclusions and suggests recommendations for future study in the field
of numerical estimation of the ROA of nonlinear dynamical systems using iterative sum-of-squares
schemes.

In the Appendix, some proofs and system dynamics are presented.






CHAPTER

Background

In this chapter, a summary of the background material needed for problem formulation and overall
understanding of dynamical systems and stability concepts is presented. A review of Lyapunov’s theory

and relevant theorems is presented.

2.1 Dynamical systems

Consider the continuous autonomous dynamical system represented by the differential equation

x = f(x), xeR" (2.1)

where f(x) : R® — R” is assumed to be globally Lipschitz continuous, and thus, it satisfies sufficient
conditions for existence and uniqueness of solutions [28]. The present work only deals with polynomial

dynamical systems which are continuous and C*°, thus uniqueness of solutions is always satisfied.
Definition 2.1 (Equilibrium point). Given system (2.1), a point x. is an equilibrium point if f(x.) = 0.

Definition 2.2 (Isolated equilibrium point). A point x. is denoted as an isolated equilibrium point of
system (2.1) if x. is an equilibrium point and there is an ¢ > 0 such that the intersection of the ball

centered at x. with radius ¢ and the set satisfying f(x) = 0 only contains x., i.e.,
{xeR"|||xe —x|| <e}N{xeR" | f(x) =0} = {x.} (2.2)
For the remainder of this thesis, whenever we talk about an equilibrium point, we will always be
referring to an isolated equilibrium point.

Definition 2.3 (Trajectory). The function ® : R" x R>¢ — R", ® : (x¢,t) — x(t) maps a solution to the

dynamical system (2.1) with x(0) = xo, and this function is called trajectory.

Definition 2.4 (Orbit). Given the dynamical system (2.1), the set vx = {®(x,t) | t > 0} forany x € R"
is called the orbit through x.




In some literary works, the word orbit is used in place of the term trajectory, even though by definition,
the trajectory is a function which has the orbit as image set, therefore the terms are not entirely
interchangeable. For the remainder of this thesis, we will consider orbit as the path or image set of
the trajectory, so no confusion arises from the usage of these terms. Additionally, it is relevant to point
out that whenever the term trajectory is used we are following the Definition 2.3. Sometimes the term
trajectory also accounts for the mapping of solutions over all time and not only non-negative time, as

considered here.

There is a particular trajectory in some dynamical systems which is called limit cycle, and it is defined

as follows.

Definition 2.5 (Limit cycle [29]). If for any arbitrarily small outer (inner) neighborhood of a given closed
trajectory T of system (2.1) there exists a non-closed trajectory, then T" is called external (internal) limit

cycle.

Invariant sets of dynamical systems play an important part in system analysis, as any invariant set
bounds the trajectories generated inside the set itself. As it will be shown later, the region of attraction

is by definition an invariant set.

Definition 2.6 (Invariant set). A set S C R"™ is an invariant set for a dynamical system (2.1) if every

point belonging to the trajectory ®(x,t) withx, € S is contained in S, i.e.,
Vxp € S, ®(xg,t) €S for 0<t< o0 (2.3)

The definition presented here for invariance of a set is also used to define in the literature positively
invariant set or forward invariant set because it accounts for orbits generated for ¢ > 0. For simplicity, we

use the term invariant set with the same meaning as positively invariant set.

In 1942, Nagumo [30] provided necessary and sufficient conditions for invariance of a closed set with

respect to system (2.1) by only analyzing the flow on the boundary of the set.

Definition 2.7 (Sub-tangent vector). A vectorv € R" is sub-tangencial to a set S C R™ atx € S if

T dist(S, x + Av)

=0 24
A—0t A ( )

where dist(-) denotes the Euclidean set distance.

Theorem 2.1 (Nagumo’s Theorem [31]). Given system (2.1), let S C R"™ be a closed set. The set S
is positively invariant under the system (2.1) if and only if f(x) is sub-tangential to S for all x € 05, or
equivalently,

f(x) € Ts(x), forall xedS (2.5)

where Ts(x) is the set of all sub-tangencial vectors of S at x.



In particular, given system (2.1), let h(x) : R* — R and h € C*, consider the set H = L(h,0) and that
Vh(x) # 0 for all x satisfying h(x) = 0. Nagumo’s theorem gives necessary conditions for set invariance

based upon the derivative of h with respect to time on the boundary of H:
H isinvariant <= h(x) <0 forall xec dH
This result gives a strategy to obtain invariant sets of system (2.1) by only analyzing the boundary of

a compact set characterized by a sublevel set of a single continuously differentiable function.

Definition 2.8. The Region of Attraction (ROA) of a dynamical system associated with the equilibrium
pointx. is
Q= {xo € R | lim [|®(xo,t) — x| = 0} (2.6)

Lemma 1. The ROA of system (2.1) associated with any equilibrium point x. is an invariant set.

Proof. Let x. be an equilibrium point of system (2.1). By contradiction, if there exists x, € Q with
limy o || ®(%0,t) — Xe|| = 0 but ®(x¢,t) ¢ Q for some ¢ > 0, due to uniqueness of solution, for any
X1 € 7x,, the trajectory generated with that point as initial condition will converge to the equilibrium

point, that is, lim;_, o ||®(x1,t) — Xc|| = 0. 0

Any isolated equilibrium point x, can be characterized in the sense of Lyapunov in terms of local

stability, depending on the system behavior in its neighborhood.
Definition 2.9 (Local stability of an equilibrium point [32]). The equilibrium point x. of (2.1) is

* stable if, for each e > 0, there exists a § = §(e) > 0 such that

VE> 0, [[x(0) — x| <8 = [|B(x(0),%) — x| < e 2.7)

 unstable if it is not stable.

» asymptotically stable if and only if it is stable and § can be chosen such that

x(0) ~ x| <6 = Jim [[B(x(0). ) — x| = 0 (2.8)

Definition 2.10 (Global assymptotically stability [32]). An equilibrium point x. is globally asymptotically

stable if it is stable and for any § > 0, satisfies
[1x(0) = xe|| < & = lim [|9(x(0),¢) = x| =0 (2.9)

For simplicity, for the remainder of this thesis whenever it is not clearly stated, the isolated equilibrium

point of interest is assumed without loss of generality to be located at the origin (x. = 0).

10



2.2 Lyapunov’s methods

In Lyapunov’s seminal thesis from 1892 presented two key theorems for establishing stability. Those
two methods are known as Lyapunov’s first method, which states that the local stability of an equilibrium
point x. can be obtained from studying the linearized system around the equilibrium point. And
Lyapunov’s second method which characterizes the global stability of the equilibrium point x. by using
a proper scalar function, called Lyapunov function, defined on the state space.

Theorem 2.2 (Lyapunov’s first method [32]). Let x. be an equilibrium point of x = f(x) and J the

jacobian matrix of f(x) at x., then:
1. x. is locally asymptotically stable if all eigenvalues of J have strictly negative real part;

2. x. Is unstable if any eigenvalue of J has strictly positive real part.

Even though Lyapunov’s first method is an easy way to check local asymptotic stability, it is only an
implication, i.e., an equilibrium point can be locally asymptotically stable but by using the Lyapunov’s first
method, it is not possible to classify it as locally asymptotically stable.

As an example of the deficiency of using the Lyapunov’s first method, consider the polynomial
dynamical system

x =f(x) = —x*, with J(0) = (i‘;)(()) =0
It has a local asymptotic stable equilibrium x. = 0, but it has a null Jacobian matrix at the equilibrium
point and by Theorem 2.2, nothing can be said about the equilibrium point.

Lyapunov’s second method is a more powerful technique than the first method because it does not
rely on the linearization of the system, instead it works directly with the full dynamics of the system.

With the second method, global asymptotic stability can be checked if and only if a function, that is
positive everywhere except at the origin, exists such that its derivative is always negative except at the
equilibrium point. The corresponding theorem is shown next.

Theorem 2.3 (Lyapunov’s second method [32]). Given system (2.1) with an equilibrium point at x. = 0,

if a continuously differentiable function V (x) : R™ — R with V(0) = 0 satisfies

vx e R*\ {0}, V(x)>0
vx e R\ {0}, V(x)=VV(x) f(x)<0

V(x) = oo whenever |x|| — oo

then the origin is globally asymptotically stable.
Definition 2.11. A Lyapunov Function (LF) for system (2.1) with an equilibrium point inx. = 0 is a scalar
strictly positive function V (x) : R™ — R with V(0) = 0 belonging to C* and for which the time derivative

V(x) = VV(x) - f(x) is non-positive on some region containing the origin.
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Despite Theorem 2.3 being a powerful tool to verify global asymptotic stability, in general non-linear
systems have equilibrium points that are not globally asymptotically stable, but instead they have a ROA
associated with the equilibrium point which is not the entire space R".

Lemma 2, also called Lyapunov’s direct method, gives conditions to guarantee that an equilibrium
point is locally asymptotically stable, but also provides conditions of a set to be an invariant subset of
the ROA associated with the equilibrium point.

Lemma 2 ([32]). [f there exists V(x) : R® — R, withV € C! and V(0) = 0, a positive scalar - and let
D = L(V,~) C R" withx. = 0 contained in D, such that

D\ {0} C L°(VV - £,0)
D\ {0} C L°(-V,0)

D is bounded

then D is an invariant subset of the ROA associated with the equilibrium point x. = 0.

Lemma 2 imposes a level set of the LF to be an estimate of the ROA, which is a simple approach, but

it is quite conservative. According to LaSalle’s theorem [32] it is possible to work instead with a compact
set provided that it is positively invariant.
Theorem 2.4 (LaSalle’s theorem [32]). Let S C R™ be a compact set that is invariant with respect to
system (2.1). Let V(x) : R — R be a continuously differentiable function such that V(x) < 0in S. Let
E be the set of all points x € S where V(x) = 0 and M be the largest invariant set in E. Then, every
solution in S approaches M ast — oo.

By Theorem 2.4, if the set M only contains a single equilibrium point, then the set S is a subset of
the ROA associated with the equilibrium point.

Lemma 3, presents a set of conditions based on LaSalle’s theorem to certify that a set is an invariant
subset of the ROA associated with an equilibrium point.

Lemma 3 ([33]). Ifthere exist R,V : R" — R, with R, V € C', v € R-q and let D = L(R,~) C R™ with

X, = 0 contained in D such that

dD C L°(VR-£,0)\ {0}
D\{0} € L°(-V,0)
D\ {0} C L°(VV -£,0)
D is compact

V(©0)=0

then D is an invariant subset of the ROA associated with the equilibrium point x. = 0.
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CHAPTER 3 -

State of the Art of ROA

Estimation Techniques

The literature offers a variety of methods to estimate the Region of Attraction (ROA) of an isolated
equilibrium point of finite-dimensional nonlinear autonomous systems in continuous time characterized

by an ordinary differential equation of the following form
x =f(x), xeR" (3.1)

where f(x) : R® — R, f € C! is the vector field. They can be roughly divided into two types of methods
depending only on whether they are based on Lyapunov’s theory which typically involves optimization
problems without the need of trajectory generated data and finding a Lyapunov Function (LF) or not
based on Lyapunov’s theory which evidently does not require the estimation of a LF of the system.
The aforementioned methods can be understood as sample based methods because they often require
simulation data to obtain an estimate of the ROA. A more detailed proposed classification of these

methods is shown in Figure 3.1.

Methods to estimate the region of attraction

|
I l

Non-Lyapunov based methods Lyapunov based methods

— Brute force — Zubov’s method

— Trajectory reversing method — Theory of moments

— Forward and backwards reachable sets | — SOS programming

'~ Occupation measures ' Simulation + SOS programming

Figure 3.1: Classification of the current nonlinear dynamical systems’ ROA estimation algorithms.
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The remainder of this chapter provides a general overview of the concepts underlying each method
in the literature to estimate the ROA of a nonlinear system. A few remarks on the advantages and

disadvantages of each strategy are also included.

3.1 Non-Lyapunov based methods

Non-Lyapunov based methods, as the name suggests, do not use LFs or theory to obtain estimates
of the ROA, instead they rely typically on trajectory generation over a finite number of points in the state
space to obtain an estimate of it. Even though these methods are not currently predominant in the
literature due to having, in general, a high numerical burden, they correspond to the first set of methods
developed to estimate the ROA.

The most basic method that is highly inefficient and comes directly from the ROA definition, is
the brute force method [34]. This method calls for the discretization of the state space followed by
a computation of the trajectory generated by the system dynamics for each point obtained in the
discretization. Thus, it is only required to check for each trajectory if it converges to the desired
equilibrium point or not.

A technique that is more efficient and provides a better overall estimate of the ROA even for systems
with an unbounded ROA, is the Reverse Trajectory Method (RTM) [24, 35]. Instead of checking whether
some points are in the ROA by forward simulation, trajectories are generated with the inverse dynamics
of the system on points located over a small neighborhood of the equilibrium point which is assumed or
guaranteed to be a ROA subset.

Backwards and forward reachable sets techniques are another set of techniques that, when used in
practice, produce good results. The computation of the backward reachable sets is done by using the
viscosity solution of a time-dependent Hamilton-Jacobi-Isaacs partial differential equation [22] providing
an implicit surface representation of the continuous backwards reachable set. As stated in [36], this
technique has a few drawbacks, mostly related to computational requirements when the dynamical
system dimension grows, that is, the number of states that characterizes a dynamical system increases.
As an alternative, a few papers try to estimate the ROA via forward reachable sets. By comparing the two
methods, it is shown in [22] that the forward reachable set technique scales better than the backwards
technique, which is due to the backwards technique needs for discretization. Even though the forward
technique also requires discretization, it has a smaller computational burden in comparison [37].

In contrast to the previous methods, the methods presented in [23, 38] rely on the notion
of occupation measures [39] to represent the problem of finding an estimate of the ROA as an
infinite-dimensional linear program which can be relaxed to a finite semidefinite program. The advantage
of such methods is their overall convexity, meaning that solvers can efficiently solve the inherent
optimization.

In general, non-Lyapunov methods do not give an algebraic representation of an estimate of the ROA
but only a rough idea of how it is and its shape, also these set of methods have resolution and scalability

problems, inherent from the discretization and trajectory generation.
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Additionally, most of these methods do not give guarantees over the calculated estimate. The
estimate may not be a subset of the ROA, which is problematic because the obtained region can have
points that do not belong to the true ROA, and consequently unstable trajectories can be generated from

points inside the estimate.

3.2 Lyapunov-based methods

The first conceived method to obtain a LF was described by Zubov in 1964 [18], his method was the
first to not only obtain a LF of a dynamical nonlinear system but also allow the construction of the ROA
numerically with an algebraic representation. He introduced a first order partial differential equation,
called Zubov’s equation, of which the solution characterizes the ROA. Despite the fact that theoretically
this method provides an exact solution, obtaining an exact algebraic solution is difficult. In general, there
is not a purely algebraic technique to solve the partial differential equation, so multiple authors resort
to solve the equation numerically [16, 17]. As a result, this requires the use of a grid over the state
space where a set of points are used to solve the equation, that is, the equation is solved by a direct
discretization of the state space, followed by a minimization problem. This method appears similar to
some non-lyapunov methods in that it relies on discretization of the state-space, which as previously
stated has resolution and scalability problems. It differs from those methods because there is no need
to obtain trajectory data generated by the dynamics of the system in each point of the considered grid.

There are a few workarounds that minimize the effect of discretization. For example, in [15] an
adaptive gridding technique is proposed which reduces the sample data required while producing a
good solution. In [40], an iterative procedure is proposed which defines the LF as a sum of functions
with increasing degree, this method is referred to as Zubov’s method. The obtained LF is called Maximal
Lyapunov Function (MLF) because it tends to infinity as x approaches the boundary of the ROA.

In beginning of the 215 century, a huge development in Lyapunov-based methods took place,
instead of solving problems based on samples, dynamics-based methods were introduced which did
not require discretization of the state space but instead relied on the solution of non-convex problems
with polynomial inequalities derived with the Positivstellensatz [41, 42]. By contrast, with the solutions
obtained with non-Lyapunov methods, in this set of methods the solution is an estimate of the ROA
represented by a semi-algebraic set [43], that is, the subset of the ROA obtained is given by a set of
polynomial inequalities.

Some of these methods take as backbone of their architecture Lyapunov’s second method [27, 32],
which gives conditions to verify global asymptotic stability of a system. Also, on the Lyapunov’s direct
method which by contrast gives conditions for local asymptotic stability of a Lyapunov level set, resulting
in an invariant subset of the ROA of the system. Due to the conservatism [44] of imposing the level sets
of a LF to be an estimate of the ROA, LaSalle in [32, 45], suggested that instead of dealing with level sets
of a LF, one can just work with compact positively invariant sets, thus evading the conservatism. This
allows for more freedom, that is, the function that defines the subset of ROA is not the LF, eventhough

the lie derivative of the LF along the dynamics f(x) needs to be negative over that subset.
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The major problem with the conditions established by the Lyapunov’s direct method or LaSalle’s
method is that they impose set containment conditions which are extremely difficult to verify for a
general nonlinear dynamical system. For systems with polynomial dynamics, it is possible to verify
those conditions through the use of the Positivstellensatz [41, 42], which converts the set containment
conditions into a problem of verifying the global positiveness of polynomials. However, determining
whether a polynomial is globally positive is an NP-hard problem [46]. A relaxation of the non-negativity
condition imposed on the polynomial is suggested in [42] where instead one requires the polynomial
to have a sum-of-squares representation. This reduces the challenge to simply finding a positive
semi-definite matrix called Gram matrix. As a result it relaxes the original problem into a new one
that is P-hard, and consequently it can be solved in polynomial-time. [42]

Regardless of the use of sum-of-squares polynomials, the main problem of finding the biggest subset
of the ROA defined by a semi-algebraic set continues to be a non-convex problem [23, 47, 48]. The
constraints have bilinear terms featuring the s-multipliers originated from applying the Positivstellensatz
to the set containment conditions and other polynomial decision variable functions, such as the LF.
Consequently the problem has Bilinear Matrix Inequalities and hence the problem is NP-hard, meaning
that there is not an efficient solver to estimate the ROA in polynomial time.

Some works rely on genetic algorithms [24] and particle swarm optimization [49], which are quite
efficient methods to solve non-smooth and non-convex optimization problems. However, examples in the
literature have been limited to ellipsoids and provided poor results with respect to time of computation
and the estimate’s accuracy.

One approach to solve the non-convexity of the problem is by dividing the problem into an iterative
sequence of optimizations. One can verify that the constraints are bilinear in the decision variables and
that the cost function is linear in a single decision variable. It is shown in [27], that this problem can be
converted into an iterative sequence of optimizations, where each is quasi-convex [48] and consequently
the global optima of each sub-problem can be computed simply by a bisection algorithm. Even though
each sub-problem can be solved such that the global optima of each is obtained, the same can not be
said about the iterative scheme because it may converge to local optima. Additionally, these schemes
require an additional constraint to ensure an enlargement of the estimate of the ROA, that is, it is crucial
to add an enlargement constraint to guarantee an increase in the subset of the ROA obtained in each
successive iteration.

Some works are presented in [7, 27, 33, 44, 50], each one of these differ from the way they build the
sequence of steps and the way they ensure the enlargement of the ROA estimate. In [7, 27], to ensure
the enlargement of the estimate, the estimate is constrained by an ellipsoid. This ellipsoid in some
works is constant over the optimizations being set at the beginning, but as shown in [50] it reveals some
drawbacks, noting that the choice of ellipsoid has an effect on the resulting estimate. To avoid this effect,
in [50] an adaptive procedure to change the ellipsoid shape over each iteration is presented, revealing
in most cases a better result. Nevertheless, instead of an ellipsoid the containment of the estimate by

the previous estimate is possible as shown in [33].
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Another method, less common in the literature, is based on the mathematical theory of moments [51]
to solve the optimization problem to obtain an estimate of the ROA. An algorithm using this approach
is shown in [52]. Just as a remark, this method does not offer an adaptive LF, instead a LF needs to
be provided, that is, this method is quite poor because it does not have an adaptive scheme to update
the LF.

The techniques mentioned above have an issue, they only handle polynomial systems. Even though,
any system can be represented approximately by a polynomial through the use of the Taylor expansion
over an equilibrium point, it is underwhelming that these methods only work on these systems. Some
recent works, such as the one presented in [53] deals with rational systems instead of solely polynomial
systems. Unlike the sum-of-squares approach, the conditions required for the LF are formulated not in
a semi-algebraic set but on a compact polytopic set, allowing indefinite matrix solutions for the quadratic

decomposition. Other works similar to this one can be found in [54-56].
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CHAPTER

Sum-of-Squares Programming

In this chapter, the basic concepts behind sum-of-squares relaxations is introduced and their
connection to set containment conditions and to iterative bilinear sum-of-squares ROA estimation
algorithms is also presented. Concepts such as sum-of-squares polynomial, semi-algebraic set,

semi-definite programming and generalized sum-of-squares programming is introduced.

4.1 Sum-of-squares polynomials

Definition 4.1. (Monomials) A monomial z in n variables is a function defined as z,(x) = z{* ... z%" for

o € 7. The degree of a monomial is defined as 3" | ;.

Definition 4.2. (Polynomial) A polynomial p in x = [z1,...,x,]" is a finite linear combination of
monomials:
p:anxfl...xﬁ", ca €R (4.1)
(o7

where the sum is over a finite number of n-tuples o = (a1, ..., @), a; € Np.

The set of all polynomials in x = [zy,...,z,]" with real coefficients is denoted as R[x]. The highest
degree of a polynomial p € R[x] is defined as the highest degree of its monomials, and it is denoted
as §7(p) and equivalently the lowest degree of a polynomial p is defined as the lowest degree of its

monomials, and it is denoted as ¢~ (p).

The question of checking whether a polynomial f € R[x] is non-negative or not, i.e., for all x € R
does f(x) > 0 holds is a fundamental mathematical problem in real algebra. As shown in [42], the
problem of checking if a polynomial is globally non-negative is NP-hard, thus any algorithm that attempts

to solve this problem will certainly have unacceptable behavior from the computational perspective.
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In the early two thousands, the introduction of sum-of-squares polynomials enabled to overcome
at least comparatively the drawbacks of the problem, solving instead a relaxed version of the original
problem. Rather than checking if a polynomial is non-negative, we check if the polynomial is a

sum-squares polynomial.

Definition 4.3 (Sum-of-Squares Polynomial). A multivariate polynomial p € R[x] is a Sum-of-Squares

(SOS) polynomial if there exist some polynomials f;(x) € R[x], i = 1,..., M such that
M
p(x) =) f(x) (4.2)
=1

Definition 4.4. A symmetric matrix M € R"*" is positive semi-definite (definite) if and only ifx " Mx > 0

(x"Mx > 0) for all x € R™ or, equivalently, all eigenvalues of M are non-negative (positive).

Any polynomial p € R[x] of degree 2k that is a SOS polynomial can be represented as
p=2z'Qz (4.3)

where matrix Q is constant positive semi-definite of size [ and the vector z contains monomials of x
of degrees k or lower. The matrix Q is called Gram Matrix and in general for any SOS polynomial
there is no unique Gram Matrix, this is due to the fact that the vector z is not composed of independent
terms. For ease of notation, the set of SOS polynomials is denoted by X[x] and the set of all positive
polynomials by P[x].

Even though it seems that the problem of polynomial positiveness is solved from the prior
representation as a SOS polynomial, this is actually untrue. As proved by Hilbert, actually this
class of polynomials X[x] only represent a subset of P[x] and so not all positive polynomials have a
SOS representation. A simple counterexample to the equivalence of SOS polynomials and positive

polynomials is the Motzkin polynomial [57], that is as follows,

M(z,y,z) = zty? + 2%y 4 26 — 322y%2> (4.4)

This polynomial can be easily checked to be a positive polynomial, but it does not have any SOS
representation.
Theorem 4.1. ([57]) Let P[x] and X[x] be defined as above. Then X[x| C P[x]|, but equality holds only
for the following cases:

* Bivariate forms: number of variables is only 2

* Quadratic forms: the degree of the polynomials is 2

 Ternary quartics: when the number of variables is 3 and the degree of the polynomial is 4

With this representation, checking if a polynomial is positive can be relaxed to checking if it is a
SOS polynomial. Working solely with SOS polynomials is beneficial because it reduces the problem
into finding a positive semi-definite matrix [58], thus converting the original problem into a P-hard

problem [42].
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4.2 Positivstellensatz

The conditions necessary for a set to be an estimate of the ROA are given as set containment
conditions. In this section, some basic concepts of real algebra are presented in order to convert the set

containment conditions into a SOS condition.

Definition 4.5 (Semi-algebraic set [43]). A set S C R” is called semi-algebraic, if S is a Boolean

combination (using intersection, unions and complements) of sets of the form
U(f) = {xeR"| f(x) =0}, (4.5)

with f € R[x].

Some properties of semi-algebraic sets are the following:

1. U(1) = R*and U(0) =0

2. R"\U(f) = {xeR"[ - f(x) = 0}

3. [R"\U(f)] n [R*"\U(-f)] = {xeR"| f(x) =0}

Up until now we discussed how a polynomial can be positive semi-definite over all its domain, and
we checked that if it has a SOS representation, it is clearly a non-negative polynomial. Now, one major

question which is related to the prior problem about positive polynomials is to check whether a polynomial

is non-negative in a semi-algebraic set.
Definition 4.6 (Multiplicative Monoid). Given {g1,...,9:} € R[x], the multiplicative Monoid generated by

g; s is the set of all finite products of g;’s, including 1, i.e.,

M(gla”'vgt):{gllcl"'gft | kla"'vktez-‘r}

Definition 4.7 (Cone). Given{f1,..., f-} € R[x], the Cone generated by f;’s is

l

P(flv"’vfr) = {80+281b1

i=1

l€Zy,s;i € X[x],b; € M(f17~~~af7‘)}
Definition 4.8 (Ideal). Given {h1,...,h,} € R[x], the Ideal generated by h;’s is

I(hy,... hy) = {thpk | Pe GR[X}}

A central theorem in real algebra that gives an answer to the question of checking non-negativity
over a semi-algebraic set is called Positivstellensatz (P-satz), this word is made from the german words
Positiv (positive), Stellen (places) and Satz (theorem).

This theorem comes from a specific class of theorems in real algebra called Stellensétze. The first
theorem from this class, the Nullstellensatz (N-satz), was introduced by Hilbert which dealt with closed

fields, such as C, it intends to check whether a set of complex varieties gives a null set or not.

22



Theorem 4.2 (Nullstellensatz [42]). Let {fi,...,fs} be a finite number of polynomials with complex

coefficients. The following statements are equivalent:

1. Theset{x € C" | fi(x) =0, i=1,...,s}isemply.

2. There exists polynomials g; with complex coefficients, such that, f1(x)g1(x) + ... + fs(x)gs(x) =1

Similar to the N-satz, the P-satz is used to check whether a semi-algebraic is empty or not, but it has
some crucial differences compared to the original N-satz. The P-satz only concerns with R™ which is

not a closed field.
Theorem 4.3 (P-satz [27]). Given polynomials {fi,..., fr}, {g1,..,9:} and {hi,....,h,} € R[x], the

following are equivalent:

1. The set below is empty:
{XERTL | fl(x) > Oa"'vf’f‘(x) > 07 gl(x) 7&07"'agt(x) #07 hl(x) :07"'7h‘u(x) :O}
2. There exist polynomials f € P(f1,..., fr), g € M(g1,...,9¢), h € Z(hy, ..., h,) such that

f+¢*+h=0
A relevant example of application of the P-satz theorem involves set containment conditions. The
P-satz gives a SOS condition that if it holds the set containment is verified. Lemma 4 displays such

application of the P-satz.
Lemma 4 (Simplified P-satz [27]). Given h, fo, ..., f» € R[x], the following set containment holds
(x €R" | A(x) =0, f1(x) > 0... f(x) > 0} C {x € R" | fo(x) > 0}

if there exist multipliers p € R[x], s1, ..., s, € X[x] such that

T

POR(x) = Y 5i(x) fi(x) + fo(x) € E[x]

i=1
Example 1. Let p,q € R[x] and y1,72. € R, if there exist s; € ¥[x] such that for all x € R",
s1(p—m) + (v2 — @) € X[x] holds, then the set containment condition L(p,~y,) C L(q,y2) is satisfied.

Any constraint of the form p(x,a) € X[x] with x € R™ as a free variable and a € R™ as a vector of
decision variables, will be denoted as SOS constraint. The variable a will be omitted when writing SOS

constraints when it is evident which polynomial has decision variables.
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4.3 Semi-definite programming

Semi-definite programming is a powerful tool in optimization that is used in many contexts, perhaps
most notably to obtain strong bounds on discrete optimization problems or non-convex polynomial
programs. This section introduces semi-definite programming, the connection between semi-definite

programs and SOS polynomials and generalized SOS program.

Definition 4.9 (Linear Matrix Inequality [59]). Let A € R™ be a vector of decision variables and symmetric

matrices {F1,...,F,} € R"*". A Linear Matrix Inequality is an inequality of the form

F(A) =Fo+ Y AFi=0

i=1

Definition 4.10 (Semi-definite program). Let symmetric matrices {Fy,...,F,} € R™ "™ and vector
c € R™ be constants and let A € R™ be a vector of decision variables. The following optimization problem
is called Semi-definite program (SDP),

min ¢!\
A

st. FA)=Fo+» FiXi =0

i=1

A Semi-definite programming (SDP) is an optimization problem with a linear cost function subject to
a Linear Matrix Inequality (LMI) in the decision variables. One critical aspect of SDPs is their convexity,
since their constraints and cost are convex, thus making the optimization problem convex and capable

to be solved in polynomial time.

Many optimization problems that appear in engineering systems cannot be written using LMI, instead
they can be written in terms of a Bilinear Matrix Inequality, which can be understood as an extension of
LML.

Definition 4.11 (Bilinear Matrix Inequality [59]). Let symmetric matrices {G, ..., G}, {Hi1,...,Hun},
{Fo,...,F,} be constants and letx € R™ andy € R" be decision variables. A Bilinear Matrix Inequality
(BMI) is of the form:

F(X7 y) = Fo + ZCUZFZ + ZyZGJ + Z inyjHij >~ 0 (46)
i=1 j=1

i=1 j=1

A BMl is a linear matrix inequality if either x or y is kept fixed. The drawback of BMI is that they are

not necessarily convex and consequently, they are more difficult to handle than LMIs [60, 61].
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Definition 4.12 (SOS program [62]). Let ¢ € R" be a constant and u € R" be a vector of decision
variables. The polynomials {a1,...,an} € R[x] are affine in u. An SOS program is an optimization

problem of the form,

min ¢'u
u

st ag(x,u) €X[x], k=1,...,N

A SOS program is equivalent to a semi-definite program, because a SOS constraint can be
interpreted as finding a symmetric matrix Q, affine in the decision variables u, such that Q > 0.

Consequently, a SOS program is a convex and efficient solvers can be developed to handle it.

Definition 4.13 (Generalized SOS program [48]). Lett € R and u € R" be decision variables. The
polynomials {a1,...,an}, {b1,...,bn}, {c1,...,cnm} are affine in u. A generalized SOS program is an

optimization problem of the form,

st thi(x,u) —ar(x,u) € ¥x], k=1,...,N
br(x,u) € X[x], k=1,...,N

ck(x,u) €Xx], k=1,...,M

The generalized SOS program is a SOS program where one decision variable is allowed to enter
bilinearly in the SOS constraints and therefore, it is non-convex. It is presented in [48], that the
generalized SOS program is quasi-convex and consequently, the global minimum can be computed
via bisection on t.

The main optimization problem dealt in this thesis is of the following format, where each SOS

constraint results from applying the P-satz to a set containment conditions.

max 7y
v.a,b

s.t. — (pi(x,a) —9)si(x,b) + ¢;(x,a2) € ¥[x], i=1,...,.M
si(x,b)eX[x], i=1,....M

hi(x,a) e X[x], i=1,...,N

The terms p; and s; are bilinear, making the above problem non-convex. This can be handled by
using BMI solvers or by means of iterative SOS schemes. The iterative SOS approach, divides the
original problem into a sequence of quasi-convex problems that can be solved efficiently by means of
a bisection algorithm, but additional constraints are needed to ensure convergence and enlargement of
the set solution.

In the next chapter, a set of iterative bilinear SOS algorithms are presented that estimate a subset of
the ROA.
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CHAPTER 5 -

lterative SOS Algorithms

In order to evaluate and analyze different ROA estimation algorithms based on iterative bilinear
sum-of-squares optimization, four algorithms were chosen due to their distinguished iterative procedure,

optimization steps and containment conditions involved. Those algorithms are

1. Algorithm from [27] with constant shape function. (Vs)
2. Algorithm from [50] with an adaptive shape function. (Vsp)
3. Invariant set approach (2-steps) from [33]. (IPS)
4. An enhancement of the Vsp algorithm with an additional shape function. (Vsp-c)

Prior sum-of-squares algorithms to estimate the ROA to those mentioned above, such as the one
presented in [63], requires a static LF to be given. The invariant subset obtained would be calculated by
obtaining the largest sublevel set of the LF such that its derivate with respect to (2.1) would be strictly
negative inside the sublevel set, except at the equilibrium point. This is a direct application of Lemma 2.
As it is obvious, the solution of this method is highly dependent on the given LF. On the other hand, the
advantage is that the problem formulation is quasi-convex, and consequently the global optima would
be achieved without resorting to iterative schemes. For the purpose of this thesis, this method will not

be explored due to his deficiencies and nonexistence of LF adaptability.

The first three algorithms (Vs, Vsp and IPS) are well known across the literature and differ
significantly in how each iterative scheme is carried out. The Vs algorithm was the first to use iterative
bilinear sum-of-squares optimization to estimate the ROA while allowing the LF to change over each
iteration and avoiding the strict dependence on the initial guess of the LF.

Each algorithm formulation features only bilinear terms, specially with a scalar objective function
belonging to those bilinear terms. As shown in [48] if the only bilinearity in the constraints is with a
scalar objective function then the problem is quasi-convex and hence the global optima can be obtained

via bisection.
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A syntactic description of each algorithm is presented next, along with an explanation behind the
proposed algorithm, labelled Vsp-c algorithm. Each algorithm description is presented on the left side
with the SOS constraints and on the right side with the set containment conditions intended to be
guaranteed in each step. To guarantee definite positiveness, an additional function i(x) is added to

the SOS constraints.

5.1 V-s iteration

The first iterative sum-of-squares ROA estimation algorithm presented by Tan in [27] is described
in Algorithm 1, labelled as Vs algorithm or commonly known as V-s iteration. This approach has some
issues, such as being necessary to give an initial guess of the LF, which sometimes it is not a trivial
procedure if the system does not admit a local quadratic LF. Typically, the choice of LF is done through
the linearized model, but it only works if the resulting linear model is Hurwitz. Also, it is necessary to
give a scalar function p(x) : R® — R called shape function which commonly is a quadratic function of the
form p(x) = xTNx, with N = 0 where each sublevel set is an ellipsoid centered at the origin. The shape
function is responsible for the enlargement of the ROA estimate, so a wrong choice leads to poor results
as shown in [50]. The shape function should be chosen based on the key direction in the state space,
for instance, a common strategy is to use the linearized model and derive a quadratic shape function
from it. The disadvantage of this method for obtaining a shape function is that it only considers local

behavior, which means that it may lead to subpar results of the estimate of the ROA.

Algorithm 1. V-s iteration (Vs)
Input: polynomials V, p and = e(x"x) with e = 1076

Step I: hold V and solve for s, and ~ such that

max v max vy
s1 € 3[x]
s.t. —(y=V)s1 —VV-f -l € X[x] st LV 0F € (VY- £,0)

Step Il: hold V' and ~ and solve for ss and 3 such that

max Ié] max [
Sg € E[X]
st (y=V)=s:(8—p) € T st L(p,B) € L(V,7)

Step lll: hold s, s2, v and 8 and solve for V satisfying

—(y=V)s; —VV-f—l e 3[x| L(V,y) C L°(VV -£,0)
(v=V) = s2(8—p) € X[x] L(p,3) € L(V,7)
V—le3x vx € R"\ {0}, V(x)>0
V(0)=0 V(0)=0

Step IV: Go back to Step I unless the maximum number of iterations is reached or an additional
termination condition is met.

Output: V and v
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5.2 V-s iteration with adaptive shape function

Even though the Vs algorithm gives good results, and it is quite simple in its design and
implementation, it has the inherent problem of demanding a shape function that will be a static element
in the algorithm. To evade the problems of choosing a shape function that may lead to poor results,
in [50] an algorithm based on the Vs algorithm is presented that adapts the shape function over each
iteration, by replacing the shape function p(x) by the quadratic terms of the LF obtained at the end of

each iteration. That algorithm is presented here as Algorithm 2, labelled as Vsp algorithm.

Algorithm 2. Vs iteration with p-varying (Vsp)
Input: polynomials V, p and | = e(x"x) with e = 10~°
Step I: hold V' and solve for ss and ~ such that

max 1y max vy
st. —[(y=V)se+VV-f+1] € X[x] st.  L(V,y) C L°(VV -f£,0)
s2 € 3[x]
Step II: hold 3 and V' solve for sy and 3 such that
max [ max f
st. —[(B-p)s1+ (V—7)] €X[x] st.  L(p,8) € L(V,7)

S1 € Z[X]

Step lll: hold s, s2, v and 8 and solve for V satisfying

—[VV £+ 1+ s2(y = V)] € X[x] L(V,~v) C L°(VV - £,0)
—[(V=7)+s1(8—p)] € B[] L(p, B) € L(V,~)

V —1e Xx] vx € R"\ {0}, V(x)>0
V(0) =0 V(0) =0

Step IV: Replace V' with V /-~y and replace the quadratic part of the new V' as new p. Go back to Step I
unless maximum number of iterations is reached or an additional termination condition is met.

Output: V and ~
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5.3 Positively invariant set

The aforementioned algorithms resort to Lemma 2 in their conceptualization, but as pointed out
by LaSalle, choosing the ROA to be a sublevel set of the LF is conservative due to the fact that
contractiveness of the level sets defining the ROA is unnecessary. The ROA can be expressed instead
in terms of a positively invariant set, i.e., the function that defines the ROA is not necessarily the same as
the LF, but the considered set needs to be invariant and every point inside the set must satisfy V' (x) < 0,
for a LF V(x). A few methods based on positively invariant sets and LaSalle’s theorem are present in
the literature such as in the published works [33, 44].

Algorithm 3, labelled as IPS algorithm presented in [33] uses Lemma 3 and resorts to an enlargement
condition based on the constraint of the new estimate of the ROA by the previous estimate, i.e.,

L(R,%) C L(R,~) where L(R,#) denotes the previous estimate and L(R, ) denotes the new estimate.

Algorithm 3. Positively invariant set (2 steps) (IPS)
Input: polynomials R and | = ¢(x " x) withe = 1076
Step I: hold R and solve for sy, s1, s2, v and V' such that

max v max 7

st. —VR-f—so(y—R)—1€X[x] s.t. OL(R,v) € L°(VR-£,0)
V—s1(y—R) +1 € X[x] L(R,)\ {0} € L°(=V,0)
—VV -f—sy(y— R) —l € Bx] L(R,~)\ {0} C L°(VV -£,0)
so € R[x]

s1, $2 € X[x]

Step II: hold s, s1, so and solve for R, V , v and s3 such that

max 7y max vy
st. —VR-f—sy(y—R)€S[x] st. OL(R,7) C L(VR-£,0)
V —s1(y - R) € Z[x] L(R,7)\ {0} C L°(~V,0)
VWV £ - ss(y— R) € S[x] L(R,v)\ {0} C L°(VV - £,0)
(v = R) = s3(7 — R) € Z[x] L(R,%) € L(R,7)
s3 € X[x]

Polynomial R and scalar~ correspond to the output of Step | of R and ~, respectively.
Step Ill: Go back to Step | unless maximum number of iterations is reached or an additional termination
condition is met.

Output: R and ~
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5.4 V-s iteration with two adaptive shape functions

The new approach presented here is an enhancement of the Vsp algorithm where the ROA estimate
is described by a LF sublevel set, and the method adopted to enlarge the estimate is performed through

the use of two shape functions. For each of the two shape functions, p; (x) and p»(x), the sets given by

Pg, = L(p1,61) € Q

Pg, = L(p2, f2) € Q

with 8; and j3, are selected such that the set P, and Pg, are the largest sublevel sets of each shape
function contained in the prior ROA estimate.

As shown in [50] for the Vs algorithm, the choice of the shape function can affect significantly the
shape and size of the ROA estimate, so the choice of the two shape functions, p;1(x) and p2(x), are
based on local behavior around the origin but also on the space distribution of the sublevel set estimate.
In the Vsp algorithm, the shape function p(x) is a quadratic function which has an ellipsoid centered
at the origin as the shape of its sublevel set. In each iteration the shape function is replaced by the
quadratic part of the LF. This shape function update method is intended to improve the ROA estimate
over each iteration and avoid the inherent dependence on the initial shape function guess as mentioned
before. Some drawbacks or deficiencies arise from using this method, such as oscillations in the
estimate volume, i.e., the volume of the estimate does not strictly increase over time. It is observed
that this method does not constraint the estimate well when the ROA is not centered at the origin, just
like the shape function sublevel set. So employing two shape functions will constrain more the estimate,
decreasing the oscillation behavior but also account for non-centered ROA estimates, because one of
the shape function’s sublevel set is not centered at the origin.

For this purpose, a new algorithm is proposed which uses an additional shape function ps(x) that
seeks to diminish the effect of the prior stated drawbacks. In this case p,(x) gives a sublevel set which
is an ellipsoid that is not necessarily centered at the origin but instead centered at the centroid of
the ROA estimate. The format of the shape function ps(x) sublevel set is determined by the inverse
of the covariance matrix of the ROA estimate. The shape function p, (x) follows the adaptive procedure
in the Vsp algorithm.

Consider the function g(x) : R® — R, such that

L i V() <y
9(x) =
0, otherwise
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Definition 5.1. The centroid of a semi-algebraic set is given as

Definition 5.2. The covariance of a semi-algebraic set is

cov(zy, 1) -+ cov(a,,xq)
J (@i = @) (x5 — 75)g9(x)dx

c=—| Do | with cov(wiag) = Ja(x)dx

cov(zy,xn) -0 cov(Tp, Tn)

The calculation of the centroid and the covariance matrix of the semi-algebraic set that represents
the ROA estimate is not an easy problem itself. A few recent works have tried to handle this through
an optimization approach [64] but for the purposes of this algorithm, a rough estimate through sampling
is enough, and also the time spent in this step is not significant compared to the optimization steps
involved. This new proposed algorithm based on the Vsp is described in Algorithm 4, labelled as Vsp-c

algorithm.

Algorithm 4. Vsp iteration with additional p-inertial (Vsp-c)
Input: polynomials V, py, p2 andl = e(x"x) withe = 1076
Step I: hold V' and solve for ss and ~ such that

max 7y max 7y

st. —[(y=V)sa+VV-f+1 € Ix] st. L(V,y) CL°(VV -f,0)

s9 € 3[x]

Step Il: hold v and V' and solve for s; and (3, such that
max [31 max f3;
st.  —[(B1—p1)s1+(V—7)] € Z[x] st.  L(p1,61) € L(V,v)

s1 € X[x]

Step Ill: hold v and V' and solve for s3 and 3, such that

max Ba max s
s3 € X[x]
s.t. —[(B2 = p2)ss + (V — )] € X[x] s.t.  L(pz2,B2) € L(V,7)

Step IV: hold s, so, s3, v, B1, B2 and solve for V' satisfying

—[VV £+ 1+ s3(y = V)] € Z[x] L(V,~) C L°(VV -£,0)
—[(V =) +s1(81 — p1)] € E[] L(p1,$1) € L(V,7)

= [(V =) + s3(B2 — p2)] € Z[x] L(pa, B2) € L(V,7)

V —1e3x] vx € R"\ {0}, V(x)>0
V(0)=0 V(0)=0
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Step V:

p1 < quadratic terms of V.

po < ellipsoid centered at the centroid of the set L(V,~) with the Gram matrix equal to the inverse of the
covariance matrix of this set.

Step VI: Go back to Step | except when maximum number of iterations is reached or an additional
termination condition is met.

Output: V and v

The choice of the new auxiliary shape function p.(x) makes sense because it is going to be centered
at the centroid of the ROA estimate, but it is clear that there are situations where such a choice is going
to fail or at least not improve the results. For example, in the case where the ROA estimate is not convex,
the centroid of the estimate can be outside the region itself, leading to a zero effect of inserting the new
shape function into the algorithm. In other words, the behavior would be identical to the Vsp algorithm.

Figure 5.1 illustrates an example of the application of the Vsp-c algorithm, showing the Lyapunov
level set obtained which corresponds to the ROA estimate and the shape functions level set obtained

and used to enlarge the estimate.

20
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o~
X
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-5 -|——ROA estimate _
- - -p, level set
210 F|=emem P, level set 1
True ROA
_15 1 1 1
-10 -5 0 5 10

Figure 5.1: Invariant sublevel set of the LF obtained by the Vsp-c algorithm. The level set of both shape
functions p; (x) and ps(x) is also shown.

From Figure 5.1, we observe the constraint done by the sublevel sets of the two shape functions, and
that the sublevel set of py(x) is not centered at the origin, and it is forcing an enlargement of the ROA
subset on the left side.

An evaluation on the performance of this enhancement and a comparison with the other algorithms

presented in this chapter is given in Chapter 7.
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CHAPTER

S-multipliers Issue

In the algorithms presented in Chapter 5, the set of constraints involved are SOS constraints
originated from applying the Positivstellensatz (P-satz) shown in Theorem 4.3 to the set containment
conditions originated from either Lemma 2 or Lemma 3 but also from the enlargement condition
considered in the algorithms. Therefore, according to the P-satz the set containment conditions are
verified if it is possible to find values for the decision variables featured in a certain polynomial expression
in such a way that that same polynomial is a SOS polynomial. In particular, there are two specific cases
frequently used in the formulation of the SOS constraints present in the sum-of-squares ROA estimation
algorithms. Those two cases are as follows,

Case 1. Given p, q € RIx]|, if there exist a Case 2. Given p, q € R[x|, if there exist a
polynomial s € ¥[x] such that polynomial s € R[x| such that
p-s—gqé€ X[x] p-s—gqé€ X[x]
holds, then holds, then
L(p,0) € L(q,0) 9L(p,0) C L(q,0)
is satisfied. is satisfied.

The first case considers a set containment condition described by a sublevel set contained inside
another sublevel set. The second case considers a level set contained in a sublevel set.

The polynomial decision variable s(x) originated from using the P-satz is commonly called
s-multiplier, and in particular if s(x) corresponds solely to case 1, it is called a SOS multiplier because it
is a SOS polynomial.
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From a programming perspective, it is necessary to set the minimum and maximum degrees of
the s-multipliers involved because it is computationally impossible to work with polynomials of arbitrary
degree.

The procedure to select the s-multipliers degree is not straightforward and obvious. If the degree
of the s-multipliers is chosen to be below a certain value, the algorithm may not work due to feasibility
issues, that is, with the given set of polynomials, it is impossible to get a feasible solution. In contrast,
the naive approach of choosing high values for the degrees of the s-multipliers avoids those feasibility
issues but increases a lot the computational cost of solving the optimization problem.

For example, as suggested by Tan in [27] in relation to the Vs algorithm, one can just choose the
degree of the s-multiplier such that the term with the s-multiplier has at least the same degree as the
term with the highest degree in the SOS constraint where that s-multiplier is present. This approach
guarantees most of the time a feasible solution, even though sometimes a less restrictive rule such as
considering lower degrees of the s-multipliers can give a similar result with a less computational burden
due the lower number of decision variables. Even though the procedure suggested by Tan works quite
well most of the time, there are situations where it fails when applied to the algorithms presented in
Chapter 5.

In the case regarding the enlargement condition employed by an algorithm which imposes that a set
L(p,7) with p(x) € R[x] and 7 € R, corresponding to a previous estimate, is contained inside the set

L(p,v) with p(x) € R[x] and v € R, it has the following corresponding SOS constraints.

s1(p—7) — (p—7) € X[x] 6.1)

S1 € E[x]

Some results and experiments with algorithms which used the constraint (6.1) have shown that
choosing the s-multiplier s;(x) to have a degree of zero, stated as the minimum required by Tan’s
suggestion if both p(x) ans p(x) have the same degree, leads to unfeasibility or to a poor result due
to computational issues. Similarly, when the SOS constraints are of the form

s2(p—) —q € X[x] 62)

So € R[X}

which means that the level set OL(p, ) is contained in the sublevel set L(q,0), we observed through
multiple tests on numerous dynamical systems that if the minimum requirements according to Tan are
used, the algorithm typically fails. Additionally, we observed that if the s-multiplier s2(x) is chosen to be
an odd degree polynomial, the algorithm frequently fails due to feasibility issues of not choosing the right

degree for the s-multiplier.
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To show the influence and effect of the s-multipliers s;(x) on the iterative sum-of-squares ROA
estimation algorithms, system (S0) which has exactly one limit cycle bounding the ROA which is

hyperbolic and non-algebraic was chosen [65].

—x1 — (21 — 22) (23 — 2129 + 23) + 21 (227 + 22222 + 23)

X = (S0)
—y — (z1 + 22)(22% — 2110 + 223) + 22(227 + 22223 + 13)

Algorithm 3, labelled as IPS algorithm with constraints similar to the SOS constraints in (6.1) and (6.2)
was applied to system (S0) using the setup shown in Table 6.1 considering a single polynomial function
of degree four describing the subset of the ROA obtained. The various setups correspond to different
sets of s-multipliers’ maximum degree considered when applying the algorithm. The minimum degree

of each s-multipliers was set to zero.

Table 6.1: Effect of the choice of the degrees of s-multipliers on the estimate of the ROA obtained and
on the time of convergence.

setup J07(sg) dt(s1) T (s2) 0T(s3) Tier[s] Volume

a 4 2 2 0 6.747 4.903
b 4 2 2 2 7.240 4.905
c 4 2 4 2 6.714 4.908
d 4 2 6 2 7.869 5.314
e 4 4 6 4 6.816 4.909
f 6 4 6 4 9.233 5.317
g 8 8 8 8 13.051 5.318
h 10 10 10 10 22.619 5.318

Some odd and peculiar behaviors are shown in Table 6.1, we expected for the setup e to have a better
estimate or at least converge to the same results as the setup d because it considers higher degree of
the s-multipliers, but that was not the case. One possible reason is that the algorithm got into a local
optima and was not capable of overcoming the local minima. This undesirable feature is likely due to
the iterative scheme, it is shown that each bisection step gives the global optima of the sub-problem, but
that does not guarantee that the global optima is going to be reached for the main problem.

Additionally, each bisection step is a sequence of feasibility problems where in each problem, a
solution to the constraints is obtained, but it is not the only solution to satisfy the constraints, meaning
that the evolution of the algorithm may depend on the choice made by the solver.

Choosing a higher degree of the s-multipliers intuitively avoids feasibility problems and leads in
general to better results, but it has the drawback of increasing the time spend per iteration due the
increase amount of decision variables as presented in Table 6.1. Also, the estimate evolution over
iterations gets slower, that is, the rate in which the volume of the estimate increases over each iteration
gets slower for a higher choice of degrees of the s-multipliers, as it can be seen in Figure 6.1 for the

setups d, f, g and h.
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Figure 6.1: Effect of the degree of the s-multipliers on the evolution of the estimate of the ROA over
iterations.

According to the aforementioned results and observations, the choice of the s-multipliers degrees
is a key factor in the performance, either regarding the achieved estimate’s volume or the computation
cost in estimating a maximum subset of the ROA. To simplify the s-multipliers degrees choice for each
case study and iterative sum-of-squares ROA considered, we propose a procedure to automatically
choose those degrees. This policy is purely conceived by means of multiple tests and observations that
reveled that the proposed procedure gives good results in general, without a high frequency of numerical
problems and also without a high computational burden for all the algorithms considered.

For each multiplier s;(x) present in a SOS constraint of the form p;(x)s;(x) + ¢:(x) € X[x], the
maximum degree of s;(x) is set to +(s;) = 6+ (¢) — 6T (p) if the resulting degree is even, or it is set to
5% (s;) = 6T (q) — 6T (p) + 1 otherwise. In case that the resulting degree is equal to zero or less, it is
established that the maximum degree is two. The minimum degree is set to §(s;) = 0. This procedure

is illustrated as a decision tree in Figure 6.2.

pisi + ¢; € B[x] l
67(8i) =0
less or equal than zero bigger than zero
even v odd
5 (s:) = 2 l l
67 (si) = (i) — 6" (mi) 6% (s:) = 6" (qi) — 6" (pi) +1

Figure 6.2: Proposed decision tree for S-multiplier selection.
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CHAPTER ; -

Algorithm Analysis and

Comparison

In this chapter, we present multiple case studies and tests to analyze and compare each iterative

bilinear sum-of-squares algorithm presented in Chapter 5. Properties such as accuracy, robustness

to initial guess, recurrence of numerical issues, speed, behavior over iterations and scalability is

considered. All results and analysis were performed on a 2.9Ghz quad-core PC with 8 GB RAM and the

chosen SDP solver was SeDuMi [66] alongside SOSOPT library [67]. The choice of the s-multipliers is

done by using the procedure presented in Chapter 6.

7.1

Planar systems

Six particular case studies in two dimensions with different characteristics were investigated in order

to extract properties and behavior of the algorithms presented in Chapter 5. They differ from each other

with regard to the geometry of the true ROA, for example whether the ROA is bounded or unbounded.

Those six polynomial systems are as follows.

T2
2
T1T2 — X1 — T2
23:%332 — X
—9
—X1 + o

—O.Ix{’ — x% + 0.1z1 — 229

(S3)

40

—r1 + (23 — bxy + 23)%m

(S4)
—x9 + (22 — bxy + 23)%79
1o — T

(S5)

—29

56113 — T

(S6)
CL’% — X9



The Van der Pol system, defined here by system (S1) is a well known dynamical system in the
literature [50, 68, 69]. It is distinguished from other planar dynamical systems because it has a
bounded ROA, that it is enclosed by a limit cycle which has no analytical representation. Non-Lyapunov
methods such as the Reverse Trajectory Method (RTM) [35] give a really accurate estimate of the ROA
of this system without much effort, and it is due to this characteristic that this system is frequent in the
literature.

System (S2), also known as Hahn’s system [70], has an unbounded ROA that is centered at the
origin, that is, it presents a symmetry in relation to the origin. Additionally, this system has an analytic
expression for its ROA which consists in two linear polynomial inequalities. The estimation of its ROA
has been intensively studied in [27, 35, 44].

System (S3) has an unbounded ROA [63], but unlike system (S2) it is not centered at the origin,
meaning that no symmetry exists in the ROA in relation with the origin. This characteristic is interesting
because some algorithms rely on the use of ellipsoids centered at the origin, and it is likely that for this
system those algorithms may have poor results.

System (S4) has a bounded non-convex ROA, with a shape similar to a boomerang. This particular
characteristic is relevant to be tested out by the ROA estimation algorithms because non-convexity of
a ROA may constrain or give difficulties to the algorithms.

System (S5) is remarkable because unlike the other systems in R? presented here, this system is
globally asymptotically stable and does not admit a polynomial LF of any degree, as proved in [71].
Taking into consideration that the algorithms worked upon in this thesis rely solely on polynomials, it is
interesting to test them out on a system that actually does not have a polynomial LF that describes the
whole ROA.

System (S6) has a ROA which is not representable by a single finite degree polynomial sublevel set,
because the boundary of the true ROA is not continuously differentiable. This system has an analytical
representation of its ROA defined by two linear polynomial inequalities.

The results presented in this chapter originate from applying the algorithms presented in Chapter 5 to
the planar dynamical systems described above. Two different graphs are presented for each case, one
with the resulted subset of the ROA and another with the subset development over iterations, that is, for
each iteration the volume of the new estimate is presented, showcasing the behavior of each algorithm
over iterations. With the later graph, some statements about convergence rate and oscillatory behavior
of each algorithm can be formed and discussed.

Also, it is important to note that in all the results presented, we considered a ROA subset
characterized by a polynomial of degree four, for example in the case of the Vs algorithm this means
that the function V' has polynomial degree four and in the case of the IPS, means that the function R has
polynomial degree four. Additionally, the choice of the s-multipliers degree required by each algorithm is
done following the procedure proposed in Chapter 6.

First, let us start our analysis over planar dynamical systems with the all-time favorite planar system
in the literature, system (S1). Figures 7.1(a) and 7.1(b) present the results of the ROA subset obtained

and its volume evolution over iterations by each algorithm applied to system (S1).
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Figure 7.1: Results of algorithm testing for system (S1).

Figure 7.1(a), shows a superior performance of the IPS algorithm in comparison with the rest,
showcasing a close ROA estimate to the true ROA. With Figure 7.1(b) we see one unexpected result,
the Vs algorithm has a better overall performance and a bigger final estimate volume than the Vsp and
Vsp-c algorithms. From a few changes to the s-multipliers, we checked that the reason these odd results
appeared is due to the choice of the s-multipliers and also due to the adaptive method that the Vsp and
Vsp-c algorithms use to enlarge the ROA subset. It is relevant to point out that the IPS not only gives
a better estimate, but also it is the fastest algorithm out of the four presented to converge to its final

subset, after 10 iterations the IPS has already converged, as seen in Figure 7.1(b).

Let us now consider system (S2) that has an unbounded ROA centered at the origin, that is, it has
a symmetry in relation to the origin. The true ROA of system (S2) is the set {x € R? | z; - x5 < 1} with
x = [r; m2]". The results from applying each algorithm to system (S2) are presented in Figures 7.2(a)
and 7.2(b).
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(a) Estimated ROA subset. (b) Volume evolution over iterations of the ROA subset.

Figure 7.2: Results of algorithm testing for system (S2).
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The results displayed in Figures 7.2(a) and 7.2(b) show that the IPS algorithm gives the best result
for the estimate of the ROA because the ROA subset obtained has a volume close to five times the
volume of the subsets of the ROA obtained by the other algorithms.

Additionally, the Vsp-c algorithm obtains a slightly better result in comparison to Vsp algorithm, this is
due to the fact that the Vsp-c algorithm constrains more the ROA subset leading to a larger enlargement
of the subset. In this case due to the symmetry of the system’s ROA, there is no big advantage in
using the Vsp-c compared to the IPS, because enlarging the ROA through an ellipsoid will not be able
to constrain the subset enough for it to be as big as it could.

System (S3) is a good example to test out the algorithms that use a shape function with a sublevel
set with the form of an ellipsoid centered at the origin to enlarge the ROA. The ROA of this system
is not centered in zero, at least locally, i.e., the ROA has no kind of local symmetry in relation to the
origin. It is expected that those algorithms that use shape functions have a poor performance when
applied to system (S3). The results from applying the four algorithms to system (S3) are presented in
Figures 7.3(a) and 7.3(b).
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(a) Estimated ROA subset. (b) Volume evolution over iterations of the ROA subset.

Figure 7.3: Results of algorithm testing for system (S3).

The goal of applying the algorithms to a system which does not have a ROA centered at the origin
is meaningful, because it reflects the condition adopted by each algorithm to enlarge the ROA subset.
Figure 7.3(a) shows that the IPS algorithm obtains a better subset in comparison with the others, as
expected because the enlargement condition used relies on the constraint of the ROA subset by the
previous subset.

It is relevant to point out that the IPS stopped due to feasibility issues at iteration number 18.
Additionally, the addition of a second shape function reveals to give a better estimate as seen in
Figure 7.3(b), by checking the subset volume obtained by the Vsp-c algorithm in comparison with the
Vsp algorithm; the ratio between volumes of these two algorithms is close to two.

Figure 7.4(a) and 7.4(b) present results from applying the previous stated algorithms to system (S4)
which has a bounded ROA that is non-convex.
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Figure 7.4: Results of algorithm testing for system (S4).

As expected, the Vsp and Vsp-c algorithms have similar results, the additional shape function present
in the Vsp-c algorithm does not improve the estimate of the ROA due to the non-convexity and symmetry
of the true ROA. In this system, it is observed the presence of oscillations due to numerical errors and
some inherent errors in the volume calculation which was performed by a Monte Carlo simulation.

The following results concern system (S5) which is a globally asymptotically stable system with the
equilibrium point at the origin, but it does not admit a polynomial LF of any degree [71] and for this
reason it is interesting to test the presented algorithms because they only consider polynomial dynamics

and local polynomial LFs.
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Figure 7.5: Results of algorithm testing for system (S5).

Figures 7.5(a) and 7.5(b) show that the Vs algorithm has a poor performance achieving low values
for the ROA subset volume in comparison with the others. This is due to the non-adaptability of this
algorithm to the initial conditions. The IPS algorithm has the best performance with respect to the
estimated volume and the rate in which it converges, in other words it has the highest rate of convergence
of its subset. Both Vsp and Vsp-c algorithms suffer from oscillations in their estimate volume over

iterations, and it is relevant to remark that the Vsp-c algorithm has at the end of the 100 iterations a
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higher volume than the Vsp algorithm but until around the 80th iteration it had a worse estimate. This
is likely due to the way the shape functions and LF evolve over iterations. It is relevant to point out the
way in which the estimates of the ROA evolved. We observe that for the Vsp and Vsp-c the estimate
enlarges predominately in the x-axis. By contrast the estimate obtained by the IPS algorithm enlarges
predominately in the y-axis.

The final planar dynamical system we study here corresponds to system (S6) which has an

unbounded ROA characterized by the semi-algebraic set

Q={xecR? |2, <1, 29 <1}

with x = [z; )T,

It is important to point out that not only system (S6) has an unbounded ROA but also that its boundary
is not continuously differentiable. At point x = [1 1]T, it does not exist a derivative of the curve
representing the boundary of the ROA. The results from applying the algorithms to system (S6) are

presented in Figure 7.6(a) and 7.6(b).
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Figure 7.6: Results of algorithm testing for system (S6).

The ROA of system (S6) is not centered at the origin, and it shows how it affects the performance
of the Vs and the Vsp algorithms, that is, those two algorithms have similar results and display a poor
performance due to constraining the subsets with an ellipsoid centered at the origin. Additionally, the IPS
algorithm once again has the best result and the Vsp-c algorithm reaches a better estimate than the Vsp
algorithm due to enlarging the subset with an additional shape function not centered at the origin. In
other words, it corresponds to constraining the subset by an ellipsoid not necessarily centered at the
origin but at the centroid of the estimated ROA.

It is relevant to point out that the behavior over iterations of the Vsp-c is quite oscillatory due to the
rough calculation of the centroid which affects the update of the shape function, and also it is due to

possible numerical problems with the LMI solver.
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7.2 Computational statistics

From experience and application of the iterative bilinear sum-of-squares algorithms presented in
Chapter 5, we observe that each algorithm is prone to computational problems such as numerical and
feasibility issues of the solver. This leads either to some odd behaviors, such as decreasing the volume
when it is imposed only an increase or to an early stop. For this reason, this section is intended to study

such issues and give an idea on how each algorithm performs on arbitrary systems.

Inspired by [27], we selected a system where its ROA has an analytical expression and can be

directly extracted from the system dynamics. Consider
x = —Ix + (x"Bx)x (7.1)

with x € R™ and a symmetric matrix B > 0 of size n x n.

The ROA of system (7.1) is an ellipsoid characterized by the set L°(x"Bx, 1) and it has a LF that
has its time derivative negative over the ROA described by V' (x) = x ' Bx. In Appendix A, we present a

proof for the previous statements.

So to study how well each algorithm behaves in average, we use system (7.1) with different
dimensions ranging from 2 to 6, and for 100 randomly generated positive definite matrices B with
appropriate size. Some relevant considerations were taken while choosing matrix B, we observed that
each algorithm behaves differently for different eigenvalues of matrix B. More specifically, we noticed

that each algorithm depends on the matrix maximum eigenvalue ratio.

Definition 7.1 (Maximum eigenvalue ratio). For a matrix B € R"*" with eigenvalues A+, ..., \,. Let
Amaz = max{|A\1],...,[A\n|} @and Apin, = min{|A\],...,|A\,|}. The maximum eigenvalue ratio is given
by Amaz/)\min-

We observed that for high values it is more likely to encounter computational issues, leading to an
early stop of the algorithm. Thus, we chose B with a maximum eigenvalue ratio ranging from 1 to 900,
because within this range the frequency of encountering computational issues is almost constant with

respect to any admissible matrix B.

Due to numerical factors that the solvers are sensible to, we rescaled each system to have always
a ROA of unitary volume. The results of the average volume achieved by each algorithm is presented
in Table 7.1.
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Table 7.1: Normalized average volume of the subset of the ROA obtained by applying each algorithm to
system (7.1) considering different system sizes. Average results from testing on 100 randomly generated
systems.

Average Volume

n=2 n=3 n=4 n=>5 n==~6

Vs 0.156 0.098 0.072 0.056 0.052
Vsp 0.998 0.936 0.997 0.966 0.998
IPS 0.976 0.916 0.843 0.702 0.739

Vsp-c 0.988 0.989 0.987 0.997 0.997

We observed from Table 7.1 that the Vs gives extremely poor results as expected, because in contrast
with the other algorithms it has no adaptive shape function. In other words, the initial guess has a big

influence on the estimate of the ROA obtained.

The other three algorithms, Vsp, IPS and Vsp-c do not have the same issue as the Vs algorithm since
they are adaptive to the initial guesses, that is, the parameters chosen at the beginning will change over

iterations and a less dependence on the initial guesses occurs.

From Table 7.1, we observe that the Vsp and Vsp-c algorithms converge close to the true ROA for
any of the dimensions considered and the volume achieved is always above 0.9. This contrasts with
the IPS algorithm, that exhibits a decrease in performance for higher dimensions and this is mostly due

to numerical problems that led to an early stop.

For the same set of runs, we also retrieved the frequency of each algorithm to end in a normal
stop. We consider a normal stop, when no numerical problems occur and the termination condition is
achieved. The termination condition here chosen was when the volume increase from one iteration to
the other is less than 0.01 times the previous volume calculated, i.e., the termination condition indicates
convergence of the algorithm. Table 7.2 presents the frequency of normal stop for each algorithm for the

same set of runs previously presented.

Table 7.2: Ratio of number of runs that stopped under the condition imposed and the number of total
runs performed considering systems defined in different dimensions.

Frequency of normal stop
n=2 n=3 n=4 n=>5 n==~6

Vs 1 1 1 1 1
Vsp 1 0.83 1 0.8 1
IPS 0.96 0.43 0.3 0.2 0.05
Vsp-c 0.93 0.96 1 1 0.9
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Table 7.2 backs the previous statement in relation to the IPS algorithm, that is, the IPS algorithm
performs poorly for higher dimensions due to numerical issues that led to an early stop, we can see
that for n = 2 the frequency of a normal stop is of 0.96 and for n = 6 the value is of 0.05, having as
a consequence the volume shown in Table 7.1, obtaining in average 0.976 and 0.739, respectively. All
the other algorithms, Vs, Vsp and Vsp-c algorithms do not fall frequently into numerical or feasibility
problems for the test performed in comparison to the IPS algorithm.

Even though system (7.1) is a good system to evaluate and compare each algorithm, it is quite
simple and only represents system of polynomial degree three, having always a ROA represented by a
quadratic polynomial. We propose a generalization of the system, allowing to have regions of attraction
other than just ellipsoids and also to study systems of different polynomial degrees, other than just
systems of polynomial degree three.

Consider the system
x=—Ix+(z"Bz)x, xecR" (7.2)

with B = 0,z = [21,..., 2, | and z; is a monomial of x of degree bigger than 0, that is, 7 (z;) > 1 for
i=1,...,m. Itis clear that the set L(z " Bz, 1) is an invariant set of system (7.2) because it is a bounded
set and any point x satisfying z" Bz = 1 is a stationary point.

However, the question is if the set G = L°(z "Bz, 1) is also the exact ROA of system (7.2). If we
consider V(x) = z ' Bz as a LF, we verify that the set G is the ROA of system (7.2) if

z' B(Vxz)x >0 (7.3)

holds for any point inside G \ {0}. The corresponding proof and some specific case scenarios are
presented in Appendix A.

Condition (7.3) gives a condition to guarantee that G is the ROA of system (7.2). We observed
through testing on multiple configurations that if the condition is not verified it does not mean that G is
not the ROA.

Remark 1. System (7.2) will always give a closed ROA and the degree of the polynomial dynamical
system is always odd for any admissible matrix B = 0 and vector of monomials z of degree greater than

0. Different ROA for various configurations of the vector z are presented in Figure 7.7.
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Figure 7.7: Different ROA taking into account various system dynamics configurations of system (7.2).
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To study for different configurations, we consider planar systems, x € R?, with different vectors z, that
is, we set different values for the minimum and maximum degree of each monomial in vector z, 6~ (z)
and 5% (z), respectively.

Table 7.3 presents results for the average volume reached for each algorithm for different system
configurations. Fifty different runs were executed for each configuration and the volume of the exact
ROA is defined to be unitary. It is relevant to state that in this case no consideration over the eigenvalues

of matrix B were taken.

Table 7.3: Normalized average volume of the ROA subset achieved applying each algorithm to different
system configurations.

6 (z) &t(z) Vs Vsp IPS Vsp-c
1 1 0.2809 0.7747 0.8125 0.8703
1 2 0.3725 0.9347 0.9776 0.9356
1 3 0.3725 0.5117 0.9815 0.4641
2 2 0.7708 0.9271 0.8931 0.9310
2 3 0.4701 0.5397 0.7145 0.6110
3 3 0.7461 0.8220 0.8028 0.8183

The results from Table 7.3 are quite complicated and stating the existence of a better overall algorithm
is impossible. Still, some observations can be done, we can observe that the Vs performs the worse in
comparison to any other algorithm for any system configuration. As expected of the IPS, it presents in
general better results, this is because it differs from the other algorithms by finding a positively invariant
set and not a sublevel set of the LF that represents an estimate of the ROA.

We can say that the Vsp-c algorithm performs better than the Vsp algorithm in general, except for
a single configuration. This is due to the fact that the Vsp-c algorithm constrains the estimate more
and consequently allows for better results. Also, the Vsp-c algorithm is not entirely dependent on the
quadratic terms of the LF estimated each iteration, unlike Vsp algorithm that each iteration gets a new
shape function from the quadratic terms of the LF estimated; there can be a situation where the LF
estimated does not have any quadratic terms, leading the Vsp algorithm to stop.

Additionally, we observed that some normal stops did not result in a good estimate, we suppose that
it is due to a local optima that the algorithm fell into or that the estimate is being constrained aggressively

in some regions, and consequently it leads to an extremely slow increase in the estimate’s volume.

49



7.3 Time computational complexity

The iterative bilinear sum-of-squares algorithms presented in Chapter 5 solve the optimization
problem of finding the largest subset of the ROA through a sequence of optimization steps. The
optimization problem is divided into a set of sub-problems that if solved iteratively converges to the

solution of the original optimization problem.

Each of the optimization steps are a type of optimization task known as generalized SOS program,
already presented in Chapter 4. It is well known that SOS programming has scalability issues, for
instance, if we consider p(x) € X[x| of degree 2k with x € R”, the size of its Gram matrix Q is
(") x ("F*). Thus, an increase in the dimension n leads to a big increase in the size of the Gram
matrix and consequently the number of decision variables.

Therefore, the time it takes to complete a single iteration, that is, one sequence of steps, depends
on the system size n but also on the constraints and decision variables associated with each step. In
particular, the computational complexity of the solver SeDuMi [66] is solely dependent on the size of the
given LMI [59] that is created from the SOS constraints by using Sosopt [67], which is a function of the

aforementioned parameters and the number of decision variables.

To be more specific, the asymptotic computational complexity of SeDuMi including main and inner
iterations is in O(p?¢*® + ¢-%), with p as the number of decision variables and ¢ as the number of rows
of the LMI, while for example the asymptotic computational complexity of the LMI solver used in the LMI
Control Toolbox of Matlab [72] is in O(p3q). In both solvers, the dependence is only on the number of
decision variables and the LMI size and so it is interesting to understand how each iterative bilinear SOS

algorithm that estimates the ROA of a polynomial dynamical system depends on these parameters.

We can have a clear idea of the number of decision variables per step, because it is a predefined
parameter in that we choose the degree of the auxiliary polynomial decision variables, such as the LF or
the s-multipliers to run the algorithm. In contrast, it is extremely hard to have a clear idea of the number
of rows of the generated LMI in each step, because it’'s highly dependent on the polynomial dynamical
system configuration, not only it's minimum and maximum degree but also the monomials that it has and

other auxiliary functions.

In such manner we intend to study for a general polynomial dynamical system its computational
time complexity, through some observations and specific case scenarios. Mostly we are interested in
checking the requirements in the number of decision variables in each step as this parameter is the only

one that can be predicted for a general dynamical system of an arbitrary degree.

Taking into consideration the above statement, we assembled for each algorithm, the number of
decision variables in each step that they have depending on the degrees of the polynomial decision

variables present.
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Let s € R[x] be a polynomial decision variable with respect to x € R™ and of degree d, that is

d*(s) =dand §(s) = d, the number of decision variables or coefficients is given by

n+d—1
p(n,d) = (7.4)

With Expression (7.4), we can write the total number of decision variables for each step taken for all
the iterative bilinear SOS algorithms presented in Chapter 5, by checking the degrees of the decision
variable functions.

First, for the Vs and Vsp algorithms, which have the same iterative structure, we have the following

expressions for the number of decision variables for each of the steps:

Number of decision variables for Vs and Vsp algorithms

5% (s0) 5+ (s1) sH(V)
p(n,d) p(n,d) > p(nd)
d=56-(s0) d=6-(s1) d=5—(V)
12 Bisection Step 29 Bisection Step Convex step

The expressions for the number of decision variables for the Vsp-c algorithm are equal to the ones

for the Vs and Vsp algorithm, but it has an additional bisection step.

Number of decision variables for Vsp-c algorithm

6+(50) 5+(sl) 5*(52) 5*(\/)
> p(n.d) p(n,d) > pn,d) > p(n.d)
d=6(s0) d=6-(s1) d=6-(s2) d=6—(V)
12 Bisection Step 29 Bisection Step 32 Bisection Step Convex Step

Unlike the aforementioned algorithm, the IPS algorithm does not have a convex step, instead it has
two bisections steps with a higher number of polynomial decision variables in each compared to the

bisection of the other algorithms.

Number of decision variables for IPS algorithm

2 6% (s0) §H(V) 5t (R) (V) 6% (s3)
> p(n,d)+ > p(n,d) Y. pnd)+ Y pd)+ D pnd)
i=0 d=5-(s;) d=5—(V) d=5-(R) d=5—(V) d=5-(s3)

12 Bisection Step 12 Bisection Step
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In the literature the above expressions are not shown or even worked upon because typically each
author conceives an algorithm and applies to a specific minor set of problems and does not take into
account the diversity of set of systems that the algorithm can be used in. Also, these expressions are
quite hard or even sometimes misleading because they depend on the user choice for the s-multipliers
degree and also for other functions degree, for example function V' (x) and R(x) on the IPS algorithm.

Just as an example to check the number of decision variables, we consider systems of sizes ranging
from 2 until 8 of maximum polynomial degree of four. To choose the corresponding s-multipliers s;(x), we
resorted to the procedure presented in Chapter 6, which as stated before gives somewhat of a minimum
and necessary size for each s-multipliers so that the algorithm can run without encountering feasibility
issues and gives also good results. In Table 7.4, the corresponding results are presented.

Table 7.4: Number of decision variables when applying the algorithms to a polynomial dynamical system

of maximum degree four and considering the estimate of the ROA characterized by a semi-algebraic set
with a single polynomial inequality of degree four.

Vs & Vsp IPS Vsp-c
n b1 b2 c b1 b2 b1 b2 b3 c
2 15 6 12 18 9 15 6 6 12
3 35 10 3t 61 38 3 10 10 3t
4 70 15 65 160 112 70 15 15 65
5 126 21 120 360 271 126 21 21 120
6 210 28 203 729 577 210 28 28 203
7 330 36 322 1365 1121 330 36 36 322
8 495 45 486 2404 2031 495 45 45 486

It is relevant to point out that convex steps are less laborious than bisections steps with the same
number of decision variables and LMI, because a bisection is a sequential computation of convex steps.

From Table 7.4, it is evident that the IPS algorithm is less suited for large systems than the others
because it has a larger increase in number of decision variables for systems in higher dimensions, and
consequently this corresponds to an increase in computation time of one iteration. The Vsp-c has an
additional bisection step, and consequently it will take more time to perform one iteration compared to
the Vs and Vsp.

The aforementioned statements and observations can be misleading, because they only take into
consideration global aspects of the algorithms, such as the number of decision variables. If we consider
the total time spent by each algorithm to converge to a solution, it is revealed that the total time is not
only dependent on the number of decision variables and on the LMI size, we can observe the results
from Chapter 7.1, where different behaviors were shown, for example the IPS typically has a high rate
of convergence, evolving its estimate volume faster to the end value compared to the other algorithms.
That is to say, that even though the IPS is the algorithm which needs more resources to perform a single
iteration, it has the advantage of evolving the estimate volume faster per iteration and so sometimes it

can converge faster to its end value compared to the rest.
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7.4 Effect of initial conditions

A relevant aspect of the iterative bilinear sum-of-squares ROA estimation algorithms is the necessity
to select initial guesses, for example it may be required an initial guess of a LF or some guesses related
to auxiliary functions. It is shown in the literature, for instance in [50] that for the Vs algorithm the initial
value assigned to the parameters, such as the shape function, has an influence in the obtained ROA
subset.

For the Vs algorithm, the LF selected at the beginning needs to give a feasible solution at least in
the first iteration, so authors typically used a quadratic LF obtained by linearizing the system around the
equilibrium point. The method used to get an initial guess of the LF is based on the linearized model of

the system because we can get with ease a quadratic LF from it. This method is described in Algorithm 5
Algorithm 5. Method to obtain a quadratic LF from the linearized system:

1. Select a symmetric positive definite matrix Q.

of

2. Get the linearized system from system 2.1, resulting in x = Ax with A = 5-| _ .

3. Solve ATB + BA + Q = 0, with B as a matrix decision variable.

4. A possible quadratic LF of system 2.1 is given as V (x) = x ' Bx.

It is important to notice that this method to obtain an initial guess might not work when the linearized
system is not asymptotically stable, in other words, the linearized system around the equilibrium point
considered does not have all eigenvalues with strictly negative real part which results in a failure of
Algorithm 5.

In some literary works, the initial guess of the shape function is independent on the initial choice of
the LF. Typically, a random choice of the shape function is used such as x "x. We established the initial
value of the shape function equal to that of the quadratic LF’s initial guess because the shape function
should reflect the major directions of the system dynamics to allow for a better ROA estimate.

To illustrate that the initial guesses have an influence on the ROA subsets obtained, Figure 7.8 shows
four subsets of the ROA obtained by applying Vs algorithm to system (S1) with guesses for the LF using
Algorithm 5 with different choices of Q. The produced quadratic LFs are

Vi(x) = 0.041232% 4 0.021572 25 + 0.0734622  Va(x) = 0.2407723 + 0.407402 25 + 0.3876423

V3(x) = 0.117232% + 0.11464x, x5 + 0.0776423  Vi(x) = 0.35348z7 + 0.28565z1 22 + 0.3905625
1T

with x = [z7 @9
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Figure 7.8: Example of the effect of initial guesses for the Vs algorithm.

Figure 7.8 clearly shows that the choice of the initial LF and shape function has an influence on the
obtained ROA subset. Apart from this result in relation to the Vs algorithm, in the literature no clear study
is presented for the other algorithms, that is, no study exists to check the robustness and sensitivity to
initial guesses of the presented iterative bilinear ROA estimation algorithms.

To study how each algorithm performs in average for different initial guesses, a statistical approach
was performed by using system (S1), that is characterized by having a closed ROA. For this system,
the method to obtain a initial guess of the LF can be performed by using Algorithm 5, because its linear
model is Hurwitz.

In the proposed statistical study, we used the procedure to select the s-multipliers presented in
Chapter 6, and we considered a termination rule which consisted in evaluating the variation in volume of
the obtained subsets in consecutive iterations. The algorithm comes to a halt if the variation in volume
from consecutive iterations is less than 1% or if the number of iterations reached 100.

Additionally, in this test we verify what is the influence of the initial conditions for different degrees of
the sublevel set that describes the ROA estimate. In general a higher degree implies a better estimate,
so this test will check if the initial conditions can have a big effect on this general observation.

Figure 7.9 presents the average, minimum and maximum values of the volume achieved for each
algorithm when applied to system (S1), considering different degrees for the polynomial sublevel set
that describes the estimate of the ROA.
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Figure 7.9: Statistics on the volume of the converged ROA estimate for various polynomials degrees
describing the ROA (2, 4, 6). The results arise from 100 randomly generated runs. The horizontal red
line (—) represents the average volume for each algorithm with a specific degree of the polynomial
that characterizes the subset of the ROA.

Figure 7.9 shows that the IPS algorithm is extremely resilient to initial setup when applied to
system (S1) for any degree selected for the ROA estimate. This observation was foreseen, due to
the enlargement condition present in this algorithm, which forces the following estimate to contain the
whole previous estimate.

In contrast, the Vs algorithm is the most sensible to initial guesses for any polynomial degree chosen
for the ROA. This occurs due to not having any adaptive criteria for its initial guess of the shape function,
making the algorithm highly dependent on the initial guess.

In comparison to the Vs and Vsp algorithms, the Vsp-c algorithm shows a better average result and
less sensitivity to initial guesses, as a result of the additional enlargement constraint added by means of
a second shape function.

Additionally, we see that increasing the degree of the polynomial sublevel set that describes the ROA
does not guarantee a better estimate, as seen for the Vs and Vsp with a ROA of degree 6, we check a
wider range of ROA volume for this degree. This occurs mostly due to the enlargement condition used
in these algorithms, which is not strict enough to guarantee an increase in the estimate, because they
are constraining the subset of the ROA by ellipsoids and not the entire previous estimate and also due

to the occurrence to feasibility issues.
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7.5 Systems in high dimensions

To verify the behavior of each algorithm to systems other than planar systems, some relevant
systems in higher dimensions are considered and worked upon. The following three dynamical systems
and respective results are presented and some characteristics and limitations of each iterative bilinear

sum-of-squares ROA estimation algorithm are shown.

7.5.1 Example | - Simple system in R?

The first system to illustrate the performance of each algorithm to systems in higher dimensions is a
dynamical system defined in R? with polynomial dynamics of maximum degree two. This system has an

unbounded ROA and to the current knowledge it has no analytical description of its ROA.

—21 + X223
x = —X2 + X129 (87)

—x3

To give an insight into the true ROA of this system, some trajectories using RTM was performed, and
the results are shown in Figure 7.10, where a three-dimensional plot of the trajectories belonging to the

ROA and two additional plots with projection into the x; — x5 plane and the x; — x5 plane is presented.
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Figure 7.10: Trajectories generated by applying RTM to system (S7).

Figure 7.10 shows that the ROA shape of system (S7) is complicated and irregular; relying on
trajectory generation gives difficult results to interpret and explore, so relying on the algorithms presented

can give a clearer idea of the ROA.

The comparative results from applying algorithms Vsp, Vsp-c, Vs and IPS are presented in
Figure 7.11, where each estimate of the ROA is characterized by a single polynomial inequality of

degree four. As a remark, the y-axis is in logarithm scale due to disparity of the results obtained.
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Figure 7.11: Evolution of the ROA estimate volume for system (S7) over iterations.

From the results present in Figure 7.11, the Vs algorithm has the worst performance because the
volume of the semi-algebraic set obtained at the end is less than any of the other algorithms. The IPS
algorithm has the best performance, achieving values of volume of the estimate of the ROA more than
10 times the volume reached by the other algorithms. Additionally, it is observed that the Vsp-c algorithm

has a slight better performance in terms of volume in relation to the Vsp algorithm.

7.5.2 Example Il — Lorenz system

The Lorenz system is one of the most studied dynamical systems in the literature [53, 73-75]. This
system has a chaotic behavior, that means that a small change in the initial condition can alter the
outcome significantly. The specific Lorenz system chosen is presented in equation (S8), and it was

modified such that a local asymptotic equilibrium point is located at the origin.

—10z1 + 1029
X = —21Z3 + X1 — To —3(E3 (88)
1T + 3x1 4+ 322 — T3
In Figure 7.12, some trajectories generated by the RTM of the Lorenz system are presented,
revealing the chaotic behavior stated before and that the ROA is unbounded and has a strange format.

Additionally, it is relevant to remark that there is no analytic expression for the ROA associated with the

equilibrium point.
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Figure 7.12: Trajectories generated by applying RTM to system (S8).

The results from applying each algorithm presented in Chapter 5 to system (S8) are presented in
Figure 7.13.
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Figure 7.13: For the Lorenz system (S8), ROA estimate volume evolution over iterations.

From the results shown in Figure 7.13, the IPS achieves a better estimate of the ROA and unlike
some examples presented before for planar systems, the Vs reaches a slightly better estimate than
the Vsp and Vsp-c. In this specific case, the Vsp and the Vsp-c have the same results for the ROA

subset obtained.
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7.5.3 Example Ill — Inverted 2-link pendulum

The single pendulum or simply inverted pendulum is a well known and intensively worked dynamical
system, as it is a frequent physical model used to verify and test some control theory and techniques.
An extension of the single pendulum and that reveals to be a very popular dynamical system among the
scientific community is the inverted N-link pendulum, since it is an underactuated system with nonlinear,
unstable and minimum phase behaviors [76].

Unlike the single pendulum, for N > 1 the systems exhibits an increased difficulty to control in that it is
underactuated and with minimum phase. Additionally, it is shown that the ROA becomes arbitrarily small
as the number of links increases [77] and that the system is very sensitive to disturbances, joint friction
and measurement noise. For the case with a single input and NV > 1, the linearized system around the
equilibrium point is not controllable, leading usual linear control methods without a guarantee of stability
of the system. Nevertheless, it is still possible to use linear control laws, but it is of extreme concern to
know the limits of the control law, in other words, the resulted ROA [78].

For the reasons aforementioned, it is quite interesting and relevant to observe the performance of
each ROA estimation algorithm to this type of system. In the presented work, a polynomial approximation
of a double inverted pendulum dynamics with a single input and with a linear controller is considered as
a case study to verify the outcome of applying the algorithms to a highly nonlinear system in R*. The
approximate polynomial system is described in Appendix B for a 2-link inverted pendulum on a moving
car and denoted (B.3).

The ROA of this system is unbounded, as observed by applying a RTM to the controlled system,

resulting in the trajectories presented in Figure 7.14.
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Figure 7.14: Trajectories generated by the RTM for the approximated polynomial pendulum system.

The results of the evolution of ROA subsets volume over iterations estimated by each algorithm
presented in Chapter 5 are shown Figure 7.15, considering a subset of the ROA characterized by a

polynomial of degree four.
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Figure 7.15: Volume of the ROA estimate over iterations

Figure 7.15 shows that although it takes some time for the IPS algorithm to initially raise its estimate
volume, it reaches a better estimate over a long number of iterations, this is due to the higher number of
decision variables in each step but also due to the enlargement condition imposed by it. In other words,
the IPS algorithm despite having a better result asymptotically, it exhibits a worse ROA estimate than
the others for this specific case study in R* for a short number of iterations.

The remainder algorithms perform similarly, achieving values for the volume of the ROA subset close
to each other, remarking that the Vsp-c achieved a slightly better result.

Table 7.5 presents the average time per iteration for each algorithm when applied to the 2-link inverted

pendulum, considering a subset of the ROA of degree four.

Table 7.5: Average computation time in each iteration for the pendulum system by each algorithm.

Vs Vsp IPS Vsp-c
Average time per iteration [s] 13.708 15.088 41.861 15.995

From the results in the average time per iteration taken by each algorithm shown in Table 7.5, the Vs,
Vsp and Vsp-c algorithms take similar amount time to perform a single iteration and by contrast the IPS
algorithm takes almost 2.5 times more to perform a single iteration in average. Even though an algorithm
spends more time to compute in average each iteration, volume of the estimate can have a higher rate

of increase, and it may converge faster, although each iteration takes more time.
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CHAPTER 8 -

Novel Approach

This chapter presents a novel approach to estimate the ROA which does not rely on Lyapunov’s
theory, instead an approach is developed using the Bendixson-Dulac criterion for planar systems
and extensions of it to higher dimensional systems. Three different iterative bilinear sum-of-squares
algorithms are presented and discussed, one which only works for planar dynamics and two others that
work for any dimension, even though some restrictions are imposed to them to enable the formulation

as an iterative bilinear sum-of-squares algorithm.

8.1 Bendixson-Dulac criterion

A feature of some dynamical systems is the presence of periodic orbits, in particular, for planar
dynamics the problem of checking the existence and number of this type of trajectories is related to one
of the famous Hilbert’s problems [79], which is until now still unsolved. For planar systems a well known
criterion named Bendixson-Dulac criterion gives a condition for the non-existence of periodic orbits on
an autonomous system over a simply connected set. It is stated as follows.

Theorem 8.1 (Bendixson-Dulac (BD) criterion [80]). Consider system (2.1) with x € R2. Let ¢(x) be a

positive scalar continuously differentiable function on a simply connected region D C R?. If

div(¢-f) >0 forall xe D
or

div(¢p-f) <0 forall xe D

holds, then no periodic orbits lie entirely in D.
Remark 2 ([80]). The conditions stated in Theorem 8.1 can be relaxed to allow for div(¢ - f) to have a

null value only on null measure set, such as a single point in R?.

To study the existence of periodic orbits in higher dimensions, Muldowney in [81] gave an extension
of the classical BD criterion presented in Theorem 8.1 which can be applied to check the non-existence

of closed orbits in simply connected sets in arbitrary dimension.
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First, let us go over some relevant concepts and definitions to allow us to understand Muldowney’s

extension of the BD criterion.

Definition 8.1 (Multiplicative compound of a matrix [82]). The k-th multiplicative compound X*) of

X I8 the (1) x () matrix that includes all the k x k minors of X written in lexicographic order, x* *"/*

1.0k "

Definition 8.2 (Additive compound of a matrix [81]). The k-th additive compound X!*! of the quadratic
matrix X, is the (}) x (}}) matrix defined by

XM = DI+ hX) )],

where D denotes differentiation with respect to h.
Remark 3. Incasek =1 andk =n, we get X! = X X" = trace(X), respectively.

Definition 8.3 (Lozinskii norm [83]). The Lozinskii norm p(-) of a square matrix A is defined as
n(A) = Dy [T+ hA[n—o

where D denotes the right-hand derivative with respect to h.

The Lozinskii norm also known as logarithm norm depends on the matrix norm | - | chosen in its

definition, the typical matrix norms used are 1-norm, co-norm and 2-norm.

The proposed extension of BD criterion develop by Muldowney is presented in Theorem 8.2 which

gives a condition for global nonexistence of periodic orbits.

Theorem 8.2 (Muldowney’s theorem [81]). Consider system (2.1) with x € R™. If for all x € R™

ofl2l ofl2l
u( 8x><0 or u(— ax><0

holds, then system (2.1) has no non-constant periodic solutions.

Additionally, Muldowney presented a particular result for the nonexistence of periodic orbits on simply

connected sets as shown in Lemma 5.

Lemma 5 ([81]). Consider system (2.1), suppose E C R"™ is a bounded open set and is invariant with

respect to system 2.1. If forallx € E

(2] 2]
y(aafx><0 or u(aafx)<0 (8.1)

holds, then there is no periodic orbits lying entirely in E.
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According to [81], if the underlying matrix norm in the Lozinskii norm w(-) is the 2-norm, then the

condition shown in Theorem 8.2 can be written as follows,

ofl2l
M( ) =M+ A

ox

where A\; and )\, are the largest eigenvalues of

Fix)=-[JTx)+Jx)], M>X>...>)\,

DO =

with J(x) = 2.

With the prior results, Smith in [84] has shown that for any dimension, the extended BD criterion
presented by Muldowney can be used to check the existence of periodic orbits in continuously
differentiable autonomous systems, but also that it implies that all bounded trajectories tend to an
equilibrium point as time goes to infinity if the system is continuously differentiable.

The following theorem states that for any stable system, that is, for any system with bounded
trajectories, all trajectories converge to an equilibrium point if a condition involving the truncated trace of
F(x) holds for all space.

Theorem 8.3 (Theorem 7 from [84]). Consider system (2.1) with x € R™. Let \1(x) and \2(x) be the

largest eigenvalues of F(x). If for all x € R™
)\1(X) + )\Q(X) <0 (82)

holds, then each bounded trajectory converges to an equilibrium point.

Theorem 8.3 shows that for a system with a single equilibrium point, global asymptotic stability
can be checked by evaluating a truncated trace of F(x), in this case the truncated trace involves only
the two largest eigenvalues of F(x). Even though this theorem is powerful, because it guarantees
asymptotic stability and, by indirectly denying the existence of other types of limits such as limit cycles,
most nonlinear systems do not have asymptotic stability as a global property, and so this theorem falls
short when considering nonlinear systems.

In Theorem 8.4, an extension of Theorem 8.3 is presented which allows for a local characterization
of asymptotic stability, that is, it is possible to check if an invariant set is a subset of the true ROA by
evaluating a truncated trace of matrix F(x).

Theorem 8.4 (Theorem 8 from [84]). Suppose that D is a bounded simply-connected open subset of R™
with closure D C R"™. Suppose also that its boundary 0D is crossed strictly inwards by every solution of
system (2.1) which meets it. If for all x € D

AL(x) + Ao (x) < 0 (8.3)

holds, then each trajectory of system (2.1) in D converges to an equilibrium point.
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Dealing with eigenvalues is a laborious task if we need to check the value of eigenvalues over a
region in the state space. In this particular case, we want a specific truncated trace characterized by
being the sum of the two largest eigenvalues of F(x). When the dynamical system has dimension two,
Theorem 8.4 is the same as the BD-criterion if the function ¢ is equal to one, and we only consider the
negative inequality, but also in this case the truncated trace is the sum of all elements of the diagonal
of F(x).

Theorem 8.5 shows an equivalence condition to the condition shown in Theorem 8.4, avoiding the
calculation of eigenvalues, and therefore the truncated trace to check convergence of each trajectory to

an equilibrium point.

Theorem 8.5 ([84]). Suppose that D is a bounded simply-connected open subset of R™ with closure
D c R™. Suppose also that its boundary 9D is crossed strictly inwards by every solution of system (2.1).
If there exist a constant real symmetric positive definite matrix Q and a continuous scalar function

0(x) : R™ — R such that for all x € D with J(x) = 2£

J(x)'Q+QJ(x) +20(x)Q = 0
(n—2)0(x) + tr(J(x)) <0

holds, then each trajectory in D converges to an equilibrium point.

An important remark presented in [81] states that system (2.1) can be modified to be a system with
different dynamics but with the same orbits by using a positive continuously differentiable scalar function.
Consider system (2.1) with x € R and let ¢(x) : R" — Rxq, ¢ € C', but allow ¢(x) to be zero only at

points which satisfy f(x) = 0. The autonomous system
% = ¢(x) - £(x) (8.5)

is denoted as an extension of system (2.1). This new system has different dynamics compared to the
original system but has the same ROA and equilibrium points. Using this system in the iterative bilinear
sum-of-squares algorithms to estimate the ROA and considering ¢(x) as a polynomial decision variable,

can allow for better estimates of the ROA.

For ease of notation, let’s denote J4 as the jacobian of the extended system (8.5), i.e.,

and denote F as 3(J (x) + J4(x)) with x € R™.

Once again, just like introduced in Chapter 4, we will only deal with polynomial systems granting us
the ability to check set containment conditions through the usage of the P-satz on the set containment
conditions presented in the aforementioned theorems. Unlike the Lyapunov theory presented in
Chapter 2, in Theorem 8.5 the conditions established to guarantee asymptotic stability, involve not only

positiveness of scalar functions but also positiveness of symmetric polynomial matrices.
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To understand how it is possible to check positiveness of symmetric polynomial matrices either
globally or on a semi-algebraic set, we present the concept of polynomial matrix sum-of-squares and a
theorem similar to P-satz that checks positive definiteness of polynomial matrices over a semi-algebraic

set.

Definition 8.4. Let M (R[x]) be the set of squared matrices of size n with entries belonging fo R[x|. The
set of all finite sums of elements of the form A(x)" A(x) with A(x) € M(R[x]), is denoted as the set of

polynomial sum-of-squares matrices, ¥ M (R[x])?.

Similarly to SOS polynomials, any symmetric polynomial matrix A (x) that is a sum-of-squares matrix
is by definition positive semi-definite for all values of x € R™. The following lemma presents a SOS

decomposition of a symmetric polynomial matrix.

Lemma 6 ([85]). Any polynomial matrix S(x) of dimension p belongs to ¥ M (R[x])? if and only if there

exists a constant symmetric matrix Z such that
S(x) = (u(x) @ 1,)"Z(u(x) ® L)), Z=0 (8.7)

with u(x) as a vector of monomials of x. Here @ denotes the Kronecker product of two matrices.

With Lemma 6, for a symmetric polynomial matrix S(x) € M (R[x]), verifying if it is a SOS polynomial
matrix simply consists in searching for the existence of some matrix Z according to (8.7). Ultimately,
checking if a symmetric polynomial matrix S(x) is a SOS polynomial matrix consists in a standard LMI

problem and consequently can be solved efficiently in polynomial time.

In [85], it is presented a theorem similar to the P-satz but for polynomial symmetric matrices. A
symmetric polynomial matrix is positive definite over a compact semi-algebraic set if the condition in the

following theorem is verified.

Theorem 8.6 (Theorem 2 from [85]). If the symmetric-valued polynomial matrix H(x) of dimension p is
positive definite on the compact set G = (\i_, L(—g;,0) with g; € R[x| for j = 1,...,q, there existe > 0
and sum-of-squares polynomials matrices Cy(x), ..., C4(x) of dimension p such that

q

H(x) = Co(x) + » _ C;(x)g;(x) + €, (8.8)

j=1
For the particular case of a symmetric polynomial matrix being positive definite in a semi-algebraic

set described by a single polynomial inequality, Theorem 8.6 is specified by the following lemma.

Corollary 8.1. Let K, be the compact set defined by K, = L(—g,0) with g € R[x|. If a symmelric
polynomial matrix H(x) of dimension p is positive definite on K, there exist e > 0 and sum-of-squares

polynomial matrices Cy(x), C1(x) such that

H(x) = Co(x) + C1(x)g(x) + €I, (8.9)
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A similar result is possible for positive semi-definite matrices, where for any symmetric polynomial

matrix H(x) that can be decomposed into
H(x) = Co(x) + C1(x)g(x) (8.10)

with Cy, C; € M (R[x])?, then H(x) is inherently positive semi-definite on K.

Unlike positiveness of polynomial matrices, there is not an equivalency between non-negative
matrices and the decomposition shown in equation (8.10), that is, there is no theorem that states that all
non-negative matrices over a semi-algebraic set has a SOS decomposition, by finding polynomial SOS

matrices, Cy and C;.

8.2 Computation of an estimate of the ROA

The iterative bilinear sum-of-squares algorithms proposed in this chapter, estimate a subset of the
ROA similarly to the methods presented in Chapter 5, but instead of relying on a Lyapunov function to
validate that an invariant set is a subset of the ROA associated with an equilibrium, it relies on the BD
criterion and its extensions to higher dimensions. There is no need for a Lyapunov function, but we
rely on the extended system described in (8.5) which has a function that will be a decision variable in
the proposed methods. This function works similarly to a Lyapunov function because its choice has an
influence on the subset of the ROA obtained. Further explanation on the development of the proposed

algorithms and the procedure taken is presented below.

8.2.1 BD approach for planar dynamics

To use the theorems presented before, we need to impose a condition to ensure that the set we are
working on is an invariant set with respect to system (2.1), so that all trajectories generated inside the
set remain in the set. For it let us consider a polynomial function R € R[x] and a positive scalar v such

that the following set containment condition holds,
OL(R,v) C L°(VR-£,0) (8.11)

For all values of v which the set containment condition shown in (8.11) holds, it guarantees that the set
OL(R,~) is an invariant through the use of Nagumo’s Theorem shown in Chapter 2. Applying Lemma 4

to this set containment condition, gives that if

so2(R—7)—VR-f—1¢€ X[x]
(8.12)
s2 € R[x]

holds, then the set containment condition described in equation (8.11) is verified. As a remark, again as
seen in Chapter 5, the function /(x) present in the SOS conditions is an auxiliary function to guarantee

strict positivity or negativity.
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Even though, we have a condition to guarantee strict invariance of a set, we still need to ensure that
all trajectories generated inside that set converge to the equilibrium point inside and no limit cycle or
periodic orbits exist. Let’s first look at the case of planar dynamics where Lemma 5 can be applied as

follows to the strict invariant set L(R, ) resulting in
L(R,~) € L°(div(¢ - £),0) (8.13)

Equation (8.13) resorts to an additional continuously differentiable polynomial function ¢(x), that can
be interpreted as a Lyapunov function because its relation with the dynamics imposes conditions on
the ROA estimate, that is, for different choices of ¢(x) the resulted ROA estimate is different.

Again, let’s apply Lemma 4 to the set containment condition described in equation (8.13), and we get
the SOS conditions shown in equation (8.14),

s1(R—7) —div(e-f) — 1 € X[x]

(8.14)
S1 € Z[X]

Combining the SOS conditions described in equations (8.12) and (8.14) we get the following set

of SOS conditions that guarantees that a set is invariant and that it is a subset of the ROA of system (2.1).

s1(R—7) —div(e-f) — 1l € ¥[x]
=1 € Xl (8.15)
s3(R—7v) —VR-f —1 € X[x]

So € R[X]

Similar to the algorithms presented in Chapter 5, we intend to convert these conditions into an
iterative SOS algorithm that converges as close as possible to the true ROA. To ensure convergence to
the true ROA, that is, to ensure enlargement of the estimate of the region of attract in each iteration, an
additional SOS condition is necessary. First, let’s define the set containment condition used to ensure
enlargement of the estimate over each iteration by

L(R,7) € L(R,7) (8.16)

with L(R, ) as the previous estimate of the ROA and L(R, v) as the new estimate that needs to contain
the previous estimate. Again, let’s apply Lemma 4 to convert the enlargement set condition into a SOS
conditions as follows,

(Y= R) = s3(7 — R) € Z[x]

(8.17)
s3 € X[x]
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Now that we have all the necessary SOS conditions, Algorithm 6, labelled as BD-planar presents
a possible implementation, where the inputs are an initial guess of the function R(x) and a constant
function I(x) for strict positivity purposes as explained before. It is a two-step iterative bilinear
sum-of-squares algorithm, with the first step in charge of calculating feasible s-multipliers and the second

step to obtain a new estimate of the ROA.

Algorithm 6. BD-approach for planar systems (BD-planar)
Input: polynomial R, | = ¢(x"x) withe = 1076

Step I: solve for s1, s, ¢ and v such that

max vy max -y

st. s1(R—7y) —div(¢-f) — 1 € E[x], 51 € £[x] st.  L(R,v) C L°(div(¢ - f),0)
s2(R—7)— (VR)-f —1 € X[x], s9 € R[x] OL(R,v) C L°(VR-£,0)
¢ —1 € X[x] vx € R"\ {0}, o(x)>0

Step II: solve for R and ¢ such that

max vy max

st. si(R—v) —div(¢-f) — 1 € S[x] st.  L(R,~) C L°(div(¢ - f),0)
s2(R—7v)—(VR)-f—1€ X[x] OL(R,v) C L°(VR-£,0)
s3(R—7) — (R—9) € T[x], s3 € T[x] L(R,7) € L(R.)

R and 7 denote the solution obtained for R and ~ in Step |
Step IlI: Go to Step | unless maximum number of iterations is reached or when termination condition is
met.

Output: R and ~

Let’s try to get better insight into what it is really happening in this algorithm and how does the degree
of the auxiliary function ¢(x), affects the estimate of the ROA. First let’s consider the case when ¢(x) is
chosen to be constant, in particular we chose ¢ = 1 without loss of generality because different values
of the constant only rescale the divergence of the system and does not change the location of the zero
level set of div(f). Figure 8.1 shows the results of applying BD-planar to system (S1) with ¢(x) as a

constant.
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Figure 8.1: Results from applying BD-planar to system (S1) with ¢(x) of degree 0. The blue line (==-)
represents the subset of the ROA obtained, and the black line (—) represents the true ROA.

We can see with Figure 8.1 that the invariant set is being constrained by the zero level set of the
divergence of the system. With ¢(x) as a constant, it grants the algorithm with the problem of only
finding an invariant set constrained by the zero level set of the divergence which from the results shown,
poor results arise.

Now let’s consider the function ¢(x) as a polynomial decision variable of degree six in BD-planar and

the results from applying it to system (S1) is presented in Figure 8.2.

'
N
T

Figure 8.2: Subset of the ROA by applying BD-planar to system (S1) with ¢(x) of degree six. The blue
line (== =) represents the subset of the ROA obtained, and the black line (—) represents the true ROA.

The use of the function ¢(x) as a polynomial decision variable of degree 6 allows to morph the zero
level set of the divergence of the original dynamics and as seen in Figure 8.2, as it provides a better
estimate of the ROA. To check the effect of different choices of the degree of ¢(x), some runs were
performed on system (S1) for a range of different degrees of ¢(x). Figure 8.3 shows results for different

degrees of ¢(x) and for the case of ¢(x) = 1.
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Figure 8.3: Subsets of the ROA after applying BD-planar to system (S1) with different degrees of ¢(x).

From the results in Figure 8.3, we observe that in general, a higher choice of the degree of ¢(x)

improves the estimate of the ROA because a higher degree polynomial is able to distort the zero level

set of the divergence of the original system such that a bigger estimate is reached. However, applying

higher degrees of ¢(x) comes with a higher computation cost due to the increase number of decision

variables and due to the growing size of the LMI in each step of the algorithm.

To compare BD-planar to the current algorithms in the literature, we applied Vs and IPS to

systems (S1) and (S3) alongside the current proposal based on BD criterion for planar dynamics.

The IPS is quite similar to the proposed algorithm, at least with respect to the condition used to enlarge

the estimate. The results are presented in Figures 8.4(a) and 8.4(b) considering the subset of the ROA

estimated by each algorithm described by a polynomial of

degree four.
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(a) Subsets of the ROA obtained from applying algorithms Vs, (b) Subsets of the ROA obtained from applying algorithms
IPS and BD-planar to system (S1). Vs, IPS and BD-planar to system (S3).

Figure 8.4: Application of BD-planar to two case studies and comparative results.
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From the results in Figure 8.4, the BD-planar has similar results to the IPS algorithm as expected,
mostly due to both having the same enlargement condition imposed in the algorithm. For system (S1),
it shows that the BD-planar algorithm has a slight worse result compared to the IPS and in contrast, for
the system (S3), it has a better performance; it is relevant to point out that the IPS algorithm stopped
due to feasibility issues unlike the BD-planar which stopped due to it converging to a value.

From experience and tests in multiple systems, the BD-planar does not have a better performance
in systems with a bounded ROA, but when we consider systems with an unbounded ROA, such as
system (S3), sometimes it has better results in comparison with the IPS and Vs algorithms.

The previous algorithm based on the BD criterion on planar systems falls short because it is
inherently only applicable to planar dynamics and in general most systems in real life are not only
described in R2. Two algorithms based on extensions of the BD criterion introduced at the beginning
of this chapter will be presented in the remaining portion of this section. To create and develop
those algorithms, we turn to the notions of SOS matrices and definite positiveness over a compact

semi-algebraic set that were introduced at the beginning of this chapter.

8.2.2 BD approach for higher dimensions — Method 1

The first proposed algorithm based on BD extensions uses Theorem 8.4, which states that if a
truncated trace is negative definite over an invariant set then it is a subset of the ROA. The issue of this
is that it is a truncated trace and for dimensions bigger than two, we need to calculate the eigenvalues
for any x in the considered invariant set to check the condition. The workaround proposed is to instead
of checking if condition (8.3) holds, the condition is relaxed such that we guarantee that the polynomial
matrix F is negative definite, hence the condition (8.3) is always met, although with some conservatism.
We resort to the extended system (8.5) to enable better results as it is used to tackle the conservatism
imposed by the relaxed condition, the extended system works similarly to the use of function ¢(x) in
the BD-planar. The procedure taken is similar to the one taken in BD-planar, where set containment
conditions are converted into SOS conditions, the only difference is the condition employed to guarantee
asymptotic stability which in this case is by checking the positivity of a polynomial matrix. In other words
we enforce the invariant set L(R, v) with R € R[x] and v € R to be contained inside the set where matrix

F,(x) with ¢(x) : R" — R, is negative definite, i.e.,

oy T
L(R,y) CL°(J 5 +J4,0) (8.18)
vx € R"\ {0}, o(x)>0

The set containment condition involving matrix positivity on a semi-algebraic set shown in (8.18) can
be converted into a SOS condition by using Lemma 8.1, which certifies condition (8.18) if there exist a

polynomial SOS matrix C; € XM (R[x])? and a scalar e > 0 such that the following condition holds.

—Jj —Js— Ci(y— R) — el € M (R[x])? (8.19)
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The first proposed extension of BD-planar to higher dimensions is presented in Algorithm 7,
labeled BD-1.

Algorithm 7. Extended BD-approach (1° method) (BD-1)
Input: polynomial R, | = ¢(x"x) withe = 1076
Step I: hold R and solve for Cy, ¢, s1 and v such that

max max

st. —Jj —Js—Ci(y—R) — el € SM(R[x])? st. L(R,y) CL°(J} +J4,0)
s1(R—~)—VR-f—leX[x], s; € R[x] OL(R,v) C L°(VR-£,0)
¢ —1€Y[x], C; € M (R[x])? vx € R\ {0}, ¢(x)>0

Step II: hold C1, s1, ¢ and solve for R, s and ~ such that

max 7y max 7y

st.  —Jj —Js—Ci(y— R) — el € SM(R[x])? st. L(R,y) € L°(J, +J4,0)
s1(R—7)—VR-f—1¢€X[x] OL(R,v) C L°(VR - f,0)
~ (7= R)s2 +v - R€X[x], 52 € Z[x] L(R,7) € L(R,7)

R and 5 denote the solution obtained for R and ~ in Step |
Step lll: Go to Step | except when maximum number of iterations is reached or when termination
condition is met.

Output: R and ~

Due to the condition imposed in the development of BD-1 that the subset of the ROA needs to be
contained in the region where all eigenvalues of F4(x) are negative, from some tests in multiple high
dimensional systems, it revealed to be quite conservative and in most cases the resulted estimate is
poor, and sometimes it is not even possible to obtain an estimate even for high degree of ¢(x). In other
words, the relaxation done in this algorithm made it highly system dependent and because of that it is

hard to guarantee that it will work for any given polynomial dynamical system.

8.2.3 BD approach for higher dimensions — Method 2

The second algorithm developed based on BD extensions is presented in Algorithm 8, labeled
as BD-2, and it relies on Theorem 8.5 which does not rely on checking a truncated trace, instead
two equivalent conditions are stated. The first condition consists of checking if a matrix is positive
semidefinite over an invariant set and the second is of checking if a scalar function is negative definite

over the same invariant set.

73



We guarantee that the invariant set D = L(R, ) with respect to system (2.1) is a subset of the ROA

if there exist a symmetric positive matrix Q and a scalar function 6(x) : R — R such that for all x € D

JT(x)Q+ QJI(x) +20(x)Q = 0
(n—1)0(x) +tr(J(x)) <0

(8.20)

holds. Unlike BD-1, in BD-2 there is no need to relax the condition with regard to the eigenvalues of
a matrix, but it has the issue of having bilinear decision variables, more specifically, the scalar function
6(x) and the constant matrix Q. The workaround used in this case was to consider the matrix Q as
a given constant matrix, in the case presented we considered it as the identity matrix, resulting in the

following conditions that should hold for all x in the invariant set L(R, ), with R € R[x] and v € R.

JT(x) +J(x) +20(x)I = 0 6.21)
(n—1)0(x) + tr(J(x)) < 0

As it is expected this may constrain the algorithm and result in poor estimates of the ROA, because
we are narrowing the condition to guarantee asymptotic stability inside an invariant set.

Similarly to BD-1, we resort to the extended system (8.5) to tackle a little the relaxation used, resulting
in the following set containment conditions to guarantee asymptotic stability in the invariant set L(R, ),
with R € R[x] and v € R.

L(R,y) € L°(=J3j — J4 — 201,0) 6.22)
L(R,7v) C L°((n — 2)8 + tr(J4),0)

Using Lemma 4 and 8.1, the set containment conditions can be converted into SOS conditions, as

follows.
J; +Js+201—Cyi(y— R) € SM(R[x])? 623)
—(y=R)s1 —(n—2)0 —tr(J,) — l € T[]
Algorithm 8. Extended BD-approach (2° method) (BD-2)
Input: polynomial R and | = ¢(x "x) with e = 1076
Step I: hold R and solve for C1, ¢, s1, s2, 8 and ~ such that
max -y max y
st. J, 4+ 344201 Ci(y — R) € SM(R[x])* st.  L(R,y) € L°(—=J) —Jg —261,0)
— (v = R)s1 — (n—2) — tr(Jy) — 1 € S[x] L(R.7) € L°((n —2)6 + tr(J,),0)
s9(R—7) —VR-f -1 € ¥[x] OL(R,~) C L°(VR-£,0)
o—1€eX[x], s1 € X[x] vx € R"\ {0}, o(x)>0
C, € SM(R[x])? $(0) = 0
s2, 0 € R[x]

74



Step IlI: hold C4, s1, s2, ¢, 8 and solve for R, s3 and ~ such that

max 7y max -
st. Jj +Js+201— Ci(y — R) € SM(R[x])? st. L(R,y) C L°(—=J) —J4s — 261,0)
—(y— R)s1 — (n—2)0 — tr(J) — L € 2[x] L(R,7) € L°((n — 2)f + tr(J4), 0)
s3(R—7)—VR-f—1¢Y[x] OL(R,~v) C L°(VR - £,0)
~ (7= R)ss+v - ReXx| L(R,7) € L(R,7)
s3 € 3[x]

R and 7 denote the solution obtained for R and ~ in Step |
Step lll: Go to Step | except when maximum number of iterations is reached or when termination
condition is met.

Output: R and ~

To illustrate the performance of BD-1 and BD-2, we considered two examples, system (S7) and
system (S8) characterized in R? previously presented in Chapter 7.

For the system (S8), it revealed quite complicated because neither of these two algorithms got a
feasible solution even for different choices of degrees of the decision variables in each algorithm such
as ¢(x), the s-multipliers s;(x) and the polynomial that describes the semi-algebraic set R(x). This is
likely due to the simplifications done in both that disable to work on this system. That is, both algorithms
may fail or even have poor results due to the simplifications done.

Results from applying the IPS, Vs, BD-2 and BD-1 algorithms to system (S7) are presented in

Figure 8.5 considering a subset of the ROA characterized by a single polynomial of degree four.

10* T T ! !
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Figure 8.5: Comparative results between methods based on BD extensions (BD-1 and BD-2) and
Lyapunov based methods (Vs and IPS).
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From the results shown in Figure 8.5, it is clear that the BD-1 exhibits poor results, this is due to the
conservatism imposed by enforcing all the eigenvalues of F(x) to be negative. By contrast, the BD-2
has good performance in relation to the volume of the estimate of the ROA obtained, although for this
specific case study it performs worse than the IPS, likely because the condition imposed to be a subset
of the ROA is stricter than in the Lyapunov based approach or because the simplification proposed also
constrains the set of possible solutions of the problem and consequently a better estimate may not be
possible to achieve.

Due to the use of SOS matrix conditions, which are more challenging to work with than simple
polynomial SOS conditions, both proposed algorithms require more computation time per iteration than
the algorithms provided in Chapter 5.

To sum up, the proposed algorithms based on Bendixson-Dulac criterion and extensions perform well
on planar dynamics but have many issues in higher dimensional systems because of the simplifications
and constraints bestowed upon them, leading to problems regarding feasibility and performance, that is,
the estimate obtained is quite small in comparison with the real ROA and other well known algorithms,
such as the IPS.
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CHAPTER 9 -

Conclusions and Future Work

This chapter presents the main conclusions on the work described in the thesis, its contributions and

discusses possible future work that can be a topic of more advanced research and development.

9.1 Conclusions

The presented work considered the problem of estimating the region of attraction of nonlinear
systems described by polynomial vector fields. An overview of the methods currently in the literature are
shown and discussed, pointing out their advantages and drawbacks. We primarily focused on iterative
bilinear sum-of-squares region of attraction estimation algorithms due to their recent development and
stability guarantees. The description of a few of these algorithms is presented alongside a new algorithm
that consists in an enhancement of an already well-known algorithm called V-s iteration, by employing
the use of two adaptive shape functions.

An analysis and comparison of these algorithms was performed on a proposed set of problems
and procedures in order to obtain properties such as convergence, robustness, time of computation,
scalability, likelihood of numerical issues and the presence of odd behaviors in the algorithms. We can
conclude with the presented results that the IPS algorithm is systematically better in terms of accuracy
of its estimation of the region of attraction compared to the other algorithms, but it has the drawback
of being computationally more laborious and more likely to encounter computational issues. These
unpleasant characteristics are intensified when dealing with higher dimensional systems, implicating
that the IPS algorithm has more scalability issues compared to the other algorithms. The proposed
enhancement, labeled Vsp-c, leads in general to a better accuracy of its estimate of the region of
attraction and reveals to be more robust to initial conditions compared to its predecessor, but it comes
with the drawback of relying on an additional optimization step which leads to an increase in computation
time per iteration.

An iterative bilinear sum-of-squares algorithm to estimate the region of attraction of planar polynomial
dynamical systems based on Bendixson-Dulac criterion and set invariance was presented. From a few

studies, this algorithm has good performance, as it has similar results to the IPS algorithm.
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Two methods to extend the aforementioned algorithm to higher dimensions were proposed, revealing
both to be conservative and not reliable for a generic polynomial dynamical system of higher dimensions.
This issue is due to the simplifications and restrictions used to develop these two iterative bilinear

sum-of-squares algorithms.

9.2 Future Work

Future works can, on one hand, extend and further develop the set of problems and procedures
which compose the proposed framework, focusing more on the dependence of initial conditions such
as the s-multipliers degree and initial guesses of polynomial functions in order to establish a method
of selecting these parameters that will guarantee a good performance of the algorithm with respect to
time of computation, likelihood of computational issues and accuracy. On the other hand, the presented
and explored idea of using invariant sets and Bendixson-Dulac criterion and its extensions to estimate
the region of attraction by means of a bilinear sum-of-squares algorithm can be further studied as
an alternative to Lyapunov-based methods, and they can be further explored in order to diminish the

drawbacks the simplifications performed produced.
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APPENDIX‘ \ -

Proofs

Theorem A.1. Consider the autonomous dynamical system characterized by
x=-x+(x'Bx)x, x€R", B>0 (A.1)

The region of attraction of system (A.1) associated with the equilibrium point x = 0 is given

by {x € R" | x"Bx < 1} and also a possible Lyapunov function for the system is V (x) = x ' Bx.

Proof. It can be easily seen that the equilibrium points of system (A.1) are x = 0 and the points satisfying
x " Bx = 1, meaning that no point outside the closed-set {x € R" | x"Bx < 1} belongs to the region of
attraction. Let's assume the Lyapunov function of system (A.1) as V(x) = x " Bx which is by definition

positive everywhere except for x = 0. The time derivative of V is as follows,

V = (ViV) - % = Vy(xBx)(—x + (x Bx)x)
= 2x'B(—x + (x 'Bx)x) (A.2)

= QXTBX(XTBX -1)

The time derivative of V is negative for all points belonging to {x € R™ \ {0} | x"Bx < 1} and

consequently {x € R" | x"Bx < 1} is the region of attraction of (A.1). O

Theorem A.2. Consider the autonomous dynamical system characterized by
x=-x+(z'Bz)x, x€R", B>0 (A.3)

where z corresponds to a vector of monomials of x from degree 1 until m. The region of attraction

associated with the equilibrium pointx, = 0 is {x € R" | z' Bz < 1} if
z B(Vyz)x >0 (A.4)

holds for all x € {x € R"\ {0} | z"Bz < 1}.
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Proof. Let's assume the Lyapunov function V(x) = z ' Bz. The time derivative of V' is as follows,

V=(ViV) %
= V,(z'Bz)(Vxz) - X
=2z ' B(Vyz) - %

= 22" B(Vyz)x(z' Bz — 1)

If all points satisfying z' Bz < 1, also satisfies z' B(V,z)x > 0, then V is negative definite in
{x € R"\ {0} | z" Bz < 1} and consequently the set {x € R" | z' Bz < 1} is the region of attraction of
system (A.3).

Lemma 7. Consider the autonomous system characterized by

x=-x+4(z'Bz)x, xcR", B>0 (A.6)

If B is a diagonal matrix, the region of attraction associated with the equilibrium point x = 0 is given by
{xeR" |z Bz < 1}.

Proof. With theorem A.2, it is only necessary to show that z" B(V.z)x > 0 holds for all points satisfying
z' Bz < 1.

A1
SB[ || | (T
Am
Vxz1 (Vxz1, X)
= [)\121 )\mzm} X = {)\121 o AmZm
VZm (VxZm, X)

= )\12’1<vx21, X> + ...+ /\mzm<szm, X>

= Mkl + ... 4+ Ankmz2, > 0, itcanbe easily shownthatk; >0, i=1:m

Lemma 8. Consider the autonomous system
x=-x+4(z'Bz)x, xecR", B>0 (A7)

where z is a vector of monomials of x of degree m > 0, the region of attraction associated with the

equilibrium point x = 0 is the set {x € R" | z' Bz < 1}.

89



Proof. With theorem A.2, it is only necessary to show that z " B(V,z)x > 0 holds for all x € R" satisfying

z Bz < 1. If z corresponds to monomials of x of degree m > 0, then
(Vxz)x = mz

And by definition, m is positive so m - (z' Bz) is positive definite. O

Lemma 9. Consider the autonomous system
x=-x+4(z'Bz)x, xcR", B>0 (A.8)

where z is a vector of monomials of x of degrees {m,...,m,}. Leti(m;) be the number of monomials

of degree m; inz. If B is a matrix of the following form,
B = diag(Aq,...,A,), size(A;) =1(m;) x I(m;)

then the region of attraction associated with the equilibrium point x = 0 is the set {x € R" | z' Bz < 1}.

Proof. With theorem A.2, it is only necessary to show that z " B(V,z)x > 0 holds for all x € R" satisfying

z ' Bz < 1. Let’s consider without loss of generality that z can be written in the following form,

z= | : |, z; isthe vector containing monomials of degree m;

Zm
If matrix B is a diagonal block matrix of the following form,
B = diag(A1,...,A,), size(A;) =1(m;) x I(m;)
then

A1 m111

z' B(Vyz)x =2 z =

miAq

=z z=2z B*z >0
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APPENDIX B -

2-link Pendulum System

The inverted double link pendulum system with a single input that we consider is presented in

Figure B.1, which corresponds to a simple 2-link pendulum on a moving car.

Figure B.1: Model of a 2-link inverted pendulum on a moving car.

The inverted 2-link pendulum on a car is a nonlinear system characterized by the second order
differential equation
M(q)§ - F(q,a@)=u[l 0 0] (B.1)

withg=[d 6, 0,]", being d the position of the car, 6, the angle of the bottom link with the vertical and
#, the angle made by the second link and the vertical.

We seek to rewrite equation (B.1) in order to obtain a first order system with polynomial
representation, so that we can use the iterative sum-of-squares algorithms. For the case here in
consideration, some values were chosen for the model such as mass and coefficient of fluid friction

in each joint and the friction of the car.

91



Let us consider the vector state x = R* with x = [, 6, 6, 6,]T, and we obtain the following

expression for M and F.

3 2 cos(z1) cos(x3) 2sin(zy)z3 + sin(x3)x?
M = |2cos(z;) 3 cos(zy —x3)| and F = |_gin(z; — x3)z? + 2sin(x1)g (B.2)
cos(zg) cos(xzy — x3) 2 sin(xy — x3)23 + sin(z3)g

with g = 10.
Replacing matrices M and F into equation (B.1) and set on the left side the vector %, followed by a

Taylor expansion of order four on the equilibrium point x = 0 of the right side we get

% = f£(x,u) = [fi(x,u) fo(x,u) fs(x,u) fa(x,u)], x€R* and uweR (B.3)
with
fi=
fo = —0.97523x0 + 0.12523x3 — 0.625x57; + 0.25x573 — 13.0223 + 4.84323 23 + 0.515uz?
— 4.687x123 + 0.031uz 29 + 12.521 + 1.14625 — 0.031ua3 — 1.2525 — 0.375u
fz= m4

fa = 0.37523x1 — 0.6252523 + 0.1252%x1 — 0.25x325 + 3.854x% — 8.594x2 x5 — 0, 140uz?

+ 3.43721235 + 0.218uz w3 — 2.521 — 2.604z5 + 0.093uz3 + 6.2523 — 0.125u

and with the linear feedback

uU=—1-297273 -70.775 300.439 115.000| %
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