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Abstract

In this thesis we study three different problems that are common in real options: the exit
problem, the investment problem and the the changing market problem. We assume that
the market demand is modelled by a geometric Brownian motion. We consider the profit
functions polynomials. Using the Hamilton-Jacobi-Bellman equations we solve the exit
problem. One can then easily study the investment problem and the changing market
problem, since they are related with the exit problem. We end up analysing the influence
of several parameters on our solutions to these problems.

Keywords: Real options, Hamilton-Jacobi-Bellman equations, Geometric Brownian
motion, Exit problem, Investment problem, Changing market problem.
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Resumo

Nesta tese estudamos 3 problemas diferentes que sao comuns nas opcoes reais: O problema
de saida, o problema de investimento e o problema de mudanca de mercados. Assumimos
que a procura do mercado é modelada por um Movimento Geométrico Browniano, e que
a funcao lucro é polinomial. Usando a equacao de Hamilton-Jacobi-Bellman resolvemos
o problema de saida. Facilmente se estuda o problema de investimento e o problema de
mudanca de mercados uma vez que estao relacionados com o problema de saida. Por fim
analisamos a influéncia de véarios parametros nas solugoes dos nosso problemas.

Palavras chave: Opcoes reais, Equacao de Hamilton-Jacobi-Bellman, Movimento
Geométrico Browniano, Problema de saida, Problema de investimento, Problema de mu-
danca de mercados .
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Chapter 1

Introduction

1.1 Introduction

A common problem in mathematics is to determine the optimal conditions for undertaking
a particular action in order to maximize or minimize a certain function [1]. This type of
problem arises naturally in many situations in which a timing decision needs to be made,
as illustrated by the popular secretary problem [2], or for example, in the domain of real
options, for deciding when to buy or sell stock [3].

In this work we address three profit maximising problems that are often studied in rela-
tion to real options. First, we determine optimal conditions under which a firm should
permanently exit a market. We then look at optimal conditions again, but for irreversible
investment decisions. Finally, our main goal is to establish the optimal conditions for a firm
to switch irreversibly from one market characterized by the profit function II; to another
one characterized by the profit function IIs.

These problems generally pose difficulties due to the randomness of markets. Such diffi-
culties can nevertheless be readily overcome by using the mathematical tools of stochastic
control and optimal stopping. Solutions arising from using these tools in turn enable us
to carry out comparative statics, thus framing our problems in a more financial perspective.

The work is organised as follows: We start defining what an exit problem, an investment
problem and a changing market problem are, and present some general assumptions. In
Chapter 2 we use a linear profit function and find an optimal stopping strategy to the exit
problem and investment problem. Later we find an optimal stopping strategy for a firm
that has the option to switch from one market characterized by a linear profit function
to another market characterized by a different linear profit function. To conclude the
chapter we discuss the influence of several parameters in the value function. In Chapter
3, since in many financial problems the profit functions are monomial, we find an optimal
stopping strategy for a firm that has the option to switch from one market characterized
by a monomial profit function to a market characterized by a linear profit function and,
conversely, from linear to monomial. Finally, as in Chapter 2, we study the influence of
the drift and volatility on the value function.



1.2 Model setup

In this section we present the model that we consider in this work. We consider a firm which
produces an established product in a stochastic environment, which is characterized by the
demand process X = {X; : t > 0}, defined on a complete filtered space (€2, {F }1>0,P).
Moreover, we assume that 7 is a F;-stopping time, i.e. {w € Q: 7(w) < t} € F for all
t > 0. We denote by S the set of all F;-stopping times. On this work X is a geometric
Brownian motion, solution of the stochastic differential equation:

with X = «, drift p € R, volatility o > 0, and {W; : t > 0}, being a Winner process.

On this thesis the firm’s profit function is given by I :]0, co[— R, which depends only on
the demand level of the process X.

We study three different problems that are common in the real options: the ”exit problem”,
the "investment problem” and the ”"the changing market problem”.

e Fuxit problem:

The firm has the possibility to completely abandon the production. When the firm
decides to exit the market at time 7 and the current demand is z, its value is given
by

Y(z,7) = E, /e_VSH(XS)ds +e 77 . (1.1)
0

where ~ is a positive interest rate and C' € R is the terminal cost or profit. The
function V :]0, co[— [0, oo, henceforward called value function, is defined as

V(z) =sup J(z, 1) (1.2)

TES

Thus we have an optimal stopping problem, where the main goal is to maximize the
expected total pay-off.

e [nvestment problem:

The firm has the possibility of choosing the moment of entry in the market. In the
literature the problem is often called the ”entry problem” [4]. If the firm decides to
enter in the market at time 7, and the current demand is x, its value is given by

[e.o]

J(ZL‘, 7-) =E, /G_VSH(XS)dS +e K (13)

T

'From now on we use the short notation: E, [x] = E [*| X, = z].



where K < 0 represents, in this case, an entry cost. Therefore we want to find an
optimal strategy for a firm that decides to enter in the market. The firm’s value is
given by the function V :]0, co[— [0, co[, which is defined by

V(z) = sup J(z,7) (1.4)

TES

Therefore we have an optimal stopping problem, where the main goal is to maximize
the expected total pay-off.

Changing market problem:

The firm has the option to switch from a market characterized by the profit function
IT; to another market characterized by the profit function II,. We assume that both
markets are modelled by a geometric Brownian motion with the same parameters.
In this case, the firm’s value, when the current level of demand is x, is given by

I(z,7) =E, /e‘”sﬂl(Xs)ds + /e_VSHQ(XS)dS +e77Q (1.5)
0 T

where () € R is the switching cost or profit from one market to the other. Therefore,
we want to know when it is the right moment 7 to change from market 1 to market
2. The value function in this case is given by

G(z) = sup I(z, 7)
TES

Again we have an optimal stopping problem, where the main goal is to maximize the
expected total pay-off.

Without loss of generality we will assume ) = 0. This is because

I(z,7) = FE, /e”sﬂl(Xs)dS + /e”s(HQ(XS) +Q)ds
0 T



1.3 Hamilton-Jacobi-Bellman equations

In this section, we introduce the main mathematical tools that are used along the thesis.
We do not intend to do an exhaustive study, as it is not the propose of this section. For
a detailed and comprehensive presentation of the dynamics programming principle and
Hamilton-Jacobi-Bellman equations, we refer, for instance [5, 6, 7.

Some notions of stochastic optimization and diffusion processes as well knowledge of Ito’s
Lemma and options analysis, are needed for what follows. In the upcoming chapters we
will see that the investment problem and changing market problem are related with the
exit problem. Therefore for the moment we solve the exit problem. The exit problem
defined in (1.1) can be written as follows

J(z,7%) = V(x)

where 7% € S. In an optimal stopping problem we want to find an optimal action, continue
or stop, for each state. Consequently, our state space is split into two regions: a continua-
tion region, which we denote by C, and a stopping region, denoted by D. As expected, in
the continuation region the optimal action is to continue. Hence, for our case, an optimal
stopping time should be 7" = inf{t > 0: X; ¢ C}. So, it should be intuitive that
C={zeRt:V(@)>C}land D={x e R : V(z) < C}.

One way to address the optimal stopping problem is to solve the following variational
inequalities:

max{—V(z) + L(V(z)) + (z),C = V(x)} =0 (1.6)
where £ is the infinitesimal generator defined as follows:
! 1 4
L(f () = pof' (@) + 0% (2) (17)

for f € C*(R"), assuming that the stochastic process X is a geometric Brownian motion
(GBM) with drift x and volatility o.

This is the Hamilton-Jacobi-Bellman (HJB) equation that we need to solve in order to get
a solution to our stopping problem. To solve the HJB equation, first we use some intuition
from the problem and guess the form of the continuation region. Our continuation region
will have a threshold denoted by z*. Then we solve the ordinary differential equation
(ODE)

I(x) + pxV'(z) + %JQxQV"(x) —V(z) =0 (1.8)

According to the literature [5, 6], the value function V(z) should be C(]0, oo[). To ensure
this we use:

e The fit condition lim, .« V(x) = V(z*).

e The smooth condition lim, .+ V'(z) = V'(z*).



We assume that -
E, {/ e‘”’SH(XS)dS} < 00. (1.9)
0

This assumption will be used during this thesis and guarantees that J(z, 7) is well defined,
and finite for all x and 7.

To solve the ODE (1.8) we start by solving the homogeneous differential equation

V(@) + paV'(x) + Jo%V " () = 0 (1.10)

This is a Cauchy-Euler equation of order 2. Making x = e* this ODE becomes

puet V' (e*) + 50 a2 V" (") — V(") = 0 =
PV () + 50 [(Ve) — (V(e)] ~ V() =0 =
V) + (= 5 V) + 5o V() =0 (1.11)

We have, therefore, reduced (1.10) to a linear second order ODE with constant coefficients.
The characteristic polynomial of (1.11) is

1 1
502752 + (pu — 5

The solutions of the characteristic polynomial are

Nt—v=0

—(p — —0 )+ \/ 24 202y
t= (1.12)
Let 8 and B3 be the roots of the characterlstlc polynomlal (1.12)
(11— 30%) — ¢ (h 3o+ 20
B = <0 (1.13)
) + \/ 24 20%y
Pa = >1 (1.14)

We conclude that V(e*) = A1 + Aye??*. Reversing the change of variable, the solution
of the homogeneous differential equation (1.10) is

V(r) = Az + Ay (1.15)

Therefore the solution for the ODE (1.10) is V() + A2 + Ayx® with V(x) a particular
solution of (1.10).
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Chapter 2

Affine profit functions

In this section we study the problems previously described when the profit function is
linear, that is, the profit function is of the form ax — b.

2.1 Exit problem

Here we solve the exit problem as described in (1.1) considering an affine profit function.
Since the firm wants to maximize it is profit, then if currently the demand is = and if
axr —b > 0, for all x > 0, then the firm should never exit the market and therefore the
optimal strategy is to choose 7 = co. On the other hand, if ax — b < 0 for all x, then the
firm should exit the market right away, and thus the optimal strategy is to choose 7 = 0.
In order to avoid such trivial cases we choose ¢ > 0 and b > 0 such that the function az —b
takes both positive and negative values. With this choice the function ax — b is increasing
function with respect to the demand level x.

Simple calculations prove that we may rewrite the total expected pay-off functional as
follows:

T T b b
E, /e'ys(aXS —b)ds| = E, /e”saXsds + (=) ——
g gl
0 0
Therefore, V(z) = V(z) — % with
[ b
V(z) :=sup E, /e TaXeds+e - | . (2.1)
TES Y

0

Thus we have an exit problem with profit function I1(z) = az and C' = % the salvage value.
In order to solve this optimization problem, we start by studying the corresponding HJB
equation:

max (a:z: + pxV'(z) + %aszV”(a:) — vV (x), % — V(x)) = 0. (2.2)

11



As discussed in the previous chapter we assume that the condition (1.9) holds true. Indeed,
if we are considering an affine profit function, condition (1.9) holds true if and only if
v — 1 > 0. In order to see this, we note that

E, {/ €_VsaXsd8} :/ 6_78E(aXs)ds:/ aze3ds
0 0 0

which is convergent if and only if v —p > 0. In the previous calculation we used the formula
for the expected value of GBM [5, 7].

In order to find an optimal stopping strategy we first guess the continuation region. Since
our goal is to maximize profit, it seems reasonable that, when the initial demand is low,
we stop and gain the value % Otherwise, if the demand is high, we remain earning I1(z),
until time 7. Therefore, the continuation region that we propose is

C={z:z>uaz"}

Thus the value function V' (z) should be such that V(z) = % it v < 2*, and if x > x* then

V() is solution of
/ 1 "
pxV- (z) + 502372‘/ () =V (z) + ax = 0. (2.3)

In order to solve (2.3), we simply note that the solution to the corresponding homogeneous
equation is A;x% + AyzP2, with B and By given by (1.13) and (1.14) respectively. A
particular solution of (2.3) is

Vo(z) = ax + 5.
Thus A;2% + Ayx™ + ax + 8 is solution to (2.3) if and only if o and 3 are such that:

pra+0—y(lax + ) +ax =0

which implies that a = viu and § = 0.

Consequently all the functions of the form

V(z) = a4 x+ Az 4 Ayr™®
T H
are solutions of the ODE (2.3), where A; and A, are constants that depend on boundary
values. However when the demand is high we do not expect to exercise the exit option.
Thus, lim,_, % < 00. This holds true if and only if Ay = 0 because S5 > 0 as we can
see in the appendix. Therefore

a
Viz) = x+ AP 2.4
(z) po— 1 (2.4)

As we expect to have, if x < x* then

Viz) = (2.5)

b
-
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We now wish to paste (2.4) and (2.5) together in such a way that the resulting function is
the value function.
To obtain the value function all that is left, is to determine values for A; and z*. The fit
and smooth conditions ensure that A; and z* are unique. By the fit condition

b a_ .
b = a r+ All’*ﬁl = Al = % (26)
YooY H et
By the smooth condition

b., 3

-)' = o+ Ay

(7) (W—M 12)

0= ¢ +A151$*ﬁ71
T H

a b a

& 0= — B ( T T )
Y yr T
b _

oot =~ (u b ) (2.7)
a v -1
b__a z*
Since A; = *—3*— then, replacing x* by g (7;—“5&1) , we have
b —1
_ (81

e 2

Additionally, x* < g, meaning that exit is optimal for values of demand where the profit
flow az — b is negative. To prove z* < £, consider the ODE (2.3) at z = 2* :

1
—V(z*) + pa* V' (2*) =02 V" (2*) + az* = 0 &
———

2
=0
* 1 2 *2Y N[ %
ax —b:—§ax V7 (x¥) (2.8)
To prove that $o22**V”(2*) > 0 note that
0= V’(I'*) = a4 + Alﬁll’*ﬁl_l = A161$*’81_1 = — ¢
Y1 TR
therefore
—1 —1
V'(@*) = ABu (B — D)2 = A151x*517151 - ¢ b
I* 7 _ /1/ I*
Since a > 0 and 5y < 0 then V" (z*) = —ﬁﬁgl > 0, and in view of (2.8),

it holds that z* < %



In the next proposition, we provide the value of the firm
Proposition. The solution of the optimal stopping problem defined in (?77) is given by:

V(z) = {O_z B S (2.9)

b B . *
- v—l—Alx T >

where Ay > 0 is given by (2.6) and x* < 2, is given by (2.7).

Proof. By construction, V(z) is continuous in R™ and with continuous derivative. As
V(z)=V(z)— %, Vx> 0, we need to prove only that V' (z) is solution of the HJB equation
(2.2). In order to prove that we follow the following steps

o ar + pxV'(z) + 30°2*V"(x) — 4V (z) <0
for x < o*, with V(z) given by: V(x) =
To see this note that

b
>
/ 1 2.2y
a$+u$V($)+§0 V"' (z) —yV(x) =ax —b
Asx <z* < Z then az — b <0 for x < z*. The result holds.

° %—V(.I)SOfOI‘ZL’ZI‘*

For x = x*, by the fit condition it follows that % — wiux* — A" = 0, and thus
the result holds for x = z*. The function (% — V(x)) is decreasing for x > z*. In
fact, by the smooth condition, the derivative computed at z = z* is equal to 0. As

!/
—A1p; > 0and B; —1 <0, then it follows that (% — V(x)) <0 for x > z*.

We conclude that (% — V(x)) <0 for z > z*.

With this analysis we are also studying the situation of a monomial case. As we can see
in Guerra, Nunes and Oliveira [8] that the exit problem with I1(X,) = aX? — b can be
reduced to this problem. To see this we use Ito’s Lemma and conclude that X? is a GBM
with volatility op = 06 and drift g = pf + 1020(0 — 1).

14



2.1.1 Comparative statics for the exit problem

In this section we study the influence of the market expectations, p and o, and the param-
eters a and b on the decision to exit. Simple calculations show that:

* oB1
Orr _by—p —p <0
doa v (B1—1)2"
b1
* b 1 ==
0r" _ n__ < (2.10)

o " anBoTE

where in the first inequality we have used the fact that % > 0 and in the second that
%—% < 0 (see appendix for such proofs). Therefore if the drift or the volatility of the un-
certainty process X increases, the decision to exit the market is postponed.

Regarding the behaviour of x* with the parameters of the gain function, we have

81*:1<7—M b )>0

ob  a v pr—1
Ox* b (y—n B\ _,
oa a? vy B—1) ~

it follows that z* increases with b (i.e. the decision to exit the market is postponed if the
profit flow shifts upward) and decreases with the slope.

2.2 Investment problem

In the previous sections we have addressed the problem of exiting the market, and here
we solve the investment problem as described in (1.3) considering an affine profit function.
After some calculations we prove that we may rewrite the functional J(x,7) as follows:

J(z,7) =E, /e‘“’s(aXs —b)ds (2.11)

T

f b
N + E, /6_75(—a)Xsds + e‘”—< )
YK Y

0
therefore V(z) = S+ V() where

T

V(z):=supE, /6_73(—a)XSds + e_wﬂ . (2.12)
TES , Y

Similarly to the exit problem, we need to assume a > 0 and b > 0 in order to avoid trivial
problems (i.e. problems where (2.11) is maximized with 7 = 0 or with 7 = co0). Comparing

15



(2.12) with (2.1), we conclude that the problem of investment is similar to the exit problem,
where only the signs of a and b need to be changed. But this remark is misleading, as
we cannot use the solution of the exit problem derived in the previous section because the
profit function ax — b, for the investment case, is no longer an increasing function but it is
a decreasing function.

Some of the results presented for the exit problem are still valid in the investment problem.
Notably, the HJB equation is similar, just replacing a and b by —a and —b we have

max{puzV ' (z) + %J%QVH () — vV (z) — ax, —% -V(x)}=0 (2.13)

and also the homogeneous and non-homogeneous solutions, which now is:

V(z)=— x4+ APt + AgzP

T

where A; and As are still to be derived. The major difference are precisely the conditions
that we use to derive A; and A,. Here, for the investment decision, we need to guess another
continuation and stopping regions. Intuitively, to maximize the expected profit one invest
when the initial demand is low, and one exits the market when the initial demand is above
a certain level x*. Thus, the continuation region is C = {x : * < x*}. Therefore in the
stopping region, the value of the firm is —,—l; and in the continuation region V' (x) is solution
of the ODE:

pxV'(z) + %0%2‘/” () =V (z) + (—a)z =0 (2.14)

so our guess is that the solution for the value of the firm is:

— 4 x4+ Ay 4 Ay x < 2
V@):{_Z” oo (2.15)
> x>

Recalling that $; < 0, and since V(0) = 0 then A; = 0. Furthermore, using a similar
approach to the one used for the exit problem, the fit and smooth pasting conditions imply
that:

b a *
— =
_ 7 "y
b(v—p B )
= —— 2.17
a ( v Ba—1 ( )

Similarly to the exit problem, z* is positive as Sy > 1. To prove Ay > 0 we use the
expression for z* in the numerator of A,, obtaining

1

(B2—1)
x*62 Z 0

2|

Ay =



Additionally, z* > 2, meaning that to invest is optimal for values of demand where the
profit flow az — b is positive. To see this, consider (2.14) at z = 2* :

1
—AV (%) + pxV'(x*) + =o*2*V" (2*) + (—a)x* = 0

2
1
ar* —b= 5023:*21/"(95*) (2.18)
To prove that $o22**V"(z*) > 0 note that
— () — a *f2—1 *B2—1 __ a
O—V<I)—_—+A252Z‘ :>A252(L’ = —
T M T H
therefore
a 62 —1

_ _ -1
V”(l‘*) _ A2B2<52 i 1).1‘*/32 2 _ AQ/BQI*BZ 1ﬁ2 o

T* _7—,u T*

Since a > 0 then V" (2*) = o 53;1 > 0, and, in view of (2.18), it holds that 2* > 2.

In the next proposition, we provide the value of the firm

Proposition. V(z) is given by:

V(x) =

ax b

x> ar
Y—H Y -

~ {Aga:BQ cx < x*

where Ay > 0 and z* > £ are given by (2.16) and (2.17) respectively.

Proof. By construction, V(z) is continuous in Rt and with continuous derivative. As
V(z) = V(z) + S, Vo > 0, we need to prove only that V(z) is solution of the HJB
equation (2.13). We omit the proof that V' (z) is the solution of the HJB equation (2.13),
because it is analogous to the exit problem. O

2.2.1 Comparative statics for the investment problem

As for the exit problem for the investment problem we study the influence of the market
expectations, p and o, and the parameters a and b on the decision to invest. Simple
calculations show that:

* 0
Ox :é’y_:u _% >0
do a v (Be—1)27
982
* 1 =4
0" _ bl (2.19)

O ay(B—172 7

where in the first inequality we have used the fact % < 0 and in the second that %—% <0
(see appendix for such proofs). Therefore if o increases, the decision to invest is anticipated

17



whereas if y increases, it is postponed.

Regarding the behaviour of x* with the parameters of the profit function, we have

3:6*:1<7—u Ba )>0

ob a v Pa—1
Ox* :_ﬁ Yk P <0
oa a? v By—1) —

it follows that 2* increases with b (i.e. the decision to invest in the market is postponed if
the profit flow shifts upward) and decreases with the slope.

18



2.3 Changing market problem

We now consider that the firm has the option to switch from one market characterized by
the profit function Il;(z) = a;x — by, to another one characterized by the profit function
IIy(z) = asx — by at time 7. We are assuming that aj,ay > 0, for the same reasons as
before. Simple calculations prove that we may rewrite the functional I(x,7) as follows:

I(x,7) =E, /e'ys(ale —by)ds + /e”s(ang — by)ds (2.20)
LO T
:Ea: /6 7S((L)( — b ds + E / CLQX — bg)d (221)
L0 5
e, b

with a = (Cll — ag) and l; = (b1 — bg)

We will say that II; is more risky than Ily, if a; > as. Moreover, if by > by then II;(z) >
II5(z), and consequently it is never optimal to switch i.e.(T = oo). In order to avoid such
trivial case we choose by > by. Thus a = (a; — ay) > 0 and b= (by — bg) > 0.

This problem can be solved using the results derived in the exit problem, with a and b
given by a and b. Thus the value function for such case is given by:

Lg% 4 cr <ot
Glz) = 7H v ) -
a2 b2 a b — Lx . b_l _.I_ Alajﬁl T > l'*
TTH Y ¥ C =
E a z* ~ ~ ~
where A; = % >0and 2* =& (22281 ) <2 — ¢ Note that ¢ = 2 is precisely the
a v Bi1—1 a a

point where II; and IIy intersect, therefore the value x where the firm should optimally
change from the first market to the second one is smaller or equal to the point where both
markets are equally profitable.

The other relevant case occurs when a; < as, in that case we say that Il; is more risky
than II;. Furthermore, if by < by then II;(x) < IIy(x), therefore we switch immediately,
i.e.r = 0. In order to avoid such trivial case we choose by > b;. Thus @ = (a; —ag) < 0 and
b= (b — by) <0.

This problem can be solved using the results derived in the investment problem, with a
and b given by @ and b. The value function for such case is given by:

AgrP2 4 92 g b2 g
g<x>={2 e

g b cx > ar

=ty
b__a *
=cand Ay = ﬁgz > 0. Therefore the value  where the

ISHIS

v B2—1) =
firm should optimally change from the first market to the second one is larger or equal to

the point where both markets are equally profitable.

where z* = s (V—Wﬂ) >
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When one faces the decision to change from a first market to a second market, besides the
influence of @ = a; — ay and b= by — by ( which follows the same pattern as the dependency
of z* with respect to a and b in the exit and investment problems), it is also interesting to
study how z* varies when we rotate the function II; around Il,, keeping the intersection
point fixed.

The point where IT; and II, intersects is ¢ = bi=bi _ b Then since z* = ° (ﬁHL) = Kc
a1—a2 a a\ v bA—-1 )
where K = 2=£ 51 we conclude that 2* remains the same when we rotate the function

1—17
[T around Il,, keeping the intersection point fixed.
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Chapter 3

Polynomial profit functions

In this section we solve the exit and investment problems for a class of profit functions of
the form a;2% — asx — b. Mathematically, this kind of functions increase the difficulty of
the problem because sometimes we cannot obtain explicitly the threshold x*.

Financially, this kind of function allow us to consider more realistic scenarios as well as
changes of the market with different types of profit functions. We consider a;,ay > 0,
and to avoid a;2% — asx — b changing sign more than once, thus giving us a disconnected
continuation region, or a;x’ — asx — b = 0, thus giving trivial solutions to our problem, we
consider b > 0 and 6 > 1.

3.1 Exit problem

As for the exit problem with affine profit function, simple calculations prove that we may
rewrite the total expected pay-off functional as follows:

T

T b b
b /eﬂ{s (ale — 02X — b) ds| = Eq [/ eﬂs(alxse —apX)ds+e T —| — —
0 g v

0

Therefore V(z) = V(z) — %, with

T

b
V(x) :=sup E, /e‘”s(alee —asXg)ds+e T—| . (3.1)
TES Y
0

Then we may rewrite (3.1) as an exit problem with profit function II(x) = a;2% — apz and

salvage value C' = 2. In order to solve the optimization problem, we start by studying the
corresponding HJB equation:

/ 1 "
max{pzV (z) + 502x2V (z) — vV (z) + a1’ — aym, % —V(x)}=0 (3.2)

As discussed in section (1.3) we assume that E, [ [ e *II(X,)ds] < co. The next result
guarantees that J(z,7) is well defined, and finite for all  and 7.

21



Prop051t10n The condition E, [f e (a1 X! — ax X, )ds] < o0 holds true if and only if
€ [1, 5[

Proof. Using Fubbini’s theorem we have

B, {/ e‘”s(ale — ang)ds} =F, {/ e‘”saleds] - B, {/ e‘”sangds}
0 0 0

:/ e‘”SEx(ang)ds—/ e B, (aaXs)ds
0 0

Using Ito’s Lemma, E,(X?) = 2%ee="% where py = pf + 16260(6 — 1).
Therefore E,[[;° e 7I1(X,)ds] is finite as long as v — p > 0 and v — pig > 0 & —3020% +

(302 — ) + v > 0, which is equivalent to have 6 €]3;, 8s[. For 6 €]3, Bs], if p > 0 then

7 >y —pg>0. And if 4 <0, then v — >0 and v — g > 0. Since f; < 0 < 1 then
E,[[f,” e " TII(X,)ds] is finite as long 6 € [1, Bs]. O

As above, for the linear problems, we first guess the continuation region.
Since II(x) = a12% —asz <0 for 0 <o < oy Z—f, then when the initial demand is low, we

exit the market and gain the salvage cost %. Otherwise, if the demand is high, we remain

in production, earning II(z) per unit time, until time 7. Therefore, the continuation region
for V(x) is C = {z : © > 2*}. We guess that if x < a* then V(x) = % and if x > z* then
V(x) is solution of

1
pzV' (z) + 20 202V (2) = AV (2) + a2 — agr = 0 (3.3)

Equation (3.3) is similar to equation (2.3). In particular the homogeneous part is the same.
A particular solution to (3.3) is Vo(z) = ax? — Bz, therefore

V(z) = az’ — pa 4+ AyaP 4+ Ayx™
is solution to (3.3), with

ay

o=

v —pb — $020(6 — 1)

a2

ﬁ =

T

Therefore we guess that if x > z*
a1x9 a9
V(z) = - + A + Ay

Y—MHe VM

With an argument such as the one used in section (2), we can show that A; = 0.
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So, we propose V(z) defined by

wwz{iﬁ_ e (3.4)

@t 4 AP x>
Y=o A—H

We now determine values for A; and z*, as done before for the linear problems. By the fit
condition

age® _ ar@)’ b
Al — ¢ Y—He Y (35)
@)
and by the smooth condition
f(a*)"! 0 — 1- b
aif(z*)” FBATPT 0o ax ( 51)(96*)9 _ed=8) B _,
YV~ e YK Y~ He VM v
The value of z* is a zero of the polynomial
0 — 1— b
Y — He T H Y

Unfortunately, by Abel Ruffini theorem, f(x) does not have an algebraic solution for all
0 € (1, 5;). Even though we cannot find explicitly the threshold z* we can still find lower
and upper bounds for z*, as we will see next.

Also, we are able to prove that there is a unique positive solution x* to the equation
f(z) = 0. Since the derivative of f(z) is

f(z) = a10(0 — ) 201 ax(1 — Br)
Y He YoM
then f/(x) > 0 for x € [y, 00[, where 27 is the zero of f'(z). Furthermore, as f(0) = 2£ <0

PO
and lim,_,, f(z) = oo, we conclude there is an unique positive solution to the equation
f(z) =0, which we denote by x*.

We now show that y* := 7!/ %VV—__’L—@ is a lower bound of z*.

f(y*) _ al(e - ﬁl)( *)9 . a2(1 - Bl)y* i @

Y — He T H Y
() s O A))
_y( Y He ) T +7

[agy — 1. b
:@1(91 %7 ’uai(l__)_i__)
o y—py—p 00y
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Given that £ < 0 and (1 — 1) > 0, then f(y*) < 0. As f(z) < 0 for x € (0,2*) then

9
* > gx — 0-1/ 02 Y[
r =2y 1/a1977u.

To find an upper bound of z*, first we consider ¢ such that a;c? — asc — b = 0.

As for f(z), the previous equation does not have an algebraic solution V0 € (1, 5;). How-
ever, we can study the function a;2? —a,x—b. After analysing the derivative of a12? —asz—b
we conclude a;2? —ayzr —b<0if z € [0, ¢]. Therefore the following result holds:

Proposition. z* < ¢, where c is such that a;c’ — asc — b = 0.
Proof. Using the fact that V(2*) = % and V'(z*) = 0, one has

’ ]_ "
px*Vo(x*) + 502(:17*)21/ (z*) =V (2*) + a12*® — apz* = 0

1 1"
& art? —aa* — b= —50'2(56*)2‘/ (). (3.7)

To prove that —30?(z*)?V" (2*) < 0 first note that
’ 0/19 [L’*G_l (05}

0=V (%) =
Y — e Y H

@&meJZ_(“ﬂxWJ—‘”). (3.8)
Y~ Mo T M

+ B Az

Therefore

2 Y—Ho

_%02(x*)2vll(x*) _ 1 2(1_*>2 <a16’(971)x*9—2 + 61(61 _ 1)1415(7*’81_2)

"

Considering (3.8) we obtain the following upper limit to —3o?(z*)?V" (z*)

1 20 xN\2y /" [ x 1 2 *2[a19(9_1) *0—2 (51_1)< alg *0—1 a2 ):|
—=o“(z¥)*V (7)) = — =0 (x B _ 2 o
37V @) = - o) | (e
— 102 |:(119(9 - Bl)x*e _ a2(1 — 51)I*:|
2 Y — Ko v—=u
<o {M _ 1= ﬂnﬂ}
2 Y~ He v — i

Given that 0 = f(x*), then

al(e_ﬁl)(x*)e_ &2(1—51)x*: _@ (39)

Y — e Y= p ot
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1"

Therefore, a;z*’ — aga* — b = —30%(2*)2V" (2*) < %02% < 0. Since ayz* — asx* —b <0,
and a;2% — ayx — b < 0 for z € (0,¢), then 2* < ¢ meaning that exit is optimal for values
of demand where the profit flow a;2? — asz — b is negative. n

We now prove the following lemma.

6 6
Lemma 1. -2z — 9 ()" b= L (@l ()0 a g%
T 1o v B1 \ v—He Y—p

Proof.
G1(9 - Bl) (m*)e _ @2(1 - 51):10* B1b

fla*) = T+ 0e
Y — Mo Y M Y

b 1 0
= ( RS (z)’ + —) =—— ( @ (z*)? — @ x*)
Lt N e g B\ — ho VT w

[
Using the previous lemma we have
asx* ay(z*)? b _ 1 [ af (. x\0 _ az *)
A, = 2 S Ty _ A (vw(x e
@) (@)
To prove that A; > 0 we study the function g(z) := —% <%(m)9 - W“fﬂa:) . Since the

derivative of g(z) is _,8% (%(z)e’l - ﬁ) then ¢'(x) > 0 for x € [xq, 0], where 5 is

the positive zero of g'(x). We now show that g(y*) = 0.

MNZ—i(aﬁ(MV a2¢)

v — Ho -

y* a0 \0—1 Qa2 )
&(v—m() Y=

Since g(y*) = 0, x5 < y* < z* and g(x) increases for x > x5 then g(z*) > 0. We conclude
that Al Z 0.

In the next proposition, we provide the value of the firm

Proposition. The solution of the optimal stopping problem defined on (3.1) is given by:

V(z) 0 < xr
T)=93__ a2’  _ ax _ b B . *
y—ub—1020(0-1)  y—n + A >



where Ay > 0 is given by (3.5) and x* € [y*, c| is such that f(z*) = 0, with f(z) given by

(3.6), y* = 7/ %% and ¢ such that a,c? — aze — b = 0.

Proof. By construction, V(x) is continuous in R with continuous derivative. As V(x) =
V(z) — %, Vz > 0, we need to prove only that V(z) is solution of the HJB equation (3.2).
In order to prove such result we follow the following steps

o a2 — apx + paV'(x) + 0%V (x) — 4V (x) <0 for < 2*, with V(z) = %
To see this note that
0 / 1 2,2y 0
a1z’ — agx + pxV'(z) + 30 V'(z) =V (x) = a12” — agx — b

Asz < 2" < cand f(z) <0 for z € [0,c] then a12% — apx — b < 0 for z < z*.
Therefore the result holds.

° (% — V@)) <0 for z > x*, with V(z) = f:i—fjg — % + A,2%. By the fit condition,

the result for x = z* is trivially verified. In order to prove this for x > x*, then

we note that the function % — V(z) is decreasing for # > z*. In fact, by the smooth

condition, the derivative computed at x = z* is equal to 0. As —A;5; > 0 and
/
B1 — 1 <0, then it follows that (% - V(:U)) <0 for z > z*.

Thus we conclude that % —V(z) <0 for x > z*.

3.1.1 Comparative statics for the exit problem

In this section we study the influence of the market expectation of the parameters u, o and
b on the decision to exit.

First we prove that g)ﬂ > 0. Using (3.9) we have

of :a16’(9 — ) 2401 as(1 — f1)
O~ Y — Ho Y= p
>a1(9 — B1) (x*)efl B az(1 — B) _ _5157 > 0.
Y e Y H YTt

We now study how x* varies if p increases. By the implicit derivative theorem, we have

af
92" ou
af
o Fos
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Using Lemma 1 we obtain

of _ a,0(0 — B1) (x*>9 _ b a (z* 0 ax(l1=p1) , 0B ax i 5519

o (v— he)? Oy — e =2 " Topy—p" " oun
- aail (7 — T il,ue @)+ %) i azj(f ;ef;) ) %x
el S ()

To show that % > 0, first we analyse the polynomial
i

a1t9 (—i%—l—e_ﬁl)xe—l— (05} (i@ﬁl_l—ﬁl)x
T He

polz) = BrOw v —pe Bropw v —p

For the moment let’s suppose that a; > as. If # = 1 then using (2.10) we have that

o O b1 a <0.
AL Op e —ayy (B —1)2 T

aaj* > 0, then for 6 =1, % > (. Substituting 0 by 1, in ps(z*) we have

of . 01— a2 LB 1-p *
™ —pl(l’)—_ a - x

0<
~ Ou Y—pu \Brou y—p

As x* > 0, then <1 9 1_ﬂ1> < 0.

B1 o Y—H

To prove that ‘“30 ( m ) > (0 note that

0-B1 _ 0—pB1 _ 2 : : 0—p1 : :
RE = TIees0-m — o (62—9)' Thus the derivative of — with respect to 6 is
02 (,8 (CEER 0. Therefore,

(9—51)2(1—51):>_i351+(9—51)_ 196 (1—/@1)20
Y — Ho Y= p Bi O v —pe Biop  y—p

v—pe \ B op v —pe

We are now in the position to study the polynomial py(x), for any 6 € [1, 55]. Let a* such
that pg(a*) = 0, then
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a_2<_L3i+ ﬁ1> (_L%_I_l—ﬁl)

o = 1 H B o TRy g = 0t az Y — o B1 Au Y—H
af (1081 | 0= a0 v —p 1981 | 6-PB1
Y—He ( B1 O + 'yfue) B1 Op + Y—Heo

Since the derivative of py(x) with respect to x is

: a,0? ( 1<3>51+(9—31)>$9_1+ as (laﬁl (1—51))

Po(w) = v—po \ B0 v — By op v —p

then py(z) is increasing in x, for a fixed @, if z > ag, where aq is such that py'(ag) = 0.
To prove that a* < x*, we show that a* < y*. This is because y* is a lower bound of z*.
Hence, by transitivity, a* < x*. Recalling that

, we have

l%_}_l*ﬁl 1 6/81 + 1-5

(y*) * _Biop Ty ea| @20 T HO By oo %u L
_ 198 | =B 0~ — -
B1 Op T YW "oy == B1 op

To show that 9‘\1/ % < 1, note that

O-p 1=B_ 10k 0-B 10k 1-B

V=g T Y — Br O y—pg — B op  y—p

1081 | 1=p
o-1| B ou Y—p
= 1om L op S b

T B O T y—po

Therefore a* < ¢/ ;12077 ’:f = y* < x*. Since q¢ < a* < z* and py(x) is increasing in z for
a fixed 0, if x > ag, then

of
on’
Given that % > 0 and % > 0, then by the implicit derivative theorem, %—‘i < 0. Thus,

we conclude that x* decreases if p increases.

Now since + 201 — 1= ﬁ L does not depend neither in a; nor in ay then, if ay > a;
B1 Ou Y= )

1081 _ 1-5 oz*
51 on o < 0. Therefore ¥ < 0 for ay > ay.

0 = pp(a”) < pg(a*) =
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We now study how z* varies if ¢ increases. First note that, by the implicit derivative
theorem
of
8:)3* 90

= == 1
5o o (3.10)

Again using Lemma 1, we have

g_if _ (b —(il)ag)(f — 1) (e %7 illue N 8861 va_zux* n fgﬁal%
O () M)
- (2 ()

As above, to show that a—fr > 0, we study the polynomial

a19 _if)ﬂl (9—51)0(6’—1)> 0 a9 <i0/31)
< Bios | v = \Biae ) ”

Since 851 > 0 then —X+ 851 > (. Therefore ( L9654 M) > 0.
B B1 9o Y—Ho

Let b* be a zero of gg(x). Then

1 0p1
* _ Q2 7Y — U _6_% _ Qo 7Y — Mo * *
b:91_ <01— :y <£C
— 198 (0—=B1)o(0(0-1)) — — -
Ml oy = — g G 4 @by —p

Since the derivative of gp(z) with respect to z is

/ 0 10 0 — 0—1 10

g (z) = a1 (__ il . (0 — Bi)a( ))x9+ a2 (_ ﬁ1>
Y=o \ B 0o Y — Mo —p \p1 0o

then gy(x) is increasing in z, for a fixed 6, if 2 > by, where b is such that gy (by) = 0.

Given that by < b* < z* and q@'(a:) >0, if © > by, then

0= at) < aoa”) = 2L

af > 0, then by the implicit derivative theorem, ‘% < 0. We conclude
that :L‘ decreases 1f 0’ increases.

Note that since {: =4 < 0 then % > 0.
Y
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3.2 Investment problem

As for the investment problem with affine profit function, simple calculations prove that
we may rewrite functional J(z,7) as follows:

e 7° (ale — a9 X, — b) ds
(

b
e (—ay X0 + aQXS) ds —e 77T—| + —

/
/

Therefore V(z) = V(z) + £2° — 22 where

Y—Ho Y’

T

b
V(z) :==sup E, /e”“’(—ale +asXs)ds —e T— 1| . (3.11)
TES Y
0

Then the HJB equation for V' (z) is

/ 1 " b
max{puzV () + 5023:2‘/ (2) =V (z) — a12? + agw, — — V(2)} = 0, (3.12)
fy
where II(z) = —a;2? + ao is the running cost and C = —2 is the terminal cost.

As in the case of affine profit functions, comparing (3.1) with (3.11), we conclude that the
problem of investment is similar to the exit problem, where only the signs of a;, as and b
need to be changed. The main difference comes from the fact that the continuation region
for the investment problem is not the same as the continuation region for the exit problem.

To see this note that since II(z) > 0 for 0 < x < o Z—f, then one invests in the market

when the initial demand is low, and one exits the market when the initial demand is above
a certain level x*. Therefore, the continuation region for V(x) is C = {z : © < z*}. We
conclude that for the stopping region V' (z) = —% and in the continuation region the value
function is solution of the ODE:

/ 1 1"
pxV (z) + 50%2\/ (z) =V (z) — a1’ + agr = 0 (3.13)

After some calculations we propose V(z), for 6 € [1, Bs[, to be

Vie)=q2 e (3.14)

{ﬂ _ ma? + AP i x < a*
5

We now determine values for Ay and z*. By the fit condition

ax(z*)? azx* b
Y—He Y Y

= +A2!L‘*ﬁ2 :AQ = < 3
YooY —H Y He P

b ayr” ar(z*)°
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and by the smooth condition

as a10(x*)" !
T Y Mo

a  af(@)’! 5 (al(x*)el as b > 0

+ Badpz* ™t = 0

=

YK 7~ He Y—He Y- B T
a1 (B2 — 0)

o m*@_a2<62_1)x*_@
Y~ Mo Y M g

=0.

The value of x* is a zero of the polynomial
f(z) = ay (B2 —0) (x)g _ as(By — 1)x . @
Y — Mo Y= o
Thus the investment threshold z* is the zero of f(x) which cannot be found analytically.
Following the same approach as for the exit problem, we first prove that there is a unique
positive solution x* to the equation f(z) = 0. Since the derivative of f(x) is

/ a10(5s — 0 1 as(fBy—1

o) = @0B=0) yomr a2(B= 1)
Y — He YoM

then f'(z) > 0 for z € [x1, 00[, where 2, is the zero of f'(x). Furthermore f(0) = —%’ <0

and lim, ., f(z) = 0o, we conclude that there is a unique positive solution to the equation

f(x) =0, which we denote by z*.

(3.16)

We now show that y* := 7/ Z—f%% is a lower bound of z*. First note that

al(ﬂ? - ‘9)

*\ *9_a2<62_1) *_ﬁ2b
f@)——;tEj@) . VT
_ ai(Ba —0) *0—1_02@2—1)}_526:_525 0
y{ v — Mo ) V= p v 5 =Y

Given that f(y*) <0 and f(z) <0 if x € (0,27) then 2* > y* = /22140 ol

Since v — pg = —50°(0 — $1)(0 — fB2) then y* = 07\1/ Z_ffigi

We note that the lower bound for the investment problem is greater or equal than the
lower bound for the exit problem.

Proposition. z* > ¢ where ¢ is such that a1c? — asc — b = 0. Meaning that investment is
optimal for values of demand where the profit flow a12% — asx — b is positive.
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Proof. We omit the proof because it is analogous to the proof for the exit problem. O

We now prove the following lemma

a *\0 a * b __ 1 a * aif *\0
Lemma 2. —#-(z*)" — sttt S =g <ﬁ9§ — 2 (7) >
Proof.
f( *) _ a/l(/BZ_e)( *)9 a2(ﬁ2_1)x* /826 —O
Y — He YoM g
b 1 0
- ( il ($*)9 _ a_Q T — _) - = |: a_2 * — CL_1 (LU*)Q:|
Y — Ho iy Y Pa |y — Y — Ho
]
Using the previous lemma, we can now prove that Ay > 0.
ay (z*)° asx* b _ 1 |lag ok a1l (x\0
= etk = kS [ = 5 )
L ()"
Studying the function g(z) := —é <7“TQ#$ — %xﬁ , we can show that g(2*) > 0. Since
the derivative of g(z) is —é (% - ;’i—‘i)xg_l) then ¢'(xz) > 0 for x € [x9, 00] where z5 is

the positive zero of ¢'(x). As g(y*) = ?YQ_y; 52’_10 >0, zo < y* < z*, then g(a*) > g(y*) > 0.
We thus conclude that 45 > 0.

In the next proposition, we provide the value of the firm.

Proposition. V(z)is given by:

. Ay r < a*
V(IE) = a1x9 __asx b T > .I‘*
y—pb—5020(0-1)  y—p Y =&

where Ay > 0 is given by (3.15) and x* > y* is such that f(x*) = 0, with f(x) given by
(3.16), y* = °7/ 2 =0

Proof. By construction, V(z) is continuous in R* with continuous derivative. As V(z) =
6

V(z)+ w@_“j—;e(g_l) — 227, Vo > 0, we need to prove only that V(z) is solution of the HJB
2
equation (3.12). We omit that V'(x) is the solution of the HJB equation (3.12), because

the proof is analogous to the exit problem. O
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3.2.1 Comparative statics for the investment problem

In this section we study the influence of the market expectations, p and o, and the param-
eters b on the decision to invest.

We begin by studying how z* varies if p and o increase, when b = 0. If b = 0 then
¥ =c 9‘%/% = y* where ¢ = o} Z—f In this case we can solve x* analytically, and

therefore the comparative statics follows easily. Since %—% < 0, then

oz 1 (9—51>ei1—1aﬁl 6-1 _,
= C S —
o 0—1\1-75 op (1= 1) —
and, given that % >.0 then
o> 1 (0—B N\ 08 0-1 -
=c —_— .
80’ f—1 1—&1 80’(1—51)2_
Now if b > 0, using the implicit derivative theorem, we have
or* %
— = -3
ol L
To prove that 88 :f* > 0, note that
0f _ai0(8 —0) () — az(f2 — 1)
O~ Y — Ho Y i
201(52 —9) 25071 az(B2 — 1) _ Bab > 0.

v — Mo Yl yrr o

By Lemma 2, we have

Of _aif(Ba=0) o 08 a1 o @Bf-1) . 0B a . 0OBb

T - T — —
O (v — o) 8#7—/@( (v — p)? owy—p  Ouny
a0 <1aﬁ2 ﬁ2—9> o\ 0 a2 (1352 52—1) *
= > =+ rT) — - + x
v—tg \ B2 Opr v — o (@) Y= \B2 O y—p

To show that % > 0, first we analyse the polynomial
i

oola) i 2 (iaﬂz+ﬁz—9)x9_ a; (i352+52_1)$
oy —pe \Bo Oy — Y= \B O  y—p

For the moment let’s suppose that a; > ay. We saw, by (2.19), that if § = 1 then
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_%:aﬂ: b1 G <0.
S Op ar—axy(Be—1)2 7

Since 2L > 0, then for 6 = 1, g—i > 0. Substituting € by 1, in py(x*) we have

693*_
of . a1—a2(1852 52—1) X
0< — =pi(x¥) = — + xr.
Ot |g—y P Y—p \Pe O  v—p

Therefore, since 2* > 0, then

1 9B, ﬁ2_1>02>— as <i852+52—1><0.

__+ >
Bo O v —p Y= \B20u y—n

If % (ﬁ%%—% + %) were negative then pg(x) < 0, V. But since, for b = 0, y* = z* and

dx* of
a—igO,theHOS@

; = po(y*), thus

a0 <i352+52—0>207
v— g \ B2 Opr ¥ — o

b=

which contradicts the statement that -2 (L1952 4 =01} <,
Y—re \ B2 Op Y—Ho

Therefore one needs to study the behaviour of py(x), in order to prove that g—i > 0. The
derivative of py(x) is given by:

/ 62 10 — 6 10 —1

pg(x) _ ai (_ 52 4 /32 ) xg,l _ a2 <_ /32 i 52 >
V= o \ P2 O v — po Y= \B2 Oy —p

Thus py'(z) > 0 if # > ag where ag such that py (ag) = 0. Therefore 0 < py(y*) < po(z*) =
of
o’

Given that % > 0 and ? > 0, then by the implicit derivative theorem, % < 0. We
. "

conclude that z* decreases if 1 increases. Now since —V“f“ (é%—% + %::) does not depend

on a; and as then, if as > a4, _va—Qu (i% + ’iQ__Ml) < 0. Therefore, % < 0 for as > ay.

Again using the implicit derivative theorem we have

ox* %
— = g7 3.17
i (3.17)

Using Lemma 2 we have
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ﬁ_al(ﬁz—ma(@(@—l)) oo 0B a oo 00 ax . OB b
do (v — 10)? ) B v—ue(x) doy—p' 9oy
_ wmf [(19p (52_9)0(9_1)> N (ia@) "
_7—M0(5230+ v — Hg (") v —pu \ B2 Oo v

As above, to show that g—fr < 0, we study the polynomial

0.0 <iaﬁ2+(52—9)0(9—1))x9_ a <1352)x.

¥ — po \ P2 0o Y — Mg v =\ B do

qo(x) ==

Since 83 > 0 and aa% <0, then —ﬁé% > 0.

If 7“%36 (é% + W) were positive then gg(x) > 0, Va. But since for b = 0, y* =

ox* of _ a6 1 98 (B2=0)o(6—1) ;
r* and %> > 0 then 0 > %‘bzo = qo(y*), thus -2 <5—28—; —i—%_—/ﬁg) < 0, which

contradicts the statement that ~4% (i% + M) > 0.
Y—Ho \ B2 Oc Y—He

Therefore one needs to study the behaviour of gg(x), in order to prove that % < 0. The
derivative of gg(x) is given by:

) 62 1 —0)o(f—1 1
@ (x) = (—662+(ﬁ2 Jo )>x91— = (—862)
Y — o \ B2 Oo Y — Mg Y —p \ P2 0o
Thus g (v) < 0 if 2 > by, where by is such that gy’ (by) = 0. Therefore 0 > gq(y*) >
qo(z*) = %.
Since 88;1 > 0 and % < 0, then by the implicit derivative theorem, % > 0. We conclude

that z* increases if o increases.

Note that since % =B < 0 then % > 0.
v
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3.3 Changing market problem

In this section first we consider that the firm has the option to switch from one market
characterized by a monomial profit function I1; (x) = a4 2% —by, to another one characterized
by a linear profit function Ily(z) = asx — by, at time 7. We are assuming that a;, as > 0.
To avoid II; (x) intersects more than once or intersect Ily(x), we assume by > bo.

Simple calculations prove that we may rewrite the functional /(z, 7) as follows:

I(x,7) =E, /e‘”s(ale —by)ds + /e‘”s(ang — by)ds (3.18)
0 T

=F, / e (ay X% — as Xy — (b1 — by))ds | + E, / e " (ag X, — bo)ds| (3.19)
0 0

- N /
-~

=92 ,_ b

YK v

This problem can be solved using the results derived in the exit problem with polynomial
profit functions, with b = b; — by. Thus the value function for such case is given by:

a2_p b2 < at
Glz) =4 7" ¥

—a a0 by AP > g

Y—po v =

aga* _aj(@d)? | by —by
where A; = ~——H—7— > 0 and * < ¢ is such that f(z*) = 0, with f(x) given
by (3.6), and ¢ such that II;(c) = IIz(c). Note that ¢ is precisely the point where II; and
I, intersect, therefore the value x where the firm should optimally change from the first
market to the second one is smaller or equal to the point where both markets are equally

profitable.

Now we consider that the firm has the option to switch from one market characterized by a
linear profit function II; () = a1z — by, to another one characterized by a monomial profit
function Ily(z) = asx? — by at time 7. Again we are assuming that a;,as > 0. To avoid
I1; (z) intersects more than once or does not intersect Ily(x) we assume by < bs.
Simple calculations prove that we may rewrite the functional I(z, 7) as follows:

T o0

I(z,7) = FE, /e‘”(alXS —ayX? + (by — b1))ds | + E /e‘”s(ang —by)ds
0 0
:“72\;6_17*2
Y—Ho Y
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Therefore this problem can be solved using the results derived in the investment problem
with polynomial profit function, with b = by — b;. Thus the value function for such case is
given by:

Y= v
_az .0 _ by
Y—o ¥

o) AgaPo 4 0101 g g
€Tr) =
x>t

a2(x*)0 alx* (bg—bq)

where Ay = —*—T5——=— > (0 and 2* > c is such that f(z*) = 0, with f(x) given
by (3.16), and ¢ such that II;(¢) = IIy(c). Therefore the value z where the firm should
optimally change from the first market to the second one is larger or equal to the point

where both markets are equally profitable.
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Chapter 4

Conclusion

In this work we analysed three profit maximization problems: the ”exit problem”, the
“investment problem” and the ”changing market problem”. We assumed that the mar-
ket demand followed a Geometric Brownian Motion. We solved the exit and investment
problems for a class of profit functions of the form Il(z) = a;2? — asz — b. Using the
Hamilton-Jacobi-Bellman equation, first we found the value function for the exit problem.
Even though the exit threshold could not be calculated analytically, we determined an
upper and lower bound. We then presented comparative statistics with respect to the
drift and the volatility and concluded that if the drift or the volatility of the uncertainty
process X increases, then the decision to exit the market is postponed. We then deter-
mined the value function for the investment problem. In this case we could only calculate
a lower bound for the investment threshold. Again we presented comparative statistics
with respect to the drift and the volatility and concluded that if the volatility increases,
the decision to invest is anticipated whereas if the drift increases, it is postponed. Using
the results derived in the exit problem we calculated the value function for the changing
market problem of a firm that has the option to switch from one market characterised by
a monomial profit function to a market characterised by a linear profit function. We then
presented comparative statistics with respect to the drift (denoted by p) and the volatility
(denoted by o) and concluded that the influence of p and o of the uncertainty process
X, follows the same pattern as the dependency of x* with respect to p and o in the exit
problem. Conversely, we calculated the value function for the changing market problem
of a firm that has the option to switch from one market characterised by a linear profit
function to a market characterised by a monomial profit function. Again we presented
comparative statistics with respect to p and ¢ and concluded that the influence of 1 and
o of the uncertainty process X, follows the same pattern as the dependency of x* with
respect to p and o in the investment problem.
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Appendix

Properties of (;

In this last section we study some properties of 3; and Ss.
Let P(t) = 30%* + (1 — 20%)t —~. Then $; and 3, are zeros of P(t).
First we study how [, varies if we increase o. Using the implicit derivative theorem we

have: op
% _ o0 _ 0B — b _ ob(Br — 1) >0
do g; 021+ (u— Lo?) \/(# — 102)2 4 202 -

We now study how f; varies if we increase p. Using the implicit derivative theorem we
have:

oP
O _ _ow _ B _ B
T RN PRy R

Properties of [

Lemma 3. 5 > 1 for all o and pu.

Proof.
—(p—30%) + \/(M 302 + 207y
Y2 p= = =
—(p—307) + \/(u 50%)2 + 2071
—(p—20%) + /(1 + 30%)?
—(p— 30+ (n+30%) o’

First we study how [, varies if we increase o. Using the implicit derivative theorem we
have: op
0B 5 _ ofs —ofs Ba(B2 — 1) <0
- T op — - =Y
0o g Rt k-i) \/(u—% 2)2 4 202

We now study how [ varies if we increase p. Using the implicit derivative theorem we
have:

oP

962 _ _ow _ P = _ Pa <0.

on & B+ (n—50%) \/(u — 102)2 4 202y

40



