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Weak KAM and Aubry—Mather theories in an optimal switching
setting

Abstract

Dynamical systems defined by Tonelli Lagrangians have been the object of ex-
tensive study. In this direction, there is a deep connection between the classical
calculus of variations problem and aspects of the weak KAM and Aubry—Mather
theories, whence an extremely beautiful theory can be formulated. Such formu-
lation is a combination of results that have been introduced by P.L. Lions, G.
Papanicolaou, S.R.S. Varadhan, A. Fathi, J. Mather, R. Mané, among others.

In this thesis, we extend a number of concepts of this known theory to the case
where an optimal switching system is considered. Roughly speaking, an optimal
switching problem consists of finding trajectories of a system whose dynamics can
be conveniently modified by switching between different settings or “modes”, in
order to minimize an action functional.

We mainly consider two issues: the analysis of the calculus of variations prob-
lem and the study of a generalized weak KAM-type theorem for solutions of a
weakly coupled systems of Hamilton—Jacobi equations. Our results include the
existence and regularity of action minimizers as well as necessary conditions for
minimality, and an extension of Fathi’s weak KAM theorem. These can be ap-
plied to obtain a third result, namely, the long time behavior of solutions of the

time—dependent system.

Keywords: Calculus of variations, dynamical systems, partial differential
equations, optimal switching problems, weakly coupled systems, Hamilton—Jacobi
equations, weak KAM theory, Aubry—Mather theory, quasivariational inequalities,

viscosity solutions.
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Teorias KAM fraca e de Aubry—Mather em um sistema de comutacao
otimo
Diego Marcon Farias
Doutoramento em Matematica
Orientador: Doutor Diogo Gomes
Co-Orientador: Doutor Alessio Figalli

Resumo

Sistemas dinamicos definidos a partir de Lagrangianos de Tonelli tém sido
intensivamente estudados. Nesta direcao, existe uma conexao profunda entre o
problema cldssico do cédlculo de variacoes e aspectos das teorias KAM fraca e
de Aubry—Mather, de onde uma teoria deslumbrante pode ser formulada. Tal
formulagao é uma combinacao de resultados introduzidos por P.L. Lions, G. Pa-
panicolaou, S.R.S. Varadhan, A. Fathi, J. Mather, R. Mané, entre outros.

Nesta tese, estendemos alguns conceitos desta teoria ja conhecida para o caso
onde um sistema de comutagao 6timo é considerado. Grosseiramente falando, um
problema de comutacao 6timo consiste em encontrar trajetorias étimas em um
sistema onde a dinamica pode ser convenientemente modificada por comutacgao de
estados ou modos, de tal maneira que a agao de certo funcional seja minimizada.

Consideramos principalmente duas questoes: a andlise do problema do céalculo
de variagoes e o estudo de um teorema do tipo KAM fraco para solugoes de um
sistema fracamente acoplado de equagoes de Hamilton—Jacobi associado. Nossos
resultados incluem a existéncia e a regularidade de minimizantes para a agao,
condicoes necessarias para minimalidade e uma extensao do Teorema KAM fraco
de Fathi. Estes sao entao aplicados para a obtencao de um terceiro resultado, a
saber, o comportamento assimptotico de solucoes do sistema com dependéncia do

tempo.

Palavras-chave: Célculo de variagoes, sistemas dinamicos, equagoes difer-
enciais parciais, problema de comutacao 6timo, sistemas fracamente acoplados,
equacoes de Hamilton—Jacobi, teoria KAM fraca, teoria de Aubry—Mather, de-

sigualdades quasivariacionais, solugoes de viscosidade.
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Chapter 1

Introduction

1.1 Overview

Dynamical systems defined by Tonelli Lagrangians have been the object of exten-
sive study. Of particular interest is the existing connection between the calculus
of variations and both the weak KAM and Aubry-Mather theories.

In the calculus of variations, a Lagrangian L : TM — R is a function defined
on the vector bundle T'M of a smooth manifold M, and its action functional L,
defined on the set of absolutely continuous curves 7 : [a,b] — M, a < b, is given
by

L() = / L(7.4) ds.

In 1940, Leonida Tonelli [26] proved the existence of an absolutely continuous
minimizer of the action L, under fixed boundary conditions, that is, he proved
the existence of v € AC([a,b]; M)' for which L(y) < L(«), for all curves a €
AC([a,b]; M) with the same endpoints. Tonelli’s method is currently known as
the direct method in the calculus of variations. Regularity of minimizers and

necessary conditions for minimality were already known:

1. Minimizers are not only absolutely continuous, but of class C?. Furthermore,

'We denote by AC([a,b]; M) the set of absolutely continuous curves « : [a,b] — M, see
Chapter 2 below.



they satisfy the Euler—Lagrange equation
d 0L . oL . .
H 5 6050)] = S 60.50), )

More generally, minimizers have as many derivatives as the Lagrangian.

2. The energy of the system is conserved along a minimizer, that is,

E((t),4(t) = g—i(v(t)ﬁ(t)) () = L((1), 4(1))

1s constant in .

More recent are the weak KAM and the Aubry—Mather theories. The weak KAM
theory deals with finding solutions u : M — R of the stationary Hamilton—-Jacobi
equation

H(x, du(x)) =c¢, Vo € M,

where H : T*M — R is the Hamiltonian associated to the Lagrangian L by the
Legendre—Fenchel duality

H(z,p) = sup {p(v)— L(z,v)},
veET, M
and ¢ € R a constant to be specified. In 1997, Albert Fathi [13] proved the

following.

Theorem 1 (Weak KAM). There exists a unique ¢y € R such that the Hamilton—
Jacobi equation

H (z,dug(z)) = co, Yz € M, (1.1)
admits a viscosity solution® uy : M — R.

Theorem 1 has been proved in a slightly different form by Pierre-Louis Lions,
George Papanicolaou, and Srinivasa Varadhan [20], in the case M = T, using
a different method (namely, they used discounted infinite horizon costs together

with a stability result for viscosity solutions of Hamilton—Jacobi equations). In the

2See Definition 17, in Chapter 2, for the definition of viscosity solutions of (1.1).

2



general case, Fathi obtains the solution uy by looking at the long—time behavior

of the Lax—Oleinik semigroup

Tyu(zx) := inf {u(’y(O)) + /Ot (L(’y, A) + co) ds : .

y € AC(0, 1) M), (1) = }

where ¢y € R is the smallest constant for which (1.1) admits a subsolution. More
precisely, he proves that, for a particular function u, the semigroup 7T;u converges,
as t — 400, to a limit uy that is a solution of (1.1).

On the other hand, the Aubry—Mather theory attempts to understand prop-
erties of solutions and subsolutions through the analysis of invariant objects, like
the Aubry set, the Mather set, and Mather measures.

Let usset hy : M x M — R,

hi(z,y) = inf( )=y/o L(v(s),7(s)) ds.

7(0)=z, ~(t

Then, the projected Aubry set A, first introduced by John Mather [24] in 1991, is
the set
A= {x e M; hrtnzbnf {hi(z,2) + cot} = O}.

The set A is nonempty, and satisfies many useful properties. We list some of them

in the following theorem.
Theorem 2. The projected Aubry set A is nonempty, and it satisfies:

1. (Fathi [15]) If two solutions of (1.1) coincide on the Aubry set A, then they

coincide everywhere on M.

2. (Fathi-Siconolfi [17]) Every subsolution uw : M — R of (1.1) is differentiable
on the projected Aubry set A. Moreover, there exists a C* subsolution v of
(1.1) that coincides with u on A and it is a strict subsolution on M\.A.

3. (Bernard [3]) Given a subsolution u of (1.1), there exists a subsolution v €

OY! that coincides with u on A, and it is strict outside A.

3



4. (Mather [23]) If x € A and u is a subsolution of (1.1), then the differential

du(z) is independent of w. Moreover, the map
reA—du(z) e TyM

18 Lipschitz.

It is classical that if a viscosity subsolutions of (1.1) is differentiable at a point
x € M, then H(z,du(z)) < co. Therefore, when we write that v is a strict

subsolution on M\.A above, we simply mean the pointwise relation
H(z,dv(z)) < co, Yo € M\ A

To define the Mather set, we first need a couple of definitions (see also Chapter
2, §2.7). A holonomic probability measure is a probability measure p € P(TM)
such that

/TM do(z) - v du(z,v) =0, ¥ ¢ € C1(M).

We write € ‘H. Following Mather [23] and Mané [22], we wish to minimize the

relaxed action functional

ps L = / L) due.)

among all holonomic probability measures u € H. It is possible to show that

inf L{u] = —c

ieH 1] 0

and that minimizing measures exist, that is, that the infimum above is in fact a
minimum. The Mather set M is then defined as

M = U supppu C T M. (1.3)

L{p]==co

It can be shown that the projected Mather set M := 7(M) is contained in the
projected Aubry set A defined above, and an analogous of Theorem 2 holds true
on M



By taking advantage of these properties of the Mather set, a general asymptotic
result for the Lax—Oleinik semigroup can be proven. For example, Fathi [14] proved

the following:

Theorem 3. Given ug € C(M), the Lax—Oleinik semigroup Tyug converges, as
t — oo to a critical solution v € C(M) of

H(z,du(z)) = co.

This theorem also describes the asymptotic behavior of solutions to the dy-
namical Hamilton—Jacobi equation. In fact, just observe that given uy € C(M),

the Lax-Oleinik semigroup v(t, z) := Tiug(x) is a viscosity solution of

Oo(t,z) + H(z,0,v(t,z)) =0, on RT x M. (1.4)

1.2 Main results

In this thesis, we extend the previous results to the case where an optimal switching
setting is considered. An optimal switching problem consists of finding trajectories
of a system whose dynamics can be conveniently modified by switching between a
number of different settings or “modes”. Switching from one mode to another is
always allowed; however, at every switch, a positive switching cost is incurred. In

this way, we are led to minimize a generalized action of the form

Thvol= [ Lidna) ds+ 3 wlom. o), (15)

where L : TM x Z — R is such that L(-,-,i) : TM — R is a Tonelli Lagrangian,
o :[0,t] — Z determines the modes at every instant of [0,¢], and ) : Z xZ — R
is a positive switching cost (for more precise definitions, see Chapter 3 below).
The interest in optimal switching problems and its relation with viscosity so-
lutions comes back to 1984, when Italo Capuzzo—Dolcetta and Lawrence Evans [6]
extend the notion of viscosity solution to these systems and prove that the value
functions are in fact viscosity solutions of a weakly coupled system of Hamilton—

Jacobi equations. Apparently, the problem was motivated by a variant of a stochas-



tic problem considered by Lawrence Evans and Avner Friedman [12], where the
solution of a Bellman equation is found as the limit of solutions of certain systems
of nonlinear equations. Capuzzo-Dolcetta and Evans were motivated by earlier
works of S.A. Belbas, and 1. Capuzzo Dolcetta, M. Matzeu, J.L. Menaldi (see, for
instance [7, 2]).

We consider the following problems:

1. The calculus of variations problem associated to minimizing the action func-
tional J: We study the existence of minimizers of the action as well as gen-
eralized necessary conditions for minimality, and a conservation of energy

principle.

2. Weak KAM-type theorem for solutions of the system: Is it possible to obtain

a version of Fathi’s weak KAM theorem for this case?

3. A generalized Aubry—Mather theory associated to the system of Hamilton—
Jacobi equations: We are interested in the extension of the concepts of the
Aubry set, regular subsolutions, holonomic and minimizing measures, and,

of course, its relation with some sort of critical value.

We spend the rest of this section stating our main results. We prove both
the existence and the regularity of minimizers of the action of . Although the
optimal switching problem has been studied for about 30 years, and the existence
of minimizers for such problems so naturally arises, we were unable to find such
result in the literature. In our method, the only extra assumption we require in
the m Tonelli Lagrangians is a uniform superlinearity®. We also obtain regularity

in space for minima. We prove:

Theorem 4. AssumeZ = {1,...,m} is finite. Then, for every x,y € M, we have
existence of minimizers for the action: there exists v = (yar,vz) € AC X P with

Y (0) = 2, yar(t) =y such that
Tl = inf {Jifa] 5 an(0) =z, am(t) = y}.

Moreover,

3See assumptions A1-A5 in Chapter 3



1. Minimizers are of class C*(M), meaning vy € C*(M), and solve the Euler—

La-grange equation

éé %%(WM<Q,7M(sva@>) =:%§(7M<$,WM<$,wﬂs» (1.6)

in [0,t]\{t1,...,tn}, where ty’s are the discontinuity points of vz,
2. Along a minimizing curve, the (generalized) energy functional is conserved:

Bom(a) ), 95(5) = G (o), ) 30) )

— L(vm(s), Am(s),7z(s))

is constant in [0,t].

Next, we describe properties of the associated value functions. These value
functions solve, in the viscosity sense, a system of Hamilton—Jacobi equations of
the form [6, 19]

max {Hi(x, du;(x)), max {u;(z) — u;(z) — ¢(m,i,j)}} =0,Viel (1.8)

zeM j#i

One of our main results is a weak KAM-type theorem, analogue to the one in

Fathi [13], to the optimal switching setting. We have:
Theorem 5. There exists a unique constant cy € R satisfying:

(1) The equation

max {Hi(a:,dui(:c)) — Co, max {ui(z) — uj(x) — w(az,z’,j)}} =0, VieZ,
(1.9)

admits a viscosity solution u : M X T — R;

(13) For any c € R for which (1.9) admits a subsolution with ¢y replaced by c, we

have ¢ > cy.

We prove Theorem 5 by extending Fathi’s idea of looking at the long time

behavior of a generalized Lax-Oleinik semigroup we define*. Additionally, we

4We learned that Lax—Oleinik operators for similar problems have been considered before [1].

7



obtain a regularity result for solutions of the system, in the same spirit of Bernard’s
Theorem [3]. For this matter, we need a notion of a projected Aubry set in the
optimal switching setting, which we formulate essentially in the same way it has
already been defined by Gomes-Serra [19].

We define the projected Aubry set similarly to [19], and we prove he following

theorem:
Theorem 6. The Aubry set A C M x T satisfies the following properties:

1. For any A = (x,1) € A, there ezists a curve v : R — A with v(0) = A such
that, for any subsolution v : M x T — R of (1.9), and all t; < ts,

u(r(t) = u((t) = [ L(a(5) () 22() ds

t1

+ Z O (v (sr41), 72 (s8), vz (S841)) »

where the sum above is taken for all k such that t; < s < ts.

2. Suppose u is a subsolution and w is a supersolution of (1.9), and that u < w
on A. Thenu <w in M xT.

1.3 Structure of the thesis

In Chapter 2, we describe carefully the classical calculus of variations theory in
dimension 1, including the existence of minimizers, the Euler—Lagrange equations,
and the conservation of energy principle. We also describe the connection that the
Legendre-Fenchel transform provides between the value function and the viscosity
solutions of Hamilton—Jacobi equations, including Fathi’s weak KAM theorem.
Then, we define elements of the Aubry—Mather theory and show how to obtain
subsolutions that are regular in the Aubry set. No results in this chapter are new.

Next, in Chapter 3, we proceed to the description of the optimal switching
problem. We prove the existence and regularity of minimizers for a class of “uni-
formly” Tonelli Lagrangians. A first property of the cost function is also proven,

namely, the local semiconcavity.



In Chapter 4, we define the Lax—Oleinik semigroup associate to the system
(1.9), and the generalized Weak KAM Theorem. At the end of the chapter, we
define the Aubry set and prove Theorem 6.

In Chapter 5 we obtain asymptotic limits of solutions to the dynamical Hamil-
ton—Jacobi system.

Finally, in Chapter 6, we discuss further topics we will present in a future work.

At the end of this thesis, we also have two appendices. In Appendix A we state
and prove Tonelli’s Existence Theorem of the calculus of variations. In Appendix

B we provide a short introduction on semiconvex and semiconcave functions.
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Chapter 2

Classical Theory

The purpose of this chapter is to recall the concepts that, in a way or another,
will be studied in the later chapters for switching problems. For the convenience
of the reader, we make the presentation as self-contained as possible; in the few

places where no proof is given, we provide appropriate references.

To begin with, we define Tonelli Lagrangians and its associated action func-
tional in Section 2.1. Next, in Section 2.2, we state Tonelli’s Existence Theorem
of action minimizers (a proof is postponed to Appendix A), and we prove that
they satisfy the Euler—-Lagrange equations, that in turn gives us regularity of min-
imizers. Then, in Section 2.3, we use the Legendre—Fenchel duality to define the
Hamiltonian, and we prove the conservation of energy principle. In Section 2.4 we
present Fathi’s Weak KAM Theorem, and explain the ideas behind Fathi’s proof.
The existence of C'*! subsolutions is proved in Section 2.5. Next, we proceed to
define the main elements of the Aubry-Mather theory in Sections 2.6 and 2.7.
Finally, in Section 2.8, we show that weak KAM solutions can be obtained as
the asymptotic limit of Lax—Oleinik solutions of time—dependent Hamilton—Jacobi

equations.

11



2.1 Definitions and examples

Throughout this thesis, M denotes a complete differentiable manifold and T'M its
tangent bundle. We call L : TM — R a Lagrangian and

0= Tush) = [ L(3(5),3(5)) ds

its action over an absolutely continuous curve v : [a,b] — M. We assume L is
bounded below and continuous, so that the action is well-defined with values in
R U {+o00}.

By action minimizer we understand a curve 7 : [a, b] — M satisfying J,5[7] <
Japla], for any absolutely continuous curve « : [a,b] — M with the same end-
points. As we have already mentioned in the introduction, Tonelli’s theory [26]
proves to be very efficient in finding an action minimizer, whence it is fair that the

following definition carries his name.

Definition 7. (Tonelli Lagrangian) We say that L : TM — R is a Tonelli La-

grangian if it satisfies the following four conditions:

1. L is of class C*(TM);

2. The second order derivative %L(w, v) is positive definite, for every (z,v) €
TM;

’

3. There exist g, a complete Riemannian metric, and a constant C' > 0 such
that
[oll, = C < Lz, v),

for any v € T, M, where ||v||, := \/g(v,v), for (z,v) € TM;

4. Superlinear in the fibers above compact subsets: For every compact K C M,
and for every constant A > 0, there exists a constant C' € R, depending on
K and on A, such that

L(z,v) > Al|,+C, forallz € K, ve T,M

Next, we provide a few examples of Tonelli Lagrangians

12



Example 8. Given a complete smooth Riemannian metric g on M, we define the

quadratic (or Riemannian) Lagrangian as

L2

L == :

(@,0) = 5 ol
Example 9. If a metric is given on M, as in Example 8, and a potential U €
C?, U > —(C, is added to the quadratic Lagrangian, we again obtain a Tonelli

Lagrangian, that is known as the mechanical Lagrangian

1
L(z,v) = 5 o] + U(x).
Example 10. Another example was introduced by Ricardo Mané [21]: Given a
C? vector field X, set

L(w,v) = v~ X(x)]l;

T

2.2 Existence and regularity of minimizers

In this section we prove the existence of minimizers for the action of a Tonelli

Lagrangian.

Theorem 11 (Existence of action minimizers). Assume L : TM — R is a
Tonelli Lagrangian. Then, there exists a minimizer of the action J; under fized
endpoints condition. More precisely, given a < b and x,y € M, there exists
v € AC([a,b]; M), with v(a) = x, v(b) = y satisfying

Tl < Filal,

for all o € AC(la,bl; M) with a(a) = x, a(b) = y.

Proof. We provide a proof of this theorem in Appendix A. The proof follows the

direct method in the calculus of variations. See also [4, 15]. O

Remark 12. We observe that L being a Tonelli Lagrangian is more than necessary
in order to prove the existence of minimizers, like in Theorem 11. Indeed, L does

not even need to be C*. For instance, if we assume the following:

13



(i) L and OL/Ov continuous;
(7i) L(z,-) convex, for each fixed x;
(737) L has superlinear growth,
then a minimizer exists. For a proof of this result, see [4, Theorem 3.7].

Next, we prove that minimizers of the action satisfy the Euler-Lagrange equa-
tions. The proof is standard and can be found in different textbooks (see, for
instance, [4, 15]).

Theorem 13 (Euler-Lagrange equations and regularity). If L : TM — R is a

Tonelli Lagrangian, and v : [a,b] — M is an action minimizer, then vy is C* and

it satisfies (in coordinates) the Euler-Lagrange equation

50w = SE60.50) 1)
for allt € [a,b].

Proof. Assume + is minimizing. Then, it is Lipschitz (see [8]). Let h : [a,b] — M
be C', with h(a) = 0, h(b) = 0. Then, since v is minimizing

b . 1 . b
0< J[Wrd;] —Jh] _/ L(7+6h,7+€€h) — L(v,9) ::/ fes) (22)
Since oL oL

f(€78)_>%(7a7)h+%(777)h7 a.e. ase — 0

and
|f(e,s)| < K|h| +|h| < C,

the dominated convergence theorem implies

b oL oL
< - ) . et 2 .
0_/a ax(%’v) h+av(%7) h,

14



for all h. In particular,
b
oL oL .
0= —,Y)-h+—(7,7%) - h
/a o (1Y)t o (7,9)

- [ (Bon- 2200

Since h is arbitrary, the result follows. m

(2.3)

2.3 Hamiltonian and Conservation of energy

Associated to the Lagrangian L : TM — R through the Legendre—Fenchel trans-
form is the Hamiltonian H : T*"M — R,

H(z,p) := sup {p(v) — L(z,v)}. (2.4)

VET M

Definition 14. We say that H : T"M — R is a Tonelli Hamiltonian if the

following conditions are satisfied:
1. His C*(TM);

2. The second derivative along the fibers is positive definite: For every (z,p) €
T*M,
oH
—(x,p) > 0;
o (z,p)
3. There exist g, a complete Riemannian metric, and a constant C' > 0 such
that

Ipllz = C < H(z,p),

for any p € T M, where ||p||; denotes a norm on T*M;

4. Superlinear in the fibers above compact subsets: For every compact K C M,
and for every constant A > 0, there exists a constant C' € R, depending on
K and on A, such that

H(z,p) > Alp|l: +C, forallz € K, p e T; M.

15



It is standard to verify that H, given by (2.4) is a Tonelli Hamiltonian (see,
for instance [8]). Conversely, if one is given a Tonelli Hamiltonian, in the sense of
Definition 14 above, we can recover the Lagrangian L : TM — R by the reverse

Legendre—Fenchel transform

L(z,v) = pes;l})M {p(v) - H(x,p)},

and prove that it is a Tonelli Lagrangian.

Definition 15. The energy functional on T'M is defined as £ : TM — R,

E(x,v) = H(ZL’, g—i(:p,v)) = g—ﬁ(i,v) v — L(x,v). (2.5)

The conservation of energy principle states that the energy of the system is

conserved along trajectories, and it is the content of the following theorem:

Theorem 16. The energy is conserved along trajectories of the system, that is,

E((t),4(t) = Z—i(v(t)d(t)) () = L((1), 4(1)) (2.6)

is constant in [a,b], whenever v € AC([a,b]; M) is an action minimizer.

Proof. We only sketch the proof. Define the adjoint variables s — (z(s),p(s)) €
T*M by

(2(6):0(6)) = (1161, 5o (19)365) ). (27)

Observe that the Euler-Lagrange equation implies p € C!. By the analysis of
the Legendre—Fenchel duality, it is not hard to see that (z,p) is a solution the

Hamiltonian system:

35 I (2.8)



when s — (7(3), 7(3)) is a minimizing trajectory. Then

di (v(s),5(s)) = di (x(s), p(s))
S fﬁf OH (2.9)
_ %(Z‘(S)J)(S)) x(s) + a—p(a:(s),p(s)) p(s) =0,
and the result follows. -

2.4 Fathi’s weak KAM theorem

As mentioned in the introduction, the weak KAM theory is concerned with the

existence of solutions to the stationary Hamilton—Jacobi equation

H(z,du(z)) =, (2.10)
for some ¢ € R. To begin with, we must clarify what notion of solutions we
consider. We start with the definition of a viscosity solution:

Definition 17. 1. We say that the continuous function v : M — R is a wvis-
cosity subsolution of (2.10) if for all x € M, and for any C* function ¢ such

that u — ¢ has a maximum at the point x, we have

H(z,d¢(z)) <ec. (2.11)

2. We say that the continuous function u : M — R is a viscosity supersolution
of (2.10) if for all x € M, and for any C' function ¢ such that u — ¢ has a

minimum at the point z, we have

H(z,d¢(x)) > c. (2.12)
3. Finally, we say u : M — R is a wiscosity solution of (2.10) if it is both a
viscosity subsolution and a viscosity supersolution.

In this context, the notion of a viscosity solution has different equivalent defi-

nitions. In order to present these, we recall the following definition:

17



Definition 18. For a given function v : M — R, the Lax-Oleinik semigroup
Tyu : M — R is defined by

¢
Tyu(x) := inf {u(’y(O)) —|—/ L(~(s),5(s)) ds}, (2.13)
0
where the infimum is taken over all absolutely continuous curves v € AC([0,t]; M)
with (t) = x.

Our main interest in this semigroup is the variational approach that it provides
for solutions of (2.10). For the definition of a semiconcave function, see Appendix
B.

Proposition 19. Let H : T*M — R be a Tonelli Hamiltonian. Given a semicon-

cave function u : M — R, the following conditions are equivalent:

(1) w is a viscosity solution of (2.10);
(1) H(z,du(z)) =c a.e. in M;
(13i) u = Ty + ct, for every t > 0.
Proof. See Fathi’s book [15]. O

In fact, we have proven:

Proposition 20. Given a semiconcave function u: M — R, the following condi-

tions are equivalent:
(1) w is a viscosity subsolution of (2.10);
(1) H(z,du(z)) <c a.e. in M;

(13i) u < Tyu + ct, for every t > 0.

A similar statement holds for supersolutions.

The previous propositions provide useful ways of searching for solutions, sub-
solutions, or supersolutions. However, when in search of a solution, in general it is
not possible to find a fixed point for the Lax—Oleinik semigroup. In fact, we must
be careful with the choice of the constant we consider. The following theorem
holds (Fathi [13]; see also Lions, Papanicolaou, Varadhan [20]):

18



Theorem 21 (Weak KAM). There exists a unique constant co € R for which
H(z,du(z)) = co (2.14)

admits a viscosity solution u : M — R.

Proof. We only sketch the proof of this theorem, by Fathi’s method. Define ¢y € R
to be the smallest constant ¢ € R for which H (m, duc(x)) = ¢ admits a subsolution
ue » M — R. Tt is simple to verify that this infimum is attained for some function
u : M — R. Since u is a subsolution, Proposition 20 implies u < Tyu + cot, for
all ¢ > 0. For simplicity, we consider a “normalized” version of the Lax—Oleinik

semigroup

Tiu(z) = inf {u(y(O)) + /Ot <L(7(s),7(s)) + co> ds}, (2.15)

so that
u < Thu,

for all ¢ > 0. Now, by using the compactness of M, one proves that this value ¢
is the only one for which we can find a viscosity solution of H (a:, duc(a:)) = ¢p.
Then, by the choice of ¢y, we prove that (see our analogue for switching problems:

Proposition 77, in Chapter 3)
sup [ Tyull poo (ary < +00. (2.16)
>0
Since the Lax—Oleinik semigroup is monotone, and u is a subsolution, we have
T.u < Tyu, for every 0 < s < t. (2.17)
Thus, (2.16) and (2.17) imply that the pointwise limit
u™(z) = lim Tyu(x) (2.18)
t—o0
is well defined. Moreover, it is easily verified that u*> is a fixed point of the
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Lax—-Oleinik semigroup:

Tw™(x) = T(lim Tsu(z)) = sli_}rgo Tspu(x) = u™(x).

§—00

2.5 Existence of C*! critical subsolutions

In this section, we present Bernard’s proof [3] that the set of C1! viscosity subsolu-

tions of (2.10) is a dense subset of the set of viscosity subsolutions. More precisely,

we prove:

Theorem 22 (Bernard). Let H : T*M — R be a Tonelli Hamiltonian, as in
Definition 14. If the Hamilton—Jacobi equation (2.10) admits a subsolution, then

it admits a C*' subsolution. Furthermore, the set of CY' wviscosity subsolutions

of (2.10) is a dense subset of the set of viscosity subsolutions, with the uniform

topology.

The idea of Bernard’s proof goes as follows: as before, we define

Tw(x) = inf {u(y) + hi(y,z)},

yeM

and we consider as well the “backwards” Lax—Oleinik semigroup

Tou(r) = sup {uly) = hu(z,y)}-

In this section, we consider the normalized function

hi(y,z) = i%f /Ot [L(7,%) + co.

(2.19)

(2.20)

We know that Tiu is semiconcave. Analogously, we can show that Tyu is semi-

convex. Bernard shows that, if s > 0 is sufficiently small, then T,(Tju) is ‘still’

semiconvex. Since it is always a semiconcave function, it has to be C'1,

We start with a lemma:
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Lemma 23. If F is is such that
Fe{rec: |pf. =C)

Then, so is Ts(F), for all sufficiently small s > 0. Moreover, for f € F, and
v [0,8] = M, y(t) == 7o ¢f (x,d. [), we have

Tof(x) = f(7(0) + / (L. 4(8) + o) . (2.21)

Proof. This proof makes use the Hamiltonian flow ¢. Since we never defined it,
we only sketch the proof. Fix f € F. Since f € C?, {(z,df(x))} is a C" graph,

and, for sufficiently small s > 0, we have that

o (z,df (z)) = (y,d(T,f)(y))

is still a C! graph, where y = y(s) and 7 : [0, s] — M minimizing with v(0) = z.
Then T,f € C?, for all sufficiently small s > 0. That the Hessians are uniformly
bounded follows from the uniform bound of f € F. O

Proof of Theorem 22. Denote v(x) = Tyu(z). By semiconvexity, there exist C' € R

and

FC {f € C*(M,R) ; |D*f||_ < 0}

such that

v(x) =sup f(x), Vx € M. (2.22)
feFr

Also, for every p € 0~ v(x), there exists f € F such that v(z) = f(z) and p = df (z).
Since T; preserves order, for every f € F', we have Tyv > T, f; then

Ti(z) > sup T, f(x).
fer

Now, for fixed x € M, consider 7 : [0, s] = M minimizing curve, with v(s) = x:

To(z) =v(7(0)) + /OS [L(7(t),%(¢)) + co] dt. (2.23)

21



By minimality, zero is in the subdifferential at v(0) of the function
2= v(z) + he(z, ).

If we set oL
p =52 (3(0).5(0)),

we know —p € 0] hy (7(0), x); thus,

p € 07 v(v(0)).

Then, choose f € F such that v(v(0)) = f(7(0)) and p = df (7(0)). We must

have

Tof(2) = F(+(0)) + / [LG0,4(0) + ) dt. (2.24)

This, together with (2.23), shows that Tyv is semiconvex. Therefore, u is C*1. [

2.6 Aubry set

As mentioned in the introduction, the behavior of subsolutions at each point of its
domain x € M depends heavily on whether x is an element of a certain set, the
Aubry set, that we define in this section and study its main properties. For more
on the Aubry set, we refer the reader to the lecture notes [25, 18], the book [15],
and the paper [3].

Recall that we consider the ‘normalized’ cost function

hi(z,y) = inf { /Ot <L(7(s),7(s)) -+ co> ds ;v € AC([0,t]; M)
with v(0) = z,v(t) = y}.

Definition 24. The (projected) Aubry set A C M is defined as the set of points
x € M for which
lim sup h(z, z) = 0.

t—+o00

Our first claim is to show that every subsolution w is differentiable in the
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projected Aubry set; moreover its differential du(z) is independent of w.

Proposition 25 (Existence of critical curves). Given y € A, there exists a curve

vy : R = A such that for any critical subsolution v : M — R,

u(1(8)) — uly(a)) = / L(v(s).4(s) + o] ds.¥a<h  (2.25)

Proof. We postpone the proof of this proposition until Chapter 4.3, where we prove
a more general statement. The idea is to consider curves * : [0,#;] — M, with
7*(0) = y,v*(t) = x for which

tg
/ L(+,4%) = 0.
0

Such curves exist by the definition of the projected Aubry set. Using the assump-
tions on L to show that ¥ must converge to a curve v, that satisfies the desired

properties. 0

Corollary 26. If x € A, then every critical subsolution v : M — R is differen-

tiable at x,
du(z) = g—i(x,‘y(O)), (2.26)
and
H(z,du(z)) = co. (2.27)

Proof. By working locally on charts, we may assume M C RY. Let v, : [-6,d] —
R? be the critical curve given by Proposition 25, and set, for v in a neighborhood
of 7, ay : [0,0] — RY,

Since v, € C?, so is . Observe that the dependence on y is smooth. Define, in

a neighborhood of z,

ply) = ulz) + /:L(Oéy,dy) ds — /O L(v2: Fa)-



Then, ¢ € C? and touches u from above at x. Analogously, by considering

By(s) = 22— 2) + 7o),

we obtain a C? function touching u from below at the point x. This proves u is

differentiable in x. Being u differentiable, Proposition 25 implies
du(a) - 4(0) = L(2,5(0)) + co > L(0,3(0)) + H(w, du(@)),  (2.29)
and the Legendre-Fenchel duality provides the desired result. O

Since a critical curve is uniquely determined, then for every x € A, and every

subsolution u, the differential du(z) is uniquely determined, namely

du(x) = g—i (z,%(0)).

Definition 27. The Aubry set A C T*M is defined as

A= {(x, du(z)) € T*M ; z € A and u any critical subsolution}. (2.29)

Theorem 28. [Mather’s Graph Theorem] The restricted projection m: A — M s

injective, m(A) = A, and the inverse

18 a Lipschitz graph.

Proof. By (2.26), if x € A then du(x) is independent of the subsolution u, and so
2 — du(z) is well defined as a map. Moreover, at x € A, there exist a C? function
touching u from above and a C? function touching u from below. Then, u is C'*!

on A; therefore, = +— du(x) is Lipschitz. O

We explain next the behavior of subsolutions in the Aubry set. Bernard’s

Theorem given in Section 2.5 provides an elegant proof of the following:
Theorem 29 (Bernard). Let H : T*M — R be a Tonelli Hamiltonian. Then,
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there exists a CY critical subsolution u strict outside A, that is,
H(z,du(z)) < co, Yz & A.

Proof. Endow the set of critical subsolutions with the C! topology. This space is
separable, because C''(M) is, with the same topology. Then, we consider a dense
subset u,, of C' subsolutions.

Claim: u defined by

n=1
is a C! subsolution that is strict outside A.

Indeed, for each x ¢ A, since there exists a critical subsolution which is strict
in z, we have H (z,du,(z)) < co, for some n (by density). Then, the convexity of

H implies
Z H

n

The existence of a O subsolution follows from the density result given by Theo-
rem 22. O

2.7 Mather set

In this section we describe the construction of the Mather set, following Mather
23] and Mane [22]. To each trajectory 7 : [0, 4+00] — M, we can associate a family
of probability measures {4 };>0 on TM by

/TMF diil, = %/0 F(v(s),%(s)) ds, (2.30)

for all F' : TM — R continuous. Since 7 is Lipschitz, “tv is weakly-* compact;
then, there exists a probability measure p, on T'M such that

[ = .
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If we consider a function ¢ € C*(M), then p. satisfies

/d<p(a:) v dpy = lim [ de(z) v di,

t—+o00
:tiii“oo% /0 dp(7(s)) - 4(s) ds (2.31)
— lim Qp(’Y(t)) - @(7(0)) —0

t—-+00 t :

Following Mané [22], we define

Definition 30. We call u € P(TM) an holonomic probability measure if, for any
smooth function p € C*(M),

/TM do(z) - v dp(z,v) =0, (2.32)

We denote by H the set of holonomic probability measures.

Mather problem. Minimize

L(u) = /TM (L(z,v) + co) dp(z,v), for p € H.

It can be shown [22]

H = {uy ;yeCl ([O,t];M),t>0}.

per

By such characterization, and the construction of s, at the beginning of this

section, we can see that

inf [ L(z,v) du = —co.
ot ] (2,v) du = —co

Proposition 31. There exists a minimizing measure p € H, that is, p satisfies

/ L(z,v) du = —cy.
™
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Proof. By superlinearity,

He=HN{p; Lp) < —c+1}

is compact and convex on P(TM). Therefore, L attains a minimum in H. ]

Definition 32. The Mather set M is defined as

M = U supppu C TM. (2.33)

L(w)==co

The projected Mather set is defined as M = n(M) C M.

The existence of smooth subsolutions allows us to easily prove the next propo-

sition.

Proposition 33. The projected Mather set is contained in the projected Aubry set
of Section 2.5.

Proof. Let p be any minimizing measure, and u any C! subsolution. Then, since

i € H, the Legendre—Fenchel inequality shows

0= /TM du(z) - v dp < /TM [L(z,v) + H(z,du(z))] du

(2.34)
< /TM [L(z,v) 4 ¢o] dp = 0.

Therefore,

H(z,du(z)) = co, for z € m(supp p)
and z € A. O

In [23], Mather proved the following theorem, that we obtain as a consequence

of the previous proposition.

Corollary 34 (Mather Graph Theorem). The restricted projection T : M— M

is injective, (M) = M, and the inverse

M= M
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18 Lipschitz.

Proof. Follows from Proposition 33 combined with Theorem 28. [

2.8 Time—-dependent Hamilton—Jacobi equations

Let us now consider the time-dependent Hamilton—Jacobi equation

{ 8tv(t, :L‘) + H(l‘, axv(ta :L‘)) =0, inMx (O’ T]; (2.35)

v(0,-) = vy, on M x {0},

for a given continuous function vy : M — R. By using the Legendre—Fenchel
duality, as in the stationary case, we are led to consider the following candidate
for a solution of (2.35):

v(t,x) := inf {vo(v(())) +/0 L(v(s),%(s)) ds} = Tyuo(x), (2.36)

where the infimum is taken over all absolutely continuous curves v € AC([0,t]; M)

with v(¢) = x. In fact, we have the following:

Theorem 35. Ifvg: M — R is continuous, then v : M — R defined by v(t,x) :=
Tivo(z) is a viscosity solution of (2.35).

Proof. The proof is standard and can be found, for instance, in [11]. See also,
Theorem 88, in Chapter 5. m

We observe that when vg is a critical subsolution
H (z,dvo(z)) < ¢ on M,

then the weak KAM theorem, Theorem 1, states that T,vy converges as t — +00

to a critical solution of

H (z,du(z)) = co on M.

This means that, in the case vy is a critical subsolution, the asymptotic behavior

of the solution v(t,z) = Tyvy, as t — +oo is a weak KAM solution.
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A natural question that arises is the following: Is the asymptotic behavior of
solutions of (2.35) the same, for any continuous initial condition? In other words,
given any vy : M — R continuous (not necessarily a subsolution), can we say
that v(t,x) = Tyu(x) converges, as t — +o00, to a critical solution? The following

theorem gives a positive answer to this question:

Theorem 36. Given uy € C(M), the Laz—Oleinik semigroup Tyug converges, as

t — oo to a critical solution v € C(M) of
H (z,du(z)) = co.
Moreover, v can be written as:
v(z) = inf {h(y,x) + inf fuo(2) + h(z,y)}},
where h - M x M — R denotes the Peierls barrier
hz,y) = I%Lnﬁgof hi(z,y).

We present two proofs of this theorem. The first one is the original one of Fathi
[14], exploiting the invariance of Mather measures through the flow. The second
one is somehow more elementary and uses critical curves to avoid the use of the

flow.

First proof. The set {Tiu}y>y,, for a fixed to > 0, is uniformly Lipschitz. Moreover,

take @ a critical solution given by Theorem 21, then
[Tow =l oo < Ju =0l oo ,

and so the family is also uniformly bounded. It follows that there exists a sequence
t,, — +oo such that
Ty U — Uso,

by the Arzela—Ascoli Theorem. Observe that for any C! function w : M — R, by

29



the Legendre—Fenchel inequality, we have

w(v(t)) — w(”y(O)) < /0 (L(%"y) + sgp H(x,dw(:c))) ds, (2.37)

for any curve v € AC([0,¢]; M). By approximation, (2.37) holds true for any

Lipschitz function w; then, since T} u is Lipschitz,

T, u((1)) = T, u(7(0)) < /0 ’ (L(w‘y>+sng(x,dnnu<w>)) ds,  (2.38)

for any v € AC([0,t]; M).
Claim. For every x € M,

H (z,dT;,u(z)) — ¢ as t, — . (2.39)

In fact, if consider v, : [0,t,] = M extremal with 7,(¢,) = x, then we have
(compare to Proposition 94 of Chapter 4)

dTy, u(r) = g—i(x, Yultn)), (2.40)

and the claim is the content of Lemma 37 below.

Now, by letting ¢, — +o00 in (2.38), we obtain

e (010) = 0 (310)) < [ (£0229) 4 ) s, (2.41)

and we conclude u., is a critical subsolution. To prove that it is actually a critical

solution, consider a subsequence of ¢,, such that s, =t,.1 —t, — co. We have

||Tsnuoo — UooH S ||Tsnuoo - TsnT;fnuH + ||T;tn+1u - UOOH (2.42)
< lttoe = T, ul] + || Tt = ]| = 0.

This shows that u., is a fixed point of the semigroup. O

Lemma 37 (Carneiro’s Theorem). For any 7, : [0,t,] — M minimizer, with
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t, — 00, there exists a subsequence s,, € [0,t,], such that
OL ‘
H(’Yn(sn)a %(7%(&1)7 fYn(Sn))) — Co- (243)

Proof. We use Riesz Representation Theorem to define a family of probability
measures p, € P(T'M) with support on the speed curves (v,(-), ¥, (-)) C TM: For
any 6 € C(T'M), set

[ b, % /O " O (3). 4 (s)) . (2.44)

By compactness, the support of all measures i, lie in a fixed compact set K C T'M
of the tangent bundle. Then, we can extract a subsequence such that w, — pu.

Such a limit is invariant under the Euler-Lagrange flow as well, and satisfies

/TML dp = lim tl/on L(vn(8),9n(s)) ds = —cy. (2.45)

tn,—00 n

This implies that supp u C M. Take a sequence (Y, (5n), n(Sn)) € SUPP fy con-

verging to a point of supp u. Since

H(m, g—i(x, v)) =q (2.46)

for points (z,v) € M, the result follows from continuity. ]

2.8.1 Convergence of the Lax—Oleinik semigroup; A sec-

ond proof

The second proof we present is due to Davini and Siconolfi [10]. The idea is to

show that the limit Tju, exists, as ¢ — 400, by looking at the ‘semilimits’:

) = sup { (T o))}

n—oo
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and

n—oo

u(z) = inf { lim inf(TtnuO)(a:n)},

where the supremum and the infimum above are taken over all sequences x,, — x

and t, — +00. By setting
w(ug) = {¢ ; ¢ =lim T, ug for some t,, — +oo},
we have

u(z) = sup {¢(z) | ¥ € wlug)} (2.47)

and
u(x) = inf {¢(z) | ¥ € w(ug)}. (2.48)

Note that these are well defined by the Arzela—Ascoli Theorem, since the family
{Tyup} is uniformly bounded and uniformly Lipschitz in ¢. To prove Theorem 36,

we claim, following Davini-Siconolfi [10], that
U=uU="7v

on M, where v : M — R is the solution of (2.10) given by the following represen-

tation formula

v(x) := inf {h(y, x)+ Ziélj\g {uo(z) + h(z,y)}}. (2.49)

yeA
We start with a lemma

Lemma 38. Let u and @ be as defined above. Then u is a critical subsolution and

u is a critical supersolution.

Proof. We prove that u is a subsolution. The other is analogous. Fix ¢ > 0. By

the definition of u, we know u > ¢, for any ¢ € w(ug), so that
T > Typ, V p € wlug).

Then,
Tou > sup {Typ ; ¢ € w(ug)}
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The proof is finished once we prove

{Tip ;s pewuo)} ={v: ¢ €wl(u)}

If ¢ € w(ug), we know

@ = lim T}, ug

for some t, — +o00. Up to a subsequence, we also know
T, —tuo — &;

then, Ty¢ = lim T}, up = ¢. O]

Proposition 39. Set

vo(y) = inf {uo(=) +h(z9) },

zeM

fory e M, so that
= inf h . 2.
o(x) = nf {vo(y) + hly. z)} (2.50)
Then, the following hold true:
1. vg is the maximal subsolution with vy < ug on M;

2. v is a solution and it equals vy on A;

3. If uo(y) — uo(z) < h(y, x), for all x,y € M, then

o(x) = inf {uo(y) + h(y,2)} (2.51)

in M, and vo = ug on A.
Proof. See [10, Theorem 3.1]. O

Proposition 40. Let u be either a subsolution or a supersolution, and let v be the

function defined by (2.49). Then, as t — +o0,
Tiu — v.
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We have proved this before when u is a subsolution (Theorem 21). However,

we present this short proof, by Davini-Siconolfi.

Proof. Assume first that ug is a subsolution; then, uy < Tyug, for all t > 0. By
Proposition 39, v is the maximal subsolution with v = uy on A, and so we have
up < v on M. Thus, by the monotonicity of the Lax—Oleinik semigroup, and by

observing v = Tyv, for any t > 0, we obtain
ug < Tiug < von M.
Now, v = ug on A implies
Tiug=von A, Vt>0.

This means

uw=1u=7vonA.

Hence, the comparison principle implies the same equality on M.

Next, assume uq is a supersolution, so that ug > Tiug, and consider
vo(y) := inf {uo(2) +h(z,y)},
the maximal subsolution with vy < ug on M. Then, by monotonicity,
vy < Tywg < Tyug < o,

and the maximality of vy implies vy = Tivg, whence vy is a solution. This in turn

implies v = vy on M. Thus, again by monotonicity, we obtain
v < Tiug < ug on M, for all ¢t >0,

which implies v <7 < u < ug on M. Since u is a subsolution, we must have u < v
and the proof is finished. n

Proposition 41. Let u, u, and v be given as before. Then,
v<u<wu on M. (2.52)
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Proof. As in the second part of the previous proof, vy satisfies vy < ug on M.
Then Tyvy < Tiug on M. Since vy is a subsolution, we have T;vqg — v; therefore,
both v <w and v < u hold. That u < u holds is immediate. O

Remark 42. By Proposition 41, in order to obtain the desired convergence result
for the Lax—Oleinik semigroup, all we need to prove is that v = v on A. This is

what we prove next, with the help of critical curves constructed in Section 2.6.

Proposition 43. Let u, w, and v be given as before. Then, u < v on A. Moreover,
this implies

v=u=u on M.

Proof. Let ¢ € w(ug), and we claim ¢ < v on A. Since ¥ be in the w-limit set of
ug, ¥ = lim,, T,, ug for some divergent sequence o,, — +00. It is then not difficult

to obtain a sequence s,, — +00 such that
Y = lim T 1.
n—oo

Let v be a critical curve, and x € w(7), so that x = lim,, y(¢,,), for some divergence
sequence t, — +00. Up to extracting a subsequence, we can assume 7, = t, —S, —
+00. Since 7 is a critical curve and v is a subsolution (it is in fact a solution), we

have (compare to Lemma 94)

Tsn¢(7(tn)) - ¢(7(t + Tn)) < U(’V@ﬂ)) - U(’V@ + Tn)) + [t[p(t/sn)- (2.53)

If we set

n=lmy(-+7,),

then, 7 is also a critical curve and, by letting n — 400 in (2.53), we obtain

V(@) —P(n(t) < v(x) —v(n(t)).

It only remains to show that

limtinf {v(n(t)) —v(n@))} <o.
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To this order, observe

v(n(t)) —v(n(0)) = /0 L(7,%) = Thuo(n(t)) — uo(n(0)).
Thus, since n(R) C A and v = ug on A,

Y(n(t)) —v(n(t)) < Y(n®) — Truo(n(t)) + ue(n(0)) — v(n(0))

< Télgi( W — TtU0|-

(2.54)

Since along the sequence o,, = 400, we have T, ug — 1, our claim is proved. [J
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Chapter 3
Optimal switching problem

In this chapter we study the optimal switching problem. In Section 3.1 we state
the problem and relatively mild assumptions on both L and i we need in what
follows. Next, in Section 3.2 we prove the main result of this chapter, namely
the existence of minimizers for the action J;, given by (3.2) below. Although we
believe this is a very natural problem, we were unable to find it in the literature.
In Section 3.3 we obtain necessary conditions for (y,77) to be a minimizer and,
as a corollary, obtain regularity of v,;, from the usual regularity theory for Tonelli
Lagrangians. In section 3.4 we prove that a conservation of energy principle holds,
which is what we naturally expect for such problems. Finally, in Section 3.5 we
prove that the cost function h; (see definitions below) is locally semiconcave, as
the usual cost function in the ‘classical’ theory of the calculus of variations is. In
the literature, Lipschitz regularity when M = R" has been proved before (see [19,
Proposition 2.4]).

3.1 Setting of the problem

We consider the optimal switching problem. Intuitively, it consists of minimizing
an action functional in a system that allows switching between different “modes”.
In other words, we have the option of switching between given different settings
of the system for a given price, whenever it is convenient in order to minimize the

cost. We proceed for a more detailed description of the problem.
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We call, as in the classical case,

L:TMx7Z — R
(3.1)
(x,v,1) — L(z,v,1)

a Lagrangian, where Z is a given family of indices that prescribes the different
settings of our system — each i € Z is called a mode. We define P([a,b];Z) as the

set of piecewise constant functions

N
7= Zaix[t“tiﬂ)’ a=ty <ty <--- <iny1 =0,
i=0

taking values in the index set Z. Then, in analogy with the classical case, we also

define the action functional of L by

N-1

t
T _/ L(yar(8), A (8),92(8)) ds + > 0 (yaa(tesr), vz (), vz (trs)), (3.2)
0 k=0
where v = (yar,7z), with vy € AC([0,t]; M), vz € P([0,1];Z), and z(tx) € T is
the value assumed by the piecewise constant curve 7z in the largest subinterval
[ti,tir1) C [0, ] where it is constant. The function ¢ : M x Z x T — R is assumed

to be non-negative, and it is called the switching cost. The cost function is set as

hi(a,ivy. ) = inf { T s 7 € AC x P, 2(0) = (3,0), 7(8) = (w.5) |- (3.3)

As it might be already clear, the idea is that, when trying to minimize the action
functional, we might decide to switch from the Lagrangian ¢ to the Lagrangian j
when we arrive at x, because it might decrease the action, even though we pay a
certain fee ¥ (z,1,7) to do so.

We make the following assumptions on L and :

Al. The Lagrangian L : TM xZ — R is continuous, with Z = {1,...,m} a finite
set endowed the discrete topology. Moreover, for every ¢ € Z, L(-,-,i) is a

Tonelli Lagrangian, as in Definition 7;

A2. L(-,-,1i) is superlinear above compact sets, uniformly in i € Z, meaning that,
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given K C M compact, for every constant A > 0, there exists a constant
C € R, depending on K and A, such that

L(z,v,i) > A|v|,+C, forall z € K, v e T,M;

A3. The switching cost function ¥ : M x T x T — R is continuous and satisfies
a triangle inequality: For all distinct 7, 7,k € Z, and all x € M, we have

U(x,i,§) <P(z,i, k) +o(z, k, j);

A4. We also assume that and ¢(-,4,7) = 0 and a bound from below on the
switching cost:
. s 0
,Juin, (z,4,5) > 0;

A5. For alli,j € Z, (-, i,7) € C*(M).

Remark 44. Condition A3 is natural in the sense that it does not allow us to
switch from Lagrangian ¢ to 5 and then to k in a short period of time, just because

it would be cheaper than going straight from ¢ to k.

Remark 45. Condition A4 is automatically satisfied, for instance, when M is

compact and the set of modes Z is finite.

Notation We denote the elements of M x Z by A = (z,i), B = (y,j), and
C = (z,k) and (t) = (vam(t),7z(t)). This makes the presentation more elegant
and clear.

The purpose of this chapter is to prove the following two theorems:

Theorem 46. Let M be a complete differentiable manifold, and T = {1,...,m}
a finite set. Also, let L : TM x I — R be a Lagrangian satisfying Al and A2,
and Y : M x T x T — R a switching cost satisfying A3 and A4. Then, for every

A, B € M xZ, there exists a minimizer for the action: there exists v = (Var,vz) €
AC x P with v(0) = A, v(t) = B such that

Jily] = int {Jt[a] L a € AC X P,a(0) = A, a(t) = B}.
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Moreover,

1. Minimizers are of class C*([0,t]; M), meaning var € C?([0,t]; M), and solve

the Euler—Lagrange equation

dis g_i(’VM(S)dM(S),’VI(S)) :%(VM(S)WM(S)WI(SD (34)

in [0,t]\{t1,...,tn}, where ty’s are the points where vz has a jump;
2. Along a minimizing curve, the (generalized) energy functional is conserved:

E(vm(s), A (s),72(s)) == g—i(VM(S)»WM(S)a72(3))'WM(5)—L(7M(3)7VM(S),VI(S))
(3.5)

is constant in [0, t].

In the following sections, we separate the proof of Theorem 46 into various
propositions, and in Section 3.5 we obtain the following regularity result for the

cost function:

Theorem 47. Suppose L : TM — R is a Tonelli Lagrangian satisfying Al and
A2, and ¢ : M x T x T — R a switching cost satisfying A3 and A4. Then,

1. For any i,j € I, the restricted cost function hy(-,i,-,j) : M x M — R given
by (3.3) is locally semiconcave on M x M.

2. For any x,y € M and any 1,7,k € L,

ht<$7iay7j) - ht(x7iay7 k) S w(xaja k)

3.2 Existence of action minimizers

In this section we prove the existence of minimizers for the action J;, under fixed
boundary conditions. As already mentioned before, we were unable to find this
result in the literature. Our proof follows the direct method in the calculus of vari-
ations. We refer the reader to [8] for an introduction to the calculus of variations

methods, or to Appendix A for a concise presentation of the results we need.
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Recall we denote elements of M x Z by A = (x,i), B = (y,j), and C = (z,k)

and y(t) = (yar(t),vz(t)). Now we are ready to prove the existence of minimizers:

Proposition 48. Assume Al1-A4 hold, where J; is defined by (3.2) and hy by
(3.3). Then, for every A, B € M x I, there exists a minimizer for the action of
Ji: there exists v € AC x P with v(0) = A and ~(t) = B such that

ht(AvB) = x7th/]

Proof. Assume, without loss of generality, that L > 0. Let v¥ = (v%,, 7%) be a
minimizing sequence: v*(0) = (x,4), v*(t) = (y,j) and

and consider partitions
Pr={0<th<...<th, <t}

of the interval [0,¢] that indicate the maximal sets where the v%’s are constant.

Step 1. Our assumptions ensure that N* 4 oo as k — oo, that is, we do
not reach a minimizer by increasing the number of switches. Indeed, assume, by

contradiction, that this is not the case. By A4, we have

§:= xeﬂl}}il%g@/z(x, i,7) > 0. (3.7)
Then, for any k € N,
NE-1 NF—1
W5 3 [ EOR ) (0 D) i+ 3 VORI ) =
t; =0

and J;[v*] would have to be unbounded, a contradiction (h; is finite; for instance,

consider a geodesic from x to y and one switch from ¢ to j).

Step 2. Convergence to a minimizer candidate. Step 1 implies we may assume
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N* = N, without any loss of generality. We can then write
PFr={o<th <... <th <t}

where now the intervals might not be the maximal ones where v5’s are constant.
Since, for every i, (t¥); is a bounded sequence of real numbers, it converges, up to

a subsequence, to some t; € [0,t]. We have
0<t <---<in<t.

From assumption Al and the third condition in the definition of a Tonelli La-

grangian, we obtain

[ 15 a5+ € < [ L6k 340510 ds

for some constant C' € R. This implies that for all s € [0,t], 7%(s) lives in a
compact set. Then, Al and the results of Appendix A) imply that there exists

v 2 [0,t] — M absolutely continuous such that, up to a subsequence,
¥ — 4 uniformly in [0, #], (3.8)
Ak — A weakly in L. '
With the possible exception of the initial and final points, we exclude the cases
where t; = t;41, obtaining a limiting partition

0 1 2 0

lo+1

where we define 77: for ¢ > 0 small, we have, once k is sufficiently large, that
E = fy%(ti;) in each of the subintervals [0,t;, — ¢), (t;, +&.ti, —€), .., (ti,_, +

e, ti, —¢), (ti, +¢,t], and so we have the pointwise convergence
-1

Ve =z =Y vt WXt ), (3.9)

. jo i+l
Jj=0

42



except at most in the points ¢;x. We have YR(0) — 4, v¥(t) — 74, because these are

constant. Assumption A3 suggests we should choose

) = hHi ’YI(S)a
S_>tz"f
J

vz (ti

J

so that we switch less times.

Step 3. Lower semicontinuity. Since L > 0,

o[ HOlo), Ao ) s

1te

t
o / L1 (s), 341 (s), 7z (t:z)) ds
tié+€

(3.10)

Notice that it might happen that some of the intervals [tF,¢¥ ;] collapse when
k — oo, and we are completely ignoring some of the switches. On the other hand,

the triangle inequality A3 and the continuity of ¥ in the state-variable give

=

¢(7M(tf+1)ﬁ1(tf)a72(75;11)) +e2 ¢($7i771<0)+)

ﬂ.
[e=]

(-1
+ Z (v(tis, ) vz(tis), vz(tis, )
=0

+ ¢ (y,vz(t) ", 5)
(3.11)

for all k& sufficiently big. So, by adding (3.10) and (3.11), taking the liminf on

both sides, and using the lower semicontinuity with respect to the convergence in
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(3.8) for each the integrals on the right hand side of (3.10), we obtain

mMJﬂ:mgﬂ<Azwmwwm@»ﬁ@»w+§jwwﬁmmmﬁm>

tix—€ t;x—e
> [T Lowo)iun(s)ntt)) ds+ [ Leas) Aa(s). () s
0 ti’{"’_e
t
+oeee / L(’YM(S)a "YM(S)a’YZ(ti;)) ds + ¢(9€, Z}’YI(O)JF)
tiz-‘ré‘
01
+ Z w(’YI(tz’;% 71(151;;1)) + ¢ (y,2(t) 7, 4),
=0
(3.12)
for all € > 0. Hence, let € — 0 to conclude
t
hi(A, B) > / L(vae(s), 4 (5),v2(5)) ds + 2 (w,1,72(0)7)
0
-1 (3.13)
+ Z w(’YM(ti;fH)a Vz(tis), ’Vz(ti;+l)) +U(y,vz(t) ", 4) = T;
=0
therefore, v = (ya,77) is @ minimizer of the action of J;. O

3.3 Euler—Lagrange equations

In this section we obtain necessary conditions for minimality. First, we prove that
the Euler-Lagrange equations are satisfied, except possibly where vz has a jump,
and conditions for the Lagrangian L for every time where a jump exists. We also
obtain regularity results for the minimizers of the optimal switching problem. Of
course, vz € P is piecewise constant and so we focus on the regularity of ;.
Assume 7y = (va,77) is a minimizer of (3.3). Two variations are quite natural.
We can fix v,, and see what happens when vz changes, or the other way around.
On the other hand, we can fix 77 and see what happens when we change v,

smoothly.

Proposition 49 (Euler-Lagrange equations). Assume conditions Al through A4
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hold. If v = (ym,vz) s a minimizer for the action J; given by (3.2), then, in

coordinates, the Euler—Lagrange equations are satisfied:

OL

%[%(VM(S),W(S),’VI(S))] = 55 (1 (9), 7 (5),72(s)) (3.14)

in U =10,t]\{t1,...,tn}, where the t;’s are the switching times.

Proof. Observe that v,

[ti,t:+1) MUst be a minimizer of

/;+1 L(a(s), a(s),vz(t;)) ds,

among all curves av € AC([t;, tiy1], M), with a(t;) = ym(ti), a(tiv1) = var(tiv1)-
Then, (3.14) follows from the classical Euler-Lagrange equations applied to the

Lagrangian L(-,-,vz(t;)) (see Theorem 13, in Chapter 2). O
Remark 50. It is important to consider the subset U in the last proof since
L(-, - ,v)=L(-, - ,yz(t;)) is constant in each of the subintervals (¢;,t;11) C
[0, ].

As it is customary in the calculus of variations, the Euler-Lagrange equations
provide regularity properties of minimizers. For Tonelli Lagrangian actions, L €
C" implies v € C". For a proof of such a statement, see Theorem 13, in Chapter
2 (see also [15]).

Corollary 51. Assume conditions Al through A4 hold. If v = (ym,7z) s a
minimizer for the action J; given by (3.2). Then, va is a curve of class C? in
U =10,1\{t1,...,tn}, Moreover, if we assume the Lagrangian L : TM x T — R
15 of class C", so is vy in U.

Now, with the help of the Euler-Lagrange equations, we obtain the “continuity”

of the first derivative of L with respect to v.

Proposition 52 (Necessary conditions for minimality II). Assume A1-A5. If
v = (vum,vz) € AC X P is a minimizer for the action J;, given by (3.2), then

%(VM(Q),VM(tz‘)_ﬁI(tz‘—l)) Zg—i(v(ti)ﬁ(ti)JﬂvI(ti))

+ Ot (7 (£), vz (tica), 2 (82)),

(3.15)
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fori=1,...,N.

Proof. Let t = min{t; — t;_1,t;»1 — t;} and consider w € C*°([0,t]; M) such that
=1in[t; —t/2,t; +t/2] and w = 0 outside [t; — ¢, ; + t]. Then

d
0= —Jilvar + sw, 7]

oL oL
:/ (8 (7M77Ma’YI)W+a—(”YM,’YM,VI) )ds
0
N

T Z 6x¢ (’YM(tk-i-l)a ’)/I(tk% ’YI(tk+1))w(tk+1)

k=0

" (0L oL
:/ (a (7M77M771)w+a_(7M77M7’7I) )ds
ti—1

tir1 aL . 8L . |
+/tz~ (%(WMWMWI)va%(VMWMWI)W) ds

= (3.16)
+ Z Ozt (’YM(tkH)a vz (te), ’Yz(tkﬂ))w(tkﬂ)
k=0
oL, doL,
:/tl 1 <%(’7M7’7M771) - 5%(7]\4771\/1772))&} ds

+ %hM(ti%;YM(ti)_”VZ(ti—l)) - %(VM(ti)a"YM(ti)Jra’Yz(ti))

+axw(7M(ti) ’YI(t' 1), ’Yl(t'))
gL (v (t3), Anae (¢ 1)) — ( i) () vz ()
+8m¢(7M(tz) 71(75 D, 7z(ts)),

where in the fourth equality we have used the fact that, by construction, w(t;) =1
and w(t;—1) = w(t;y1) = 0, and we have used, in the last equality, the Euler—
Lagrange equation of Theorem 49. [

Remark 53. Proposition 52 shows, in particular, that when the switching cost
¢ is independent of the state variable, that is, when ¢ (x,4,j) = ¥(i, ), for any
1,7 € Z, then the function

t— g—ﬁ(m(t),’m(t),%(t))
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is continuous in [0, ¢], whenever + is an action minimizer.

3.4 Conservation of Energy

In this section we define the energy functional of our system and prove a conserva-

tion of energy principle that generalizes the classical case of a single Lagrangian.

Definition 54. The energy functional £ : TM x 7 — R is defined as

E(x,v,i) = g—L(x, v,1) - v — L(x,v,1). (3.17)
v

Proposition 55 (Conservation of Energy). Along a minimizer of the action J,

given by (3.2), the energy of the system is conserved, that is,

E(vm(s), 1 (s),72(s)) = g—i(VM(S),WM(S),71(8))-7M(8)—L(7M(8),W(S),%(S))

is constant in [0,t], when v = (ya,yz) i an action minimizer.

Proof. Tt suffices to check it at the switching times. Let w : [0,¢] — [0, ¢] be smooth
and compactly supported in [¢t;_1,t;41] with w(t;_1) = w(t;z1) = 0 and w = 1 in
[t;—0, t;+0] for some small § > 0. Define 75 : [0, ] — M as~5,(s) = yu (s—ew(s)),

so that the function

ti—1 ti+e
f(e) = / L (i (s), A5a (), 72(s)) + / L(7r(5),45r(), 1z (ti)) ds

+/t*i+1 L(fyjf\/[(s)"')/i/f(g?),’}/l'(tz)) d5+/ L(V%(S),V?\/](S)afh’(s))

ite tit1

+ Z O (v (tis1), vz (t:), 12 (tisn))
(3.18)

has a minimum at ¢ = 0. By differentiating with respect to ¢ and setting ¢ = 0,
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we get

0 :L('Y(tz>’ ’.Y(ti)_’ ’YI(ti—l))

+ /t1 (g—i(w(s),W(s),%(ti_l)) A

8_( m(8), Y (8), vz (tic )) . (‘?Mw+7MdJ)) ds_L('VM(ti)WM(ti)Jr,'yz(ti))
/ (&U Tm(s )fyM(S)fYI(ti)) - pw
oL
T

(var(5), i (5), yz(t:)) - (*?Mw+f‘yMw)) ds.

(3.19)
By integration by parts and the Euler-Lagrange equations, we conclude
oL N
L(yar(t:), A (t:) ™, vz (tizr)) — a—(’YM(t ). A (t:) ™, vz (tiza)) - (ki)
oI (3.20)
= L(ym(ti), Ana (i)™, vz () — %(’YM(@)’"YM(EVWI(Q)) A (),
as desired. O

3.5 Semiconcavity of the cost

In order to prove the local semiconcavity of our cost, we use conservation of energy
to obtain a bound on the speed curves of minimizers of the action, given by the
next lemma. It basically states that the speed curve (v, ¥ar, 7z) of a minimizer
with initial points on a given compact K C M x Z is contained in a fixed compact
of TM x T.

Lemma 56. Let K C M be a compact subset of M and assume v = (Y, V) 1S
a minimizer for J;, gwen by (3.2), with vy (0) =z € K, vy (t) =y € K. Then,
there ezist a compact set K C TM and a constant C' > 0 such that vy (s) € K
and [|Yar(s)ll.,,, ) < €, for every s € [0,1].

Proof. Assume, without loss of generality, K = Bgr(x) (observe this ball is com-

pact, since our metric g is complete). Clearly, d(z,y) < 2R and then the constant
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speed geodesic « : [0,t] — M connecting x to y whose length is d(z,y) is com-
pletely contained in the ball B3g(zg) and

d(z,y)
t

2R
< —.
-t

16(5) lags) =

Note that the Lagrangian L(-,-,4) is bounded on the compact set
2R

L:=19(20); d(zm0) 3R, vl < == CTM,

for all i € Z. Say L(z,v,i) < B, for every (z,v,i) € L x Z. Then, in particular,

/0 L(vm(s), A (s),72(s)) ds §/0 L(a(s),d&(s),z(s)) ds < Bt. (3.21)

Now, by the third condition in the Definition 7 of a Tonelli Lagrangian, there exists
C' € R such that

m+Ammww@@sAmemmaw@w& (3.22)

By putting together (3.21) and (3.22), we get

[,
;/0 [22(8),y(5) @8 < B —=C =: Ca. (3.23)

Then, for some 5 € (0,2), [[92(5)|,,,5) < C2, and for every s € [0, ],

(8) € Bicy,(vm(0)) C Bic,+3r(zo) = K.

Now, the energy E given by (3.17) is bounded on compact sets, so if we set 6 the

maximum of F on the compact set
{(z,v,i)) eTM XI; z € K, |jv]|, < (s},
we get E(ya(5), 9m(5),7z(5)) < 6. Then, by the conservation of energy (see

Proposition 55), E(VM(t),"yM(t),'yI(t)) < 0, for every s € [0,t] and the speed

49



curve of 7, is contained in the compact
{(m,v) €TM ; x € K, E(x,v,i) <, Vz’}.

Thus, there exists K compact, and a constant C' such that ~,,([0,¢]) € K and
|42 (s)|| < C, for all s € [0, ¢]. .

The local semiconcavity of ¢ now follows as in the single Lagrangian case (cf.

[16]).

Proposition 57. For anyi,j € Z, the cost function hy = hy(+,i,+,j) : MxM — R,

where hy is given by (3.3), is locally semiconcave.

Proof. To simplify the notation, we consider the case M = R™. The general case
follows by the same reasoning when written in charts. For zy,xzo € B;(0), let
v € AC x P be such that v5,(0) = z1, ya(t) = o and

u(on2) = [ L) 3a0()92() ds + 6 (1,1,72(0)")
ON—l (3.24)
+ Z O (yar (tigr), vz (i), Yz (tivn)) + & (22,72 (1), j)

that is, v is an action minimizer from (z1,7) to (x2,5). We show that h; is semi-
concave in By(z1) X Bi(x2). By Lemma 56, there exist K C M compact and C

constant such that
ym([0,¢]) € K and |9 (s)|| < C for all s € [0, ¢].
We then choose € > 0 such that C'e < 1. This implies

v ([0,€]) C Bo(z1) and vps ([t — €,t]) C Ba(x2).

20



For y1,ys € Bs, we define

5;8 y1 +ym(s) for s € [0, €]
T (s) = 7(s) for s € [e,t — €] (3.25)
—t
Sgiszr*yM(s) , forse|t—e,t.

Observe that 43, and 7, are bounded as well. Since Am(0) = x1 + 1y and Fp(t) =
To + 2, and we can take ¢ > 0 sufficiently small so that ¢ < min{t;,t —tx},

t t
ht(a:1+y1,x2+y2>—ht(:c1,x2>s/ LGiar it v2) ds—/ Llvar, s, vz) ds
0 0

+ ¢ (21,4,72(0)") + 2_: U (Ane(tir1), v2(t:), vz (tign))

+ (22, 72(t) ", 4) — ¥ (21, 4,72(0)")

N-1

- Z (v (i), vz (i), vz (b)) + (22,72 (8) 7, 4)

€ /e—s 1 .
:/0 L< - yl+7M(S)a_gyl+7M(5>7'YZ(s)) ds

t—e

+/ L(var, g, vz) ds
¢ s—t+e 1 ,

+ / L(TW + v (s), Y '7M(3)7'71<S)> ds
t—e

t
—/ L(var, s vz) ds
0

+ 770('1"1 + Y1, Z.a VI(O)J’_) - ¢(9U1, iv ’VI<O)+)

+ (2 + y2,72(t) 7, 5) — (22, 72(t) 7, 7).
(3.26)

Thus,
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hi(x1 + y1, 2 + y2) — he(xq, 22)

< [ Lt o =T+ (99206)) = Lloar e 2m)] s

¢ s—1+¢ 1 _ _
+ / [L(Tyz + 7M(3)7 gy2 + 'YM(S>7 'YI(S)) - L('VM: VM s fYZ)} ds
t—e

+ (21 + y1,1,72(0)7) — ¥ (21,4,72(0)") + ¥ (22 + yo,72(t) 7, j)
- w(anVI(t)_aj>-
(3.27)

We know L and v are both C?, so they are locally semiconcave. Thus, by choosing
a common modulus of continuity for L( -, -,4) and ¥(-,1,7), i, 7 € Z, in the compact
By(z1) U By(x2) X Be(x1) U Be(xs), we get

ho(@1 + y1, @2 + y2) — he(@r, 22) < Fi(yn, 32) + ol w((lol]) + [|2] w(]]=])

(3.28)
< Fi(yr,y2) + (v, 2) [ w([[ (v, 2)])),
where
“(e—s0L ) 10L ,
Fy(y1,92) ::/0 ( . %(w,w,w) Yy — g%(w,w,’yz) -yl) ds
b (s—1+¢ 0L , 10L .
+/ (— —(’YM>”YM,’YI) “Y2 + ——(’YMKYM,’YI) 'yz) ds (3.29)
e € Ox e v
+ 0,0 (21,4,72(0)7) - y1 + 0uth (22,72 (8) 7, 4) - ¥o
is linear, and
E—S 1 s—t+e¢ 1
U-—( - yly—g?Jl), z = (T?/Q,gw)-
It follows that h; is locally semiconcave. O]

Remark 58. Proposition 57 implies in particular that h, is differentiable almost

everywhere.

Next, we show how Proposition 57 yields an important characterization of the

superdifferential of h,.
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Corollary 59. For any action minimizer v = (ya,7z) satisfying yu(0) = x and
Y (t) =y, the linear functional Fy given by (3.29) is a superdifferential of h, at

the point (z,y), and it can be written as

Fi(y1,12) :g—i(”yM(t)ﬂM(t)ﬁI(t)_) Y2 — %(VM(O),WM(O),%(O)*) Y1 (3.30)
+ 0uth (720(0),,92(0)F) - y1 + 0 (Vs (), v2() ™. ) - -
In particular, if hy is differentiable at (z,y), then
dizghe - (Y1, y2) _%(VM(t)a"YM(t)a’YI(t)) Yo — g—f]j(’YM(O)a"YM(O)fYZ(O)JF) U1
+ 009 (v (0),4,72(0)) - 91 + b (var (8),72(8) ™, ) - -
(3.31)

Proof. Clearly, F, given by (3.29) is a superdifferential for h,. We now prove the
representation formula (3.30). By Theorem 49, the Euler-Lagrange equation

% %(’YM(S)WM(S)WZ(S)) = g—i(vM(S),f'yM(s),%(s)) (3.32)

is satisfied in the set V' = [0,t1) U (t1,t2) U+ U (tn_1,tn) U (tn, 1]. Substituting
(3.32) in (3.29) and integrating by parts (recall ¢ < min{t;,t —tx}), we get

oL

Fi(y,y2) = —%(VM(O)WM(OV”YI(OV)'3/1
FE Oarlt),Ana () 2(6)) e

+0,0 (7a1(0), 5, v2(0)7) - 91 + 0t (Yar (1), 72 (1), 5) - 2

Then, apply Theorem 52 to conclude the proof of the corollary. O

Remark 60. Observe that the terms 0,1 disappear in case we have no switches

at the endpoints.

In order to finish the proof of Theorem 47, we only need to prove the following

proposition:
Proposition 61. Suppose L : TM — R is a Tonelli Lagrangian satisfying A1l and
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A2, and Y : M X T xZ — R a switching cost satisfying A3 and A4. Then, for any
x,y € M and any 1,5,k € Z,

ht((:p?i)v (%])) - ht((xai)a (yv k)) < @D(l‘,k‘,j)

Proof. Let v € AC([0,t]; M) x P([0,t];Z) be such that v(0) = (z,17), v(t) = (v, k),
and

ht((xai)7(ya k’)) = T
Define 4 : [0, + 0] — M x T by

v Joals), in[0,1);
7(8)_{ ©,j), inft,t+3). (8:33)

—~

Then

hers ((2,4), (4, 5)) < Tews3] = he((2,9), (y, k) + 0L(2,0,5) + (. k, ).

Let 6 — 0 to conclude the proof. n
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Chapter 4

Weakly coupled systems of

Hamilton—Jacobi equations

The purpose of this chapter is to analyze aspects of the weak KAM theory in
the optimal switching setting. Let L : TTM — R be a Tonelli Lagrangian, as
in Definition 7, for which conditions A1-A5 are valid. By the Legendre—Fenchel
duality, we associate the Hamiltonian H : T*M x Z — R by

H(x,p,i) = v:lTlpM {p(v) — L(z,v, z)} (4.1)

As in the case of a single Lagrangian, it follows that each H(-,-,4) is a Tonelli

Hamiltonian, in the sense of Definition 14. Furthermore, we have

A2'. H(-,-,i) is superlinear above compact sets, uniformly in ¢ € Z, meaning that,
given K C M compact, for every constant A > 0, there exists a constant

C € R, depending on K and A, such that

H(z,p,i) > A|pll,+C, forallz € K, pe T M;

As we will see in Section 4.1 below, the optimal switching problem is closely related

to the following system of Hamilton—Jacobi equations:

max {H(JU, du(z,i),i) — c, max {u(z,i) — u(z,j) - ¢(m,i,j)}} =0, (4.2)

J#

95



for every ¢ € Z, and for some ¢ € R. If we define Yu: M xZ — R by
Vu(x,i) = rjn;gl {u(:v,j) + Y(z, z’,j)}, (4.3)
we can write, more concisely,
max {H(a:, du(z,1),4) — ¢, u(z,i) — Yu(z, z)} =0, (4.4)

for every ¢ € Z, and for some ¢ € R. We prove the following theorem:

Theorem 62 (Weak KAM). There exists a unique co € R for which the weakly

coupled system of Hamilton—Jacobi equations
max {H(:c, du(z,i),1) — co, u(x,i) — \Ilu(a:,z)} =0 (4.5)

admits a viscosity solution® u: M x T — R. We call such a number cy a (gener-

alized) Mané critical value.

Our proof of this theorem utilizes Fathi’s idea [13] of understanding the long—
time behavior of the Lax—Oleinik semigroup associated to a viscosity subsolution
of (4.5).

As we have mentioned before, we are not the first ones to consider such systems;
in fact, in a similar fashion, it is present in the early work of Capuzzo Dolcetta-

Evans [6] (see also Gomes-Serra [19]).

Here is how this chapter is organized: In Section 4.1 we define the Lax—Oleinik
semigroup associated to the optimal switching problem of last chapter, and prove
some of its properties. We also define viscosity solutions of the system (4.4) and
explain how it relates to the Lax-Oleinik semigroup. Next, in Section 4.2, we
prove a generalized version of Fathi’s weak KAM theorem, for the system studied
in Section 4.1. Finally, in Section 4.3, we define the Aubry set following [19] and

prove the results we need for the long time behavior of Lax—Oleinik of net chapter.

'We define viscosity solutions of (4.5) in Definition 66 below.
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4.1 Lax—Oleinik semigroup and viscosity solu-

tions

In this section we define a Lax—Oleinik semigroup (see Definition 63 below) and
we show how it provides a variational formulation for viscosity solutions of the
weakly coupled system (4.4). First, we give a motivation for the definition of our

semigroup.

Motivation. Assume u is a smooth solution of (4.4), and let v = (var,v7) :
[0,t] = M x T be such that v(t) = (z,i) = A, and Ay (t) = v, for some v € T, M.

Thus, from (4.4), we can write

H(x,du(w(t)),i) <cg,
and by the definition of the Hamiltonian H(,-,7), we have

%u(*y(t)) = du(y(8)) () < L (s (8), A (), 72 (1)) + c.

Thus, by integrating the last inequality from ¢y to t, we get

u(va(t),4) < u(ym(tn), i) +/ [L(vm(s), Y (s),4) + ¢ ds.

tn

Now, (4.4) also gives us

w(ym(tn), 1) < ulym(tn), vz(tn-1)) + ¥ (ne(tn), vz(tn-1), vz(tn))

so that

U(’)/M(t),l) S u(’yM(tN),’yZ(tN_l)) + /t]: [L(’}/M<S),’)/M(S),Z) + C} ds (46)

+ (v (tn), yz(tn-1), 7z(tw)).
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By iterating this argument, we get that

k

u(w,i) < u(yum(0) +Z/t v [L(var(s), Aaa (), vz (tr)) + ] ds
- (4.7)

N
- Z¢ Y (trn), vz (), Yz (tega)).-
k=0

Furthermore,

/ L (e (5), A (8) vz (te) + ] ds

ty

WE

u(z,i) < inf {U(VM(O)WI(O)) +

bl
[e=]

=

+ (i), vz (te), vz (tera)) }’

k=0

(4.8)

where the infimum is taken over all absolutely continuous curves vy, € AC([0,t]; M)

with yy/(t) = = and all piecewise constant functions

with vz(tx) = ¢. Note that up to now we have only utilized that the maximum in
(4.4) is less than or equal to zero. Next, we show that the right hand side of (4.8)
actually provides the variational formulation of a viscosity solution of (4.4), as we

wanted.

Definition 63. [Lax—Oleinik semigroup| For a given function v : M x Z — R,
where Z = {1,...,m}, we define the Laz-Oleinik semigroup associated to the

Lagrangian L by Tiu : M x 7T — R,

/ " L (aa(s) Anr(s), vzte) ds

tr

Tiu(A) = inf {U(’V(O)) +

-

(4.9)

=

+ w(vM(tkH),VI(tk)ﬁI(tkH))}7

i
o
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where the infimum is taken over all absolutely continuous curves vy, € AC([0,t]; M)

and all piecewise constant functions

with v(¢) = (vm(t),7(t)) = (z,i) = A, as usual.

Remark 64. If we define h; : M X Z x M x T — R to be

N-1

hi(B, A) := inf /OtL(fyM,f'yM,fyz) + Z Q/J(VM(tk+1)772<tk)771(tk+1>)7 (4.10)

k=0

where v = (v, vz) € AC x P satisfies 7(0) = B, () = A, then we can more
concisely write

Tw(A) = inf {u(B)+ h(B,A)}.

BeMxT

Proposition 65. Foru e C(M xZ),t >0, and i € Z, the map x — Tyu(z,i) is

semiconcave. In particular, when written in charts, we have

Ty + h,i) — Tou(4) < 90 (yaa(t) Ans(0), 2200 7) ot KR (410

and consequently

oL

o (e (D)0 (1),72(8)7) € 0 (T) (w,9).

Proof. By compactness, there exists B € M x Z such that
Tiu(A) = u(B) + hy(B, A).

Thus,

Hence, by reasoning as in Proposition 57, we have
, oL ) _ 2
Tru(x + hyi) = Tru(A) < o= (e () e (0):72(0)7) - b+ K[| (4.12)
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as desired. O

Let us now define what we mean by a viscosity solution of the system (4.4).
The following extends naturally the concept of a viscosity solution as introduced
by Crandall-Lions [9] (see also [6, 19]).

Definition 66. 1. We say that the continuous function v : M x Z — R is
a wviscosity subsolution to the system (4.4) if, for any z € M and i € Z,
whenever the function ¢ : M — R is such that u(-,7) — ¢ admits a maximum

at x, we have

max {H(x, do(z),i) — c,u(z,i) — \Ifu(x,z)} <0. (4.13)

2. We say that v : M x T — R is a viscosity supersolution to the system (4.4)
if, for any x € M and i € Z, whenever the function ¢ : M — R is such that

u(+,1) — ¢ admits a minimum at z, we have

max {H(m, do(x),i) — ¢, u(z,i) — Vu(z, z)} > 0. (4.14)

3. The function u is said to be a wviscosity solution if it is both viscosity subso-

lution and a viscosity supersolution.

Remark 67. For u: M xZ — R to be a viscosity subsolution to the system (4.4),

it is necessary and sufficient that the following two conditions are satisfied:
(7) the function wu(-,7) satisfies
H(z,du(z,i),i) < c, (4.15)
in the viscosity sense, and;
(77) the function u(-,) satisfies

w(z,i) < Yu(z,i) = I?;gl {u(z, §) + ¢(z,i,5) }.
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Analogously, for u : M x Z — R to be a viscosity supersolution to the system
(4.4), it is necessary and sufficient that at least one of following two conditions are
satisfied:

(7) the function wu(-,7) satisfies
H(z,du(z,1),7) > c, (4.16)

in the viscosity sense, or;

(73) the function u(-,7) satisfies

u(z,i) > Yu(z,i).

Before providing an important connection between our Lax—Oleinik semigroup

and the notion solutions of (4.4) defined above, we prove a few lemmas.

Lemma 68. Let v € C(M X I) and A = (x,i) € M xZ. Then there exists

v = (Ym,vz) minimizer for the Laz—Oleinik operator:
Too(4) = v(+(0)) + T (417)

Moreover, if v is a subsolution of (4.4), then we can choose 7y to have no switch

at the initial time.

Proof. Let A= (z,i) € M x Z. Recall

Tw(A) = inf {v(B)+h(B,A)}.

BeMXT

By compactness, and by the existence theorem of Section 2, there exists B =

(y,j) € M X T and v : [0,s] = M x Z, with v,(0) =y, va(s) = x, such that
Tsw(A) =v(B) + hs(B, A)

=v(y(0)) + /OS L(vars e, vz) + ¢ (71(0), 72(0),72(0) F)

+ > (maltesn), vz(te), vz(tenn)) + (e, () 92(1)).

(=1

(4.18)
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We now claim that, when v is a subsolution, v might be chosen so that vz(0) =
v2(0)* = j. Indeed, if we set B = (va(0),7z(0)*), we have

Tsv(A)

IN

v(B) + hy(B, A)

= 0(1r(0),72(0) ") + /0 Lo a2

+ > (maltesn), vz(te), va(ten)) + (e, 2(t) " 42(1),

(=1

(4.19)

so that (4.18) and (4.19) give
v(1r(0),72(0)) + 9 (71(0),72(0), 72(0)") < v(ar(0), 7z(0)).
Since v is a subsolution, the other inequality is also true, and
v(7(0),72(0)) + ¥ (71(0),72(0),72(0) ") = v(72(0),72(0)*),

that is, we may choose not to switch at time ¢ = 0. [

Lemma 69. Let v be a subsolution of (4.4) and let (x,i) € M x Z. Then, for

sufficiently small s > 0, we might have at most one switch.

Proof. Since v is Lipschitz, there exists K; > 0 such that
|U(Zu 7’) - U(y7 Z)| < Kld(z’ y)a

for any z,y € M, and for all © € Z. By superlinearity, for any Ky > 0, there exists
a constant C' > 0 such that

(K1 + Ka) [[vll, = € < L(x, 0,9).
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Thus, using that v is a subsolution, we have

Tw(A) > v(2,97(0)) + (K1 + K>) /O 192 (), (ry A7 = C's + v(721(0),72(0))

—v(z,72(0)) + Z O (yar(terr), vz(te), Yo (tesr)) + e, yz(t) ™, )
=1

> o) = Kid(r (0):) + (K1 + K3) [ Fiaa()]L 7 = O
0

N-1

+ Z w('yM(tZ—H)a ’YI(tE)a ’YI(tZ—H)) + 77/)(93, ’VI(t)_v 7’) - 2b(‘7‘17 71(0)7 Z)
=1
> 0(0.0) + Ko [ [0l 7 = Cs+ X 0072000, 22(t001)
0 =1

=

-1

+ w(% fVI(t)ia Z) - Qﬂ(% 71(0)7 Z) + [w(’YM(téJrl), ”YI(té), ’YI(tEJrl))

~
Il

— (2, yz(te), 'YI(UH))]

N-1

> v(z, i) +K2/ 12 (T, ¢y d7 — C's + Z%U (2, vz(te), vz (tesr))
vt
(a2 (t) 5 0) = P(w,72(0),0) + Kz ) d(yzlten), @),
=1

(4.20)

Choose Ky > K3(N — 1) (recall the number of switches of minimizing curves is
uniformly bounded) so that
N-1
Tow(A) > v(A) = Cs+ > (2, 7zte), 1z(tes)) (21)
=1 :

+ ?/1(937 'VI(t>_7 Z) - ’QD([L', 71(0)7 Z)

Then, if we would have two or more switches,

=

-1

¢($ﬁz(tz)ﬁz(te+1)) + ¢($771<t)_7i) - 1/}(1‘,72(0),2) 2 50 > 0; (422)

1

o~
I
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therefore
Tow(A) > v(A) + 6 — Cs, (4.23)

a contradiction when s > 0 is sufficiently small. O]

Lemma 70. Let v be a subsolution and let (x,i) € M x Z. Assume
v(z,1) < m;n {v(z,j) +v(z,i,5)} (4.24)
jF#i

Then, there ezists so = so(x) such that

M (8)=x

T,v(z,i) = inf {U(VM(O),Z')+/OSL(7M,7M,2')}, Vs € [0, so). (4.25)

In other words, it is not worth switching between modes.

Proof. Observe that (4.24) holds true in a neighborhood of x. We claim that
s > 0 can be taken small so that any minimizing curve v for T;(z, ) is completely
contained in such neighborhood. In fact, Tiu(y,i) < C for (t,y) € [0,to] x M.
Then, for any € > 0, there exists C. > 0 such that

1 (.. ’ :
‘C+5/ IIvMIIW—Oesgu(vw)H/ Ll A, vz) <€, (4.26)
0 0

which in turn implies
d(ym(0),z) < / [9all,,, < Ce+ Ces. (4.27)
0

Hence, given any 6 > 0, we first choose € < 0/2C, then s > 0 sufficiently small so
that C.es < /2, and we have d(yx(0),z) < 6.

Now, suppose v7(0) = j # i, that is, we have one switch, for s > 0 small.

Then, since

v(ym(0), 5) + ¥ (7ar(0), 4,7) = v(7ar(0),2) + b, (4.28)
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for some 9y > 0, the same computation from the previous lemma shows that
Tow(A) > v(A) + 6 — Cs, (4.29)

where now, instead of (4.20), we use (4.28). This is again a contradiction and we

must have no switches for all times 0 < s < so(), if so(z) is sufficiently small. [

Next, we provide the aforementioned connection between our Lax—Oleinik semi-

group and the viscosity solutions of (4.4).

Proposition 71. A Lipschitz function u : M x T — R s a viscosity subsolution
of (4.4) if, and only if, u < Tyu + ct, for all t > 0.

Proof. To simplify the notation we suppose without loss of generality that ¢ = 0.
If w is a subsolution, then, for any curve ~ : [0,t] — M x Z with y(t) = A, we

write

WE

uw,i) = u(3(0)) = > [u(y(tnn) = u(y(t)]

B
Il

0

] =

[u (’YM(tkH), ’Yz(tk)) - U(’YM(tk)a ’VI(tk))}

i

0

hE

+ [U(’YM(tk+1)77I(tk+l>) - U(WM(tkH)WZ(tk))] (4.30)

bl

=0

/k+1 Ly (s), v (s),72(tr)) ds

tg

WE

<

o
o

=z

+

(v (1), vz (), V2 (ts))

>
Il
o

which implies u < Thu.
Now, given (g, 1), we take ~y satisfying ~v(to) = (zo,0), Y (t) = z, 7z = o,
and qy/(tg) = v, so that

to
u(wo, io) < u(ym(t),io) +/ L(vm, %, o) ds
t
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and any test function ¢ such that u(-,ig) — ¢ has a maximum at x, satisfies

— t 1 to ,
¢(z0) P f(ZM( ) < - t/t L(va, A, vz) ds;

hence

d(b(l’o) v < L(Io, U,io).

Since v is arbitrary, we obtain
H(l’o, d¢(l’0), Zo) S 0.

To complete the proof, we observe that the Lax—Oleinik semigroup is a solution
to a time-dependent weakly coupled system of Hamilton—Jacobi equations, see

Proposition 88. It follows that the Lax—Oleinik semigroup satisfies
Tiu(z,i) < Tyu(z, j) + ¥ (x4, j).

Let ¢t — 0 to obtain
u(w,1) < ulz,j) +P(,i, ).

[]

Proposition 72. A semiconcave function u : M x I — R is a solution of (4.4)
if, and only if, u = Tiu, Vt.

Proof. Again, to simplify the notation we suppose without loss of generality that
¢ = 0. The ‘if’ part is the same as in Proposition 88, of Chapter 5. Assume now
that u : M x Z — R is a solution of (4.4) and fix ¢ > 0. This means that, for any
1 €T,

max {H(a:, du(z), 1), u(z, i) — Yu(z, z)} =0, (4.31)

in the viscosity sense of Definition 66. Fix z € M and ¢+ € Z. Let us consider two
cases.

Case 1. u(x,i) < Yu(z,i). In this case, such inequality is true in a neighborhood
U of . We first claim that u(-,7) = Tyu(-,i) in a neighborhood of z, for all

sufficiently small times 0 < s < s(z). Indeed, the initial point of any minimizer
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must be contained in U, if s > 0 is chosen sufficiently small, and 7. su(y, 7) cannot

have any switches, for any y € U C U (See Lemma 70). In this way, since we have
H(y,du(y),i) =0 on U

and u is semiconcave, the classical theory implies u(y, ) = Tsu(y, 1), for all y € U.

Now, set
A= {s;u(y,i) = Tsu(y,i) in U}.

By continuity, this set is closed in [0, +00). But the reasoning above (combined
with the fact that « < Tiu) shows it is also open. Hence, A = [0, +00).

Case 2. u(z,i) = Vu(x,i). Then, we have
uw(x, 1) = u(z, j) + ¢(z, j, 1), (4.32)
for some j € Z\{:}. It is not hard to see that j is such that
(e, j) < Pu(z, j);

thus, by the same reasoning of case 1 (and by using the equation for the index j),
we must have u(z, j) = Tiu(z, 7). This, together with (4.32) and Proposition 88,

implies
u(z,i) = u(z, j) + ¥z, 4, 1) = Tulz, j) + ¢(x, j,4) > Tu(z, ).

The other inequality follows from the previous proposition and the fact that u is

a subsolution. ]

Until the end of this section, we list some of the various useful properties that

the Lax—Qleinik semigroup, as we defined above, satisfy.

Proposition 73. For every i € Z, the map u v+ Tyu(-,1) is a weak contraction in

the L*°(M)-norm, that is, for every g,h: M x T — R continuous,
1T2g(-,0) = Teh(, i)l oo ary < N9 (5 8) = RC D) | ooy -
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Proof. The definition of the semigroup readily implies T;(g+¢)(+, i) = Tyg(-, 1) + ¢,
for ¢ € R. Also, if g(-,7) < h(-,1), for every i € Z, then Tig(-,7) < T;h(-,7). So,

from

h(7l) - ||g(7l> - h('vi)HLOO(M) < g(-,i) < h(vl) + Hg(?Z) - h('7i)||L°°(M)

we conclude

Tth(vz) - ”g(’l) - h("7i)||L°°(M) < Ttg('vi) < Tth(al) + ”9(71) - h('7i>||L°°(M) )

as wanted. O

Proposition 74. The Laz—Oleinik semigroup defined above is in fact a semigroup,
that is,
T(Tsu) = Tips(u), Vt,s > 0. (4.33)

Proof. First, we claim that h;, as in Remark 64, satisfies

his(A, B) = _inf {h(A,C) + hy(C,B)}. (4.34)

CeM x
Indeed, for a given C' € M x Z, consider
0,t] = M x I,

v
7 :00,8] = M x T,

with y1(0) = A, v'(¢t) = C, and +*(0) = C, +*(t) = B so that, if we define
3 :10,t + 8] = M x T by the formula

V() = { Y1), for 7 € [0, t]; (4.35)

V(1 —t), forT € [t,t+ s,
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and denoting with ¢ the new partition that arises, we get

N1+N2

t+s

= [ Lk b+ X el ek (430)

s No—1
=0

(note v (c®(tn, ), 0%(t)) = 0) Then, by taking the infimum over y*, 42 we obtain
ht-l—S(Aa B) S h’t(Aa C) + h’s(C7 B)a
and since this is true for all C' € M x Z, we infer

hiss(A,B) < _inf {h(A,C)+ hy(C, B)}.

T CeMx

For the reverse inequality, we fix ¢ > 0, and choose 7 : [0,t + s] — M x Z such
that 7(0) = A, v(t + s) = B for which

N-1

t+s
hits(A,B) +¢> /0 L(vyam, 95 vz) + Z (v (tigr), vz (ts), Yz (tisn)) . (4.37)

=0

Let y(t) = (z,k) be the intermediate point of v at time ¢. Now, we define 7! :
[0,t] = M x Z,4?:(0,s] — M x I, respectively, by

7 =g
and
VA7) = Yars (T + 1)
Observe that

ht(A/Y(t)) S /0 L(fyjl\/la’wl\ia’)/%) + Z_ ¢(’7M<t11+1>’7%(tz'1)77%(t2‘1+1))7 (438)

1=0
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and

No—1

t+s
ha(y(t), B) < / L2422 + 3 0 (m(), 20, 22(2,)),  (439)

=0

Hence, by adding the last two inequalities, and combining it with (4.37), we con-

clude

hevs(A, B) + ¢ > h(A, (1) + ha(1(t), B)
> inf . {h(A,C) + hy(C,B)},

T CeMx

(4.40)

and since ¢ is arbitrary, the claim is proved.
We now turn to the proof of (4.33), which becomes simple with the help of
(4.34). In fact, for A € M x Z, we have
E+SU(A) = lnf {U(B) + ht+5(B, A)}

BeMxT

= inf {uw(B)+ inf [h(B,C)+ hy(C, A)]}

BeEMXT CeMXT
= Cei]I\l/[fo {hs(C,A) + Bei}\ljfxl [u(B) + h(B,C)]} (4.41)
= it _{T,(C)+h,(C, 4)}
= T(Tiu)(A),

as desired. n

4.2 Weak KAM theorem in the optimal switch-
ing setting

The aim of this section is to prove Theorem 62. As in the Weak KAM Theorem
for the action of a single Lagrangian on a compact manifold, we proceed to show
that the associated Lax—Oleinik semigroup (see Definition 63 above) converges to
a viscosity solution of the system of Hamilton-Jacobi equations (4.5)

We start by showing that the critical value ¢y is well defined as the infimum of

¢ € R for which (4.4) admits a viscosity subsolution:
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Proposition 75. There exists a unique ¢y € R satisfying:
(1) The equation (4.4) admits a subsolution, with ¢ replaced by co;
(77) For any ¢ € R such that (4.4) admits a subsolution, ¢ > c.
Proof. Define ¢y € R by
¢ := inf {c € R; (4.4) admits a subsolution}.

Notice that the infimum is over a nonempty set, because for big values of ¢, u = 0
is a subsolution. Moreover, we clearly have ¢y > max; co(L;), where ¢o(L;) is the
Mané critical value of L(-,-,); thus, ¢o € R.

In order to show that this infimum is in fact a minimum, let ¢/ € R be a
minimizing sequence for ¢y, so that there exists a subsolution u/ for (4.4) with
c replaced by ¢/, and satisfying ¢/ — ¢y. Since u/(+,4) is uniformly Lipschitz, we
know that there exists u such that w/(-,4) — wu(-,4), up to a subsequence. It is

then clear that this limit u is a subsolution of (4.4) with constant cq. O

From this point on, so that the notation is simplified, we consider a ‘normalized’
definition for the Lax—Oleinik semigroup, by adding the constant ¢y, from last

proposition, to the Lagrangians L(-, -, 4):

/ L (van(5), e (3), vz (t)) + o] ds

tr

Tyu(A) := inf {u(v(o)) +

-

(4.42)

=z

-1

+ O (v (), vz (), vz (i) }

0

i

Lemma 76. Assume u : M x T — R is a subsolution of (4.4). Then, for any
t €10,00), there exists Ay = (xy,1;) € M X T such that u(A;) = Tyu(A;).

Proof. Assume, by contradiction, that this is not the case. Then there exists tg > 0
such that, for every A € M x T,

u(A) < Ty,u(A).
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Since M is compact, we can find € > 0 such that, for all A € M x Z,
u(A) < Tyyu(A) — e =: Ty,u(A), (4.43)

so that

[ (Bt Ants), 7)) + ) ds

173

Tou(A) = inf {u(w(@)) +

M-

=

-1

+ > p(var(te), vz (t), vz (tera)) },

0

B
I

with é = ¢g — £/ty. Since u is a subsolution, the monotonicity of the semigroup T,

implies that for any 7 > 0, and any n € N,
TTU S nto+7U-
This in turn implies
U ;= sup TTU = sup TntOJrTu.
>0 0<7<to

Observe now that, for any A > 0,

Thu =sup T, ipu
>0

. (4.44)
=supT,u > u,
T>h

so that u is a subsolution to
max {H(.CE, dyui, i) — ¢, max {u(z,i) —u(z,j) — ¥(z, i,j)}} =0, Vi (4.45)
But then, by the definition of ¢q, we have
co < €= cy—efty,

which is clearly a contradiction. O]
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Proposition 77. For every i € Z, Tyu(-,1) is uniformly bounded in t, meaning
sup [ Teu(-, 4) || oo (ary < 00
>0

Proof. For t > 0, there exists A; = (z4,4;) € M x T such that (Tyu — u)(A;) = 0.

Since Tyu(-,4;) — u(-, ;) is uniformly Lipschitz and vanishes at one point, we have

Tyu(z, i) — u(z, i) | = [(Thw — u)(@, i) — (Thu — u)(Ar)]
< 2Cd(z, x?) (4.46)
< 2Cdiam(M) = Cyy,

with C independent of . Then, for any i € Z, we know
Tiu(z, i) — (w44, 1) < Tyu(w, 1) < Tyu(w, i) + (2, i, ).
Here, we again use that Tu is a solution to (5.1), as stated in Theorem 88. Thus,

[Tou(-, d)| < llul i)l pooary + O+ sup (x, 1, ),
xeEM,i#j

whence,

St1>110) ||Ttu('ai)||Loo(M) < ||u('7it)||L°°(M) +C.

]

Proposition 78. Ifu: M x Z — R is a subsolution of (4.4), then T,u converges
to a fixed point of the Laz—QOleinik semigroup T;.

Proof. By assumption, u is a subsolution and so u < Tiu. By the monotonicity of

the Lax—Qleinik semigroup, we have
Tou < Tsipu.
Since it is also uniformly bounded in ¢, the pointwise limit
u™(z,1) == tLieroo Tu(x,1)
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is well defined, everywhere in M. Since T; is continuous in ¢t > 0, we conclude
Tsu™(x,i) = t£+moo Torpu(z,i) = u™(x,1).

]

As a corollary, taking Proposition 72 into account, we obtain Theorem 62,

which was the goal of this section.

4.3 The Aubry set

In this section, we start our analysis of the Aubry—Mather theory in our setting.
We define the Aubry set A in a fashion similar to [19]. We prove the following

theorem:

Definition 79. The projected Aubry set A is defined as the set of B € M x T for
which
lim inf h (B, B) = 0. (4.47)

t——+o0

The set A is defined in Gomes-Serra [19] as the set of B € M x Z for which
(77) of Proposition 80 below is satisfied. We prove that this definition is in fact
equivalent to the one we propose. The proof is standard and follows the same steps
of the proof of an equivalent statement in the classical theory. We recall that, by

Proposition 71, any critical subsolution satisfies
u(y(8)) = u(y(0)) < Zll. Vv € AC([0,4]; M) x P([0,¢]; T).
In particular, the action on loops is always nonnegative.
Proposition 80. The following are equivalent:
(i) B € A;
(i) inf {jth] ‘ t>6,70) =~(t) = B} =0, for some § > 0;

(#3i) inf {JM ‘ t>9,70)=n~(t) = B} =0, for every § > 0.
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Proof. (i) = (ii). Let ¢ > 0. If B € A, then there exist a sequence t;, — +00
for which hy, (B, B) — 0. Let o* : [0,t,] — M x T with v(0) = (t) = B be such
that

ho (B.B) + 2 = 7.

Without loss of generality, we may assume t; > 1, for all k. Since hy, (B, B) — 0,
if k is large enough
htk (B7 B) S

DO ™

and
e > T[]
for some t; > 1. Then (i7) holds with § = 1.

(71) == (i77). Since (77) holds, there exists ¢y > 0 such that (4.47) holds true.
Now fix any 6 > 0. If § < 9y,

iﬁ{ﬁh”tgé}gnﬁ{ﬂﬂ‘tz%}zo, (4.48)

and we are done, because the action on loops is nonnegative. Otherwise, d > g
and we let m € N be such that § < mdy. In this way, for any v : [0,¢] — M xZ with
with period ¢ > dy, we can define a curve 7 : [0, mt] — M x Z by concatenation of

~ with itself, m times, and we obtain

Jmi[7] = mJi[n].

We do not create any new switches, for v is a loop. Since mt > Jy, both infima

must coincide.

(i7i) = (7). Take § = k and define a sequence. O

Next, we extend the definition of critical curves to our setting and prove its
existence for points of the projected Aubry set A (compare proof with Theorem
25).

Definition 81 (Critical curve). We say v : R — M x Z is a critical curve if, for
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any subsolution u : M x Z — R of (4.4), and all ¢; < t,

u(y(t2))—u(y(t)) = / 2 L(yar(s), A (s),72(s)) d8+z O (Yar (sk11), vz (58), Y2 (5841)) 5

t1

where the sum above is taken for all £ such that t; < spy1 < to.

Proposition 82 (Existence of critical curves). Given B = (y,j) € A, there exists

a critical curve v : R — M x T with v(0) = B.

Proof. Let n* : [0,t] — M x I, with n*(0) = B = n*(t;,) and t; > k, be such that
NF—1

Tl = [ Lki(s) (). o) ds+ 3 w0 hse0) 0

If we set v* : [—t/2,11./2] = M x T as v*(s) := n®(s + tx/2), we have

t/2 Nk—1
/ L(75(5), 4, (),4%(s)) ds + Z (a1 (57), 7 (5575 (5741)) — 0.

—t/2

We observe that the number of switches grows at most linearly, otherwise 7;, [n¥]
would diverge. Since the action of a loop is nonnegative, it is easy to see that ~*

can be assumed to be an action minimizer. Then
0<— L(v3r(s), ¥ (5), 75(5)) ds + — Zw ), ¥5 (575 (s511)) = 0

and there exists tf € [—t;,/2, /2] for which L(~v%(t8), 3%, (t8), v5(tt)) < C; then,

by assumption 3 in the Definition 7 of a Tonelli Lagrangian,

IR ) < LOVRL(EE), 48 (26), 7E(E6)) + C < C.

Now, conservation of energy implies that the speed curve (7%, 4%,) is contained in

a compact subset of TM. Thus, by a diagonal argument, we can construct a curve
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vum 2 R — M such that, for every fixed interval [—T, T

k i 1
— yur, uniformly in =T, T7,
T — Y™ yin| ) (4.49)
5k — A, weakly in L' ([T, T)).

By following the proof of Theorem 48, we can also defined a limit vz of %, for
which lower semicontinuity of the action functional holds in [-T, 7] (see (3.9)).
Finally, we prove 7 is a critical curve. Indeed, given u subsolution of (4.4), and

a < b, we have

b
0< U(v’“(a))—U(vk(b))Jr/ L(Yar b %) ds+> (Vv ") =: If (4.50)
a @]

and, since v* is a loop,

a

te/2

0 < u(+*(5)) — u(r*(a)) + / Lk Ak oE) + / LGk, 4k )
’ /2 (4.51)
+ > e =1
[—t/2,tk/2]\|a,b]

By adding these, we obtain

th/2
o< [ Lkttt X ekt g o
~l/2 [—tk/2:tk /2]

In this way, I}¥ > 0 and I§ > 0 are such that I + I§ — 0. In particular, each of

them converges to zero and we have

b
lim {u(”yk(a)) —u(y* (b)) + / L(vhr, Ak 78) ds + Zw(m’&,%’ﬁ‘m@*)} =0.

k
[a,]
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Hence, lower semicontinuity implies

u(y(b)) - u(y(a)) = lim inf { / L(yh A% 7%) ds + ) w(3hn 4 T) }

[a,]

b
> / Ll Anesvz) + 30 (V7 )

[a,b]
The other inequality is clear, by Proposition 71. O]
Proposition 83. Every critical curve is contained in the projected Aubry set A.

Proof. Gomes and Serra proved that for every (z,i) € A, and every subsolution u
of (4.4), u(-,7) cannot be a strict subsolution at x (see [19, remarks after Theorem

3.6]), that is, at least one of the following is satisfied:
(1) H(x, du(z, 1), 2) = 0, in the viscosity sense or;
(i) for some j #5, v(z, 1) — 0(z, §) = (&, ).

The proof then follows, since the next proposition ensures there exist subsolutions
that are strict outside the Aubry set A. O

Gomes and Serra [19] proved the following:

Proposition 84. If the open subset U C M x T is such that U C M x I\ A, then

there exists a subsolution v of (4.4) which is strict in U, meaning
o forall (y,j) € A, and p € 0%v;(y), we have H(y,p,j) <0 and
o foralli# j, v;(y) —vi(y) < (i, J).

Furthermore, v is smooth in (M x T)\A.

Proof. See [19, Lemma 4.2]. O
We now use this result to prove a comparison principle:

Corollary 85 (Comparison Principle). Suppose u is a subsolution, w is a super-
solution, and that u < w on A. Then u < w in M x T.
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Proof. Suppose to find a contradiction that

min(w — u) < 0.
MXxT

Then any minimizer must be outside A. Consider v, subsolutions that approxi-

mate u and are smooth outside A, and (x,,,) such that

W(Tpyin) — Vp(Tp, iy) = Ar?ir%(w — Up)- (4.52)

For n >> 1, this minimum is still negative, and we must have (x,,i,) ¢ A. But

(4.52) implies d,, v, € 0~ w(x,,1,). Since w is a supersolution, we must have either
o H(z,,d vy, i,) >0 or;

o for some j # ip, Un (T, tn) — Un(Tn, J) = V(@0 in, 7).

Since both contradict the previous proposition, our result is proved. O

Next, we study properties of a special solution of (4.4), motivated by Davini-
Siconolfi [10]. These properties will be important, for instance, in the next chapter
when we describe the large time behavior of the Lax—Oleinik semigroup.

Given ug € C(M x I), we consider

v(A) == inf {h(B,A)Jr inf {u0(0)+h<c,3)}}, (4.53)

BeA CeMxT

where h: M x T x M x Z — R denotes the (generalized) Peierls barrier

h(A, B) = liminf h, (A, B).

t—-+o0

We prove v is a critical solution defined on M x Z. Indeed, we have (compare to
[10, Theorem 3.1])

Theorem 86. Set

w(B):=_inf {u(C)+h(C, B)},

CeM x
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for Be M xZ, so that

v(A) = inf {v(B) + h(B,A)}. (4.54)

BeA

Then, the following hold true:
1. vg is the maximal subsolution with vg < ug on M X I;

2. v is a solution and it equals vy on A;

3. If ug(B) —ug(A) < h(B,A), for all A,B € M x I, then

v(A) = éré& {uo(B) + h(B,A)}. (4.55)

in M xI, and vy = ug on A.

Proof. 1. By setting C' = B, we get that vy < uyg on M x Z. Also, by considering
C € M x T such that
vo(B) = uo(C) + h(C, B),

we obtain

vo(A) = w(B) < h(C, A) = h(C, B) < h(B, A),

and we are done.
2. This is what says [19, Proposition 4.3].
3. If up(B) —ug(A) < h(B,A), for all A, B € M x I, then vy is a subsolution

and we must have ug = vy, which implies (4.55). O
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Chapter 5

Time—dependent weakly coupled

Hamilton—Jacobi system

In this chapter we study the asymptotic behavior of solutions to the time—depen-
dent weakly coupled Hamilton—Jacobi system associated to the optimal switching
problem.

In Section 5.1 we prove that the Lax—Oleinik semigroup of Chapter 4 is a
viscosity solution to the time—dependent equations. In Section 5.2 we prove the
main result of this chapter: we prove that the Lax—Oleinik solution to the time—

dependent system goes asymptotically to a weak KAM solution, as ¢t — 4o00.

5.1 Viscosity solutions

We now study the following time—dependent system of weakly coupled Hamilton—

Jacobi equations: Vi € Z,

max {@u(t, x,1)+H (z, Ou(t, z,i),1), max {u(t, z,i)—u(t,z, j)—¢(z, @',j)}} =0,
j#i

(5.1)

on [0, +00) x M. The definition of viscosity solutions to this system is completely

analogous to the stationary case studied in Chapter 4.

Definition 87. 1. We say that the continuous function u : [0, +00) x M xZ —
7 is a wiscosity subsolution to the system (5.1) if, for each 7,5 € Z,
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(i) for any ¢ € Z, the function u(-,-,7) satisfies
dwu(t, z,i) + H(z, Opu(t, z,i),i) <0,

in the viscosity sense, and;

(1) for any i,j € Z, the functions u(-,-,7) and u(-, -, j) satisfy
u(t7 '/’U? Z) g u(t7 x?]‘) + w(x7 7;7j)'

2. We say that u : [0,400) x M x T — R is a wviscosity supersolution to the
system (5.1) if, for every ¢ € Z, at least one of the following is satisfied:

(1) the function u(-, -, ) satisfies
Oyu(t, z, 1) + H (x, Opu(t, x,1),7) >0,

in the viscosity sense, or;

(17) there exists j € Z, j # i, such that the functions wu(-,-,7) and u(-, -, 7)
satisfy
u(t,x,i) > ult, z,j) + (,14,j).

3. The function u is said to be a wviscosity solution if it is both viscosity subso-

lution and a a viscosity supersolution.

In the following proposition we prove that indeed we obtain a solution of (5.1)

by the Lax—Oleinik formula.

Proposition 88. Let ug € C(M X ZI). Then, u: [0,4+00) x M xZ — R defined by
u(t,A) = Tiu(A), t >0,Ae M xZ,

is a viscosity solution of (5.1).

Proof. Fix (tg,xo,7) € Rx M xZ. To prove that it is a subsolution, we first verify
the inequality of item (i), in the viscosity sense. Choose vz : [0,to] — {1,...,m}

to be arbitrary in [0,¢), with 7 = ¢ in the interval ending ¢, where it is constant,
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and vz = 7 in [t,to] as well. Choose any curve vy, € AC([0,%]; M) satisfying
Y (t) =2, Y (to) = wo, and Yar(to) = v € Ty, M. Then,

u(tO’x()?i) < U(O”YM(O)”YI(O)) +/0 L(’YM(S)’;VM(S)VYI(S)) + Zq/}(’VM:’VEa’V;)

+/tOL(7M(s),7M(s),i) ds.
(5.2)

Since v = (var,7z) iIs arbitrary in [0, t], we obtain
to
u(to, zo, 1) < u(t, yar(t), 1) + / L(v(s),4(s),17) ds. (5.3)
t
So, if ¢ is a test function such that u(:,,7) — ¢ has a maximum at (o, (), we have
to
o(to, xo) — o(t, ym(t)) < ulto, xo, 1) — U(t,’YM(t),i) < / L(VM(S),"YM(S)J) ds,
¢

so that

Al to) 20D < (9. 3ual5).) .

Let t — to to get
Orp(to, o) + 00(to, o) - v < L(to, v, 1).
Since v € T,,M is arbitrary, we have proven

O(to, x0) + H (0, 0x¢(to, 20), ) < 0.

We now verify our second condition in order to be a viscosity subsolution. Fix

i,7 € Z, and we want to show that for all (¢, z),

ult, z,1) < u(t,z,5) + (@5, ).
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For given € > 0, let v = (yar,yz) be such that v(t) = (x, ) and

u(t,z, )+ > u(0,7(0)) + Z/t T L(ar(s) A (), vz(t)) ds

N-1

+ > (b)), 2 (tn) vz(tesn)-

k=0

(5.4)

Thus, if we stay at the point z for a time § > 0 longer, by using the Lagrangian i,

we obtain
e+ 6.2,0) < u(050) + 32 [ L) Aar(s).92(00) s
+ 5L(l‘, 0, Z) + Z_ w(7M<tk+1)7 ’VI(tk)v 71<tk+1)) + Q/J(SL', Za])

<u(t,z,7)+e+0L(x,0,7) + ¥(x,i,7)
(5.5)

But then, by letting § — 0 and using the continuity of u(-,-,4), we obtain
u(t,z,1) < ult,z,j) +(x,i,5) + &

therefore, since this is true for an arbitrary ¢ > 0, u is a viscosity subsolution of
(5.1).

In order to prove that it is also a supersolution, we first observe that if v : R x
M xZ — R, with the same initial condition as u (meaning v(0, x,7) = u(0, z,7), Vi)

is a subsolution, then necessarily v(-,-, i) < u(-,-,7), for all i. Indeed, for given
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v = (Ym,vz) with y(t) = (z,4), we compute

v(t,xz,i) — v

~—~

0,7:(0),7(0))

] =

[0t yar (i) (b)) = (ke e (t0) 12 (8) |

i

0

WE

[v (tk+1, Y (trtr), 71(751@)) - v(tk, Yo (te), ’YI(tk'))}

B
Il

0

(5.6)
+

NE

[U (trsrs Yar(trsr) s vz (b)) — 0 (g, Yor (B ), VI(tk))]

B
I
o

<

/ L3, A (3), 7z (t)) ds

tr

- 1=

;_n

+ 1/1 Yt (tes1), vz (e ), Yz (trsn)) -

OM

(note we use yz(tn) = yz(t) = i) Since the initial conditions are the same, and
the previous inequality holds for any «, we conclude v(t, z,) < u(t,z,i). Now we
proceed to prove that u is in fact a supersolution. For fixed z¢, and ¢y, assume, in
order to find a contradiction, that both conditions in the definition of supersolution
fail to be true, that is, that there exist ¢ € Z and ¢ such that u(-,-,7) — ¢ has a

minimum at (¢, o), with

atd)(th .750) + H(x07 aa;Qb(t(), I'()), Z) < 07

and that
u(t07 Lo, Z) < U(to, mOaj) + ¢($0, i;j)) \V/] S
By continuity, these inequalities hold true at least in a small neighborhood Bs(tg, )

of (tg, zg). Then, if we set ¢ > 0 any positive number satisfying

€ < max {u(t,x,1 t,x);,
piex Ault,,0) = ot z)}

£ < max {u(t z,7) +(x,d,5) —u(t,z,4)},

Bs(to,z0)
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and consider the function v defined as

(t ) max{gb(t,:v) T+ &, U(t,l‘,i)}, for (t,l’) € Bé(t07$0);
v(t,x) =
u(t, x, 1), elsewhere,

one verifies that @ defined as

~(t ) 'U(t7$al)> fOI']:Z, (5 8)
u(t,z, ) = .
D=\ utta ), forj £,

is also a subsolution. But v(ty, zo,4) > u(t, zo, %), a contradiction. ]

5.2 Large time behavior of the generalized Lax—

Oleinik semigroup

By combining our Theorem 62 of Chapter 4 with Proposition 88 above, we see
that, when ug : M xZ — R is a critical subsolution, then the Lax—Oleinik solution
u = Tyug converges, as t — +00, to a solution of the critical Hamilton—Jacobi
system (4.4).

Naturally, we are interested in the following question: Does the Lax—Oleinik
semigroup converge for any given “initial” function ug : M x Z — R? The main

theorem of this section answers affirmatively this question:

Theorem 89. Let ug : M x I — R be a continuous function. Then, the Laz—

Oleinik semigroup Tyug : M x T — R converges, ast — 400, to a critical solution
v of (4.4), given by (4.53).

We observe that the long time behavior for different but related systems has
been studied recently by Filippo Cagnetti, Diogo Gomes, Hiroyoshi Mitake, and
Hung V. Tran [5].

Our method for proving Theorem 89 follows Davini-Siconolfi strategy [10] in

the classical case that we presented in Subsection 2.8.1. More precisely, we set

w(ug) :={v: M xI =R ; ¢=T,u, for some t, — +oo} (5.9)
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and define the ‘semilimits’:

u(A) =sup {¢(A) | ¥ € wlug)} (5.10)
and

u(A) = inf {¢(A4) | ¥ € wluo)}; (5.11)

these are well defined since the family {T;u};~¢ is uniformly bounded and uniformly

Lipschitz.

Proposition 90. As defined above, u is a subsolution of (4.4) and U is a super-
solution of (4.4).

Proof. By using Propositions 71 and 72, the proof follows exactly as in the proof
of Proposition 38. O]

Next, we give a second proof of our weak KAM theorem for the weakly coupled

equations, Theorem 62. The proof is an easy variation of [10, Theorem 3.4].

Proposition 91. Let u be either a subsolution or a supersolution, and let v be the
function defined by (4.53). Then

Tiu — v.

Proof. Assume wug is a subsolution, so that uy < Tiug. Since v is the maximal
subsolution with v = ug on A, we have ug < v on M x Z. Then, by noticing

v = Ty, for any t > 0, we have

Uy < Tiug <von M xT.
Now, v = ug on A implies

Tiug=von A, Vt>D0.

This means

u=u=uvonA,

and the comparison principle implies the same equality on the whole M x Z.
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Next, assume uq is a supersolution, so that ug > Tyug. Consider

vo(B) := _inf {uo(C)+ h(C,B)},

CeMxT

the maximal subsolution with vy < ug on M x Z. Since v is a subsolution, we
have vg < Tyvg. Then

vo < Tiwg < Tyug < ug on M X I,

and the maximality of vy implies that these are all equalities. In particular, vy =
Tyvg, that is, vy is a solution, which implies v = vy on M x Z. By monotonicity,
we get

v<Twy <ugon M xZT, Vit>0,

which implies v < 1w < u < ug on M x Z. Since u is a subsolution, we must have
u < v and the proof is finished. O

Proposition 92. Let u,u be given by (5.10) and (5.11), respectively, and v be the
solution of (4.4) given by (4.53). We have

v<u<uwuonMxT. (5.12)

Proof. As in the second part of the previous proof, vy satisfies vy < ug on M x Z.
Then Tyvy < Tyug on M x Z. Since vy is a subsolution, we have Tivy — v and both

v < 7w and v < u are valid. The other inequality is trivial. O]

Remark 93. In order to obtain the convergence result, all we need is v = u on

A. This is what we prove in the next section.

Lemma 94. There exists a modulus of continuity p for which, if v is a critical

curve and X\ is a constant sufficiently close to 1, then

h(’)/()‘tl)): 1) (A= 1) (faty).

(5.13)

| L0 X 00) 220 ds+ 30 <

t1

Proof. The speed curve of a critical curve is bounded, say (v,5) C K, K C TM

compact.
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By the mean value theorem, we have

L(yar(As), Mar(Xs), v2(As)) = L(var(As), ar(As), vz(As))

= 0= DSE (r(3s), i (39), 7205)) 330 (0s)

(5.14)

Then, if we take p a modulus of continuity for OL/0v in K := {(z, \v); (z,v) €
K, |A—1] <6}, we have

L(yar(As), Mar(As), vz(As)) < L(var(Xs), ¥ar(As),vz(As))

5.15
+ A= L]p(]A - 1)). 19

Thus,

to

| EOn00), X239 5209) + S0 < [ L0 09).3ar(05),22(09)

t1 t1

+ 370+ O = 1p(CIA = 1)t — )

= Th( )2 ()

+ CIA = 1[p(C|A = 1[)(t2 — t),
(5.16)

as desired. O

Proposition 95. Let u be given by (5.10), and v be the solution of (4.4) given by
(4.53). Then, u <wv on A.

Proof. Let ¢ : M x Z — R be in the w-limit set of ug, so that ¢ is the limit of
Tiug for a particular divergent (to +00) sequence of t’s. It is not difficult to obtain
from there a sequence s, — +oo such that

o= lim T, o.

n—-+o0o

Observe T ¢ is the classical Lax—Oleinik semigroup of the function ¢. Let A =
(x,1) € w(v), so that A = limy, o Y(t,), for some sequence t,, — +o00. Up to

extracting subsequences, we can assume 7, = t, — S, — 400. Since 7 is a critical
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curve and v is a subsolution (it is in fact a solution), we have, by Lemma 94,

T 6(y(ta)) — (3(t + 7)) < / Ll inz) + Y 007 7E) + Hlolt/5,)
— oy (t)) = 01+ 7)) + [t]ot/51).

If we set

n=lim~(- 4+ 7,),

then, n is also a critical curve and, by letting n — +o00, we obtain
$(A) = o(n(t)) < v(A) —v(n(t)).
It only remains to show that
limtinf {o(n(t)) —v(n(t)} <o.
To this order, observe
v(n(t)) —v(n(0)) = /Ot Ly A, v2) + Y 00z 77) = Trao(n(t)) — uo(n(0)):
Thus, since n(R) C A and v =y on A,

o(n(t)) —v(n(t)) < ¢(n(t)) — Truo(n(t)) + uo(n(0)) — v(n(0))

< rélgﬂaﬁ—ﬂw\-

(5.17)

Since along a particular subsequence o,, = +00, we know T, uy — ¢, our claim is

proved. O
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Chapter 6
Further developments

In this chapter we discuss further aspects of our optimal switching problem that

can be developed in a future work.

6.1 Existence of C!! subsolutions

Motivated by Bernard’s results, we present the following conjecture.

Conjecture 96 (Existence of C''' subsolutions). Given a subsolution u of (1.9),
there exists a subsolution v such that, for every mode i € I, v(-,1) is in C(M),
at least when T = {1,2}.

In this chapter we present a few results that could be proven in case this

conjecture is to be proven.

Remark 97. By approximation, we see that there exists a C! subsolution that

is strict in U.

We improve Proposition 84 by showing that the set of C! subsolutions that

are strict outside A is dense in the set of subsolutions.

Proposition 98. Given a subsolution u : M — R, there exists a C*' subsolution

that coincides with u on A.

Proof. Let u be any subsolution. We claim that, for any B = (y,j) € A, and for
any t > 0,
u(B) = Tyu(B) = Tyu(B).
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Indeed, take a critical curve n associated to B and consider (s) = (s + t), also

critical. Then
u(B) = u(7(0)) +/0 Lyt e 72) + 07274 = Tou(B).

Since, u is a subsolution, that u(B) < Tu(B) is immediate. This proves the
first equality; the other one is analogous. So, if we are able to construct a C'!
subsolution by an analogous of Bernard’s method, namely v = T. =(Ty)u, for e

sufficiently small, we have u = v on A. O

6.2 Mather set and minimizing measures

Let v : [0,400] — M x Z be any trajectory on M x Z. Define a measure /Lfy €
P(T'M x I) by setting, for any F' : TM x I — R continuous,

1 [ ,
| P = 3 [ PGl 3ai(s),2m() ds.
TMxI 0
If the velocities are bounded, then there exists p, € P(T'M x Z) for which

M’y = p”Y‘
Also, for any 6 : M x 7 — R continuous, define a measure 1/5 on M xZ x T by
| Nt
/ 0 dvl = n Z 0 (var (1), vz (), Yz (tetr))-
MxIxI k=1
We observe that the number of switches grows at most linearly (when 7 is mini-

mizing), and then [v!|(M x Z x Z) < C. Hence, there exists v, such that

VtLV
y T Y

If, in particular, we choose

F(z,v,i) = dyp(,1) - v, and 0(z,i,7) = p(z,7) — p(x, 1),
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for any ¢ € C'(M x I), we have

/ F d,ufy+/ 6 dv, = lim / F d,ui—i—/ 0 dv
TMxI MxIxI t=+oo | Jrpmxr MxIxI

%/0 dpp(ar(s),7v2(s)) - Ana(s) ds

= lim
t

+ — Z ( o (v (trsr), 12 (tr) _SO(VM(tkH)»”YI(tkH)))]

= hm %kz (QO Y (1) ’YI(tk)) - QO(WM(tk)ﬁI(tk)))
—I—% - (@(VM(tkH)ﬁI(tkﬂ)) - SD(VM(tHI)WI(tk)))]
k=0

= lim = 0.

t

t

(v (t),12(tn)) — SD(VM(0>7VZ(0)>]

(6.1)
As in the classical case, motivated by this, we define:

Definition 99 (Holonomic measures). The pair of measures (p,v), with pu €
P(TM x I) and v measure in M x Z x Z, is said to be holonomic, if it satisfies,
for every p € C*(M x I),

/TM ) (dop(,v,1)-0) d,u(x,v,i)—l—/ (¢(z, j)—p(z,i)) dv(z,i,5) = 0. (6.2)

MxIxI

We then write (u,v) € H.

We are then interested in minimizing a relaxed version of the optimal switching

problem:

/TM ) (L(z,v,1) + co) dp(z,v,1) + / U(x,i,7) dv(zx,i,j), (6.3)

MxIxI

among all holonomic pairs (u, v) € H. A minimizer (u,v) € H of this problem is

called a minimizing measure. We write (i, ) € Hpin.
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Definition 100. We define the Mather set as

M= U (suppp @suppv) CTM X I x M x T x T.

(#7V)€Hmin

Theorem 101. The Mather set M is nonempty, and its projection onto M 1is a
compact subset of the projected Aubry set A.

Proof. First we prove the Mather set is nonempty. Let % : [0,¢x] — M x T be a

sequence of loops, with ¢, — +o00, such that

T, [7’“] — 0.

Such a sequence of minimizing trajectories does exist, because the Aubry set is
nonempty. Assume too that 7" is minimizing, which can be made, since the action

of loops is nonnegative. Define a measure p on T'M x I x I by setting

, . I :
| Pl diteo = o [ POk (6056 ds
TMxI kJo
and define a measure v on M x Z x Z by
. . 1
/ pla,d3) dvi(@,i,5) = = Do (in(te) V(). 17 (ten).
MxIxI k
Since the velocities are bounded, there exists u € P(T'M x Z) such that
p—= Qe

Analogously, since ¢ is continuous, also v* are bounded and there exists v such
that

We have that

/ (L(:C, v,1) + co) du(z,v,1) + / Y(x,i,7) dv(x,i,j) =0,
TMxI

MxIxI
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and so (u,v) € Hpin. This shows M # (. Now, given (11, ) € Huin, if u is a
C'! subsolution, then by the Legendre-Fenchel inequality and the definition of a

subsolution, we obtain

/TM I(dxu(x, i) - v) du(z,v,1) +/ (u(z,j) — u(z,i)) dv(z,i,j)

MXxIxI

< / (L(Jc,v,z’) + cg) du(x,v,1) +/ Y(x,i,7) dv(z,i,j) =0,
TMxI MxIxI
(6.4)

so that (p,v) is minimizing. Moreover, by holonomy, we conclude
dyu(z,i) - v = L(x,v,i) + co, p-a.e. (x,v,i).

u(z,7) —u(x, i) =¢Y(x,i,5), v-ae (z,4,7).

This, in particular, shows that the projected Mather set is contained in the pro-
jected Aubry set. Indeed, if it were not, we would be able to construct a strict

smooth subsolution at (x,1). O
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Appendix A

Lowersemicontinuity and

compactness

For convenience of the reader, we present in this first appendix, the fundamental
results for the direct method of the calculus of variations. The idea is simple and

it goes as follows: Suppose we want to minimize the action functional

over all absolutely continuous curves v € AC([0, t]; M) with v(0) = z, v(t) = v.

1. Consider a minimizing sequence: v* € AC([0,t]; M) with v*(0) = z, v*(t) =
y, and
T — inf J;

2. Assume we obtain a compactness result: Up to a subsequence, there exists
v € AC([0,t]; M) with «(0) = x, v(t) = y such that v* — ~;

3. Prove that our functional 7 is lower semicontinuous with respect to the

convergence in 2:

Jh] < limkinf T
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If we are able to make this work, then 1, 2, and 3 imply
JTh) =lim T[] = inf 7.

In what follows, we make this argument rigorous. The material of this appendix
is certainly not new, and can be found in many textbooks. See, for instance, [15,

Proposition 3.1.4].

Proposition 102 (Compactness). Suppose v¥ € AC([0,t]; R?) satisfies

[ s <c

for some superlinear function S : Rt — R*. Assume also that, for some ty € [0, 1],

|v(to)|| < C. Then, there exists a subsequence Y*i satisfying:
1. v% — 5, for some v € AC([0,t]; R?);

2. 4k — %, weakly in L', that is, for any ¢ € L>°(]0,t]), we have

twkj% t¢7-
fer =

Proof. Step 1: {+*} is equicontinuous. Since S is superlinear, for any k > 1,
there exists C'(k) € R such that

S(1) > k|| — C(k).

Then, for any t;,ts € [0,t], we have

to

¥ (t2) — (1) < / 154
< %/ ;(f)|t2 — (A1)
., o
< E + |t2 — t1|

So, given £ > 0, if we first choose k such that C/k < £/2, and then choose § > 0
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such that C(k)d/k < €/2, we have that
ta—t1] <6 = [YM(t2) = (t)l <e,

as desired. In particular, since it is bounded in a point, by Arzela—Ascoli Theorem,

there exists v continuous for which v¥ — ~, uniformly.

Step 2: 7 is absolutely continuous. Indeed, given a disjoint family of subin-

tervals [s;, t;] C [0,t], we know

Sl -l < 3 [

t; L C
< %2/ S(4#D + %;m —sl o (A2)
<5 Dl

Let kK — +00 to obtain
C  C(k)
D () = (sl < T T TZ It — si

Now, given £ > 0, by choosing § > 0 as in step 1, we prove

(2

Z |t — si| <6 = Z Y(t:) =7 (s0)] < &
therefore, 7 is absolutely continuous.
Step 3: 4¥ — 4 weakly in L.

It is enough to prove it for characteristic functions of Borel sets. Indeed, these

are dense in L>. If F is a finite union of disjoint intervals (a;, b;)



then

/Nk = Z [V (0:) =M (@)] = D [y(Bi) = v(a)] = /J'

=1 =1

Next, let E be an infinite union of disjoint intervals (a;, b;)

E = U(ai7 bz)7
i=1
and let £ > 0. Since 7 is absolutely continuous, there exists o > 0 for which

Z bi —ai| <6 = Z [[7(bi) = v(ai)|| < e/2.

=10

It is easy to see that such iy does exist. Set Ey = (U2, (a, b;). Then

/Ewk—wH S‘/EOW”)H*

I dl (A3)

The first term goes to zero by the previous case, and the second by absolute

continuity. Finally, if F is any Borel set, we approximate E by a decreasing
sequence of open sets O O F, and use Lebesgue Convergence Theorem to conclude.
O

Proposition 103 (Lower semicontinuity). Suppose L : TM — R is a Lagrangian
that is C*, bounded below, and conver in v. Assume v* v € AC([0,t]; M) satisfy

V¥ = v uniformly in [0, ]

and

AR~ % weakly in L.
Then
t t
/ L(y,%) < lim inf/ L(v*,4").
0 k 0
Proof. Assume, without loss of generality, L > 0. For € > 0, set
F.:={s€[0,t] € M ; 4(s) exists, |§(s)| < 1/e}.
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It is easy to see that |[0,¢]\F.| — 0 as ¢ — 0, because 4 € L'. By convexity in v,

we have

L(z,v) > L(z,w) + g—i(aj,w) (v —w),

and then
' k ok ko oL 4 . k-
LOVA = [ LOSA)+ [ 5 (%9) - (77 =),
0 z . Ov
Now the second term in the right hand side above goes to zero, when k — +o0,
for

oL, . . oL, .. .
%(7 ) = %('m) uniformly

and 4% — 0 weakly in L'. Since L is locally Lipschitz, we have

|L(’7k77) - L(7’7>| < Csh/k - 7|7 on FE‘

Hence, by letting k& — 400, we have
t
lim inf / L(v*4%) > / L(7,%).
0 e
Since € > 0 is arbitrary, the proof is finished. O

As a corollary, we obtain Tonelli’s Theorem on the existence of minimizers to

the action.

Theorem 104 (Tonelli). Suppose L : TM — R is a Lagrangian that is C*(T M),

bounded below, and convex in v. Assume further that
L(z,v) = S(lv]),

for some superlinear function S. Then, there exists an absolutely continuous min-

imizer vy for the action:

T =it Ta).

Proof. Consider a minimizing sequence: ~* € AC([0,t]; M) with 4*(0) = =,
75(t) =y, and
J¥] — inf J.
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Then, t
/0 S(I5*)) < I < ¢,

so that, by compactness, there exists v € AC([0,t]; M) with v(0) = z, v(t) = y
such that
7* — ~ uniformly in [0,t]

and

Ak~ 4 weakly in L.

Finally, by lower semicontinuity,
Jly) < liminf J["],

which in turn implies J[v] = inf, J|a/]. O
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Appendix B

Semiconvexity and semiconcavity

Here, we recall how a semiconvex function is defined and some of its properties.
3, 15, 16]

Definition 105. Let O C R" be a convex set. We say that a function f: O — R
is semiconvez if there exists C' € R such that, for each x € O, there exists a linear
functional [, : R™ — R with

F) = f(2) = {loyy — x) = Cly — af*, (B.1)
for any y € U.
Proposition 106. The following are equivalent:
(i) f is semiconvex;
(ii) There exists ¢ € C*(O0), with ||D*p(x)|| < M, such that f + ¢ is conve;
(iii) There exists o € C*(0), with |D*p(z)|| < M, such that f + ¢ is convex;

We denote by CZ(O,R) the set of ¢ € C?(0) with || D%*p(z)|] < M, for some
M > 0.

Proposition 107. Let f : O — R be a semiconvexr function. Then, there ezists
F CC3(O,R) so that

f= max h. (B.2)
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Moreover, for every l € 0~ f(x), there exists h € F such that f(x) = h(z) and
[ =df(x).

Proposition 108. The function f : O — R is in CYY(O) if, and only if, it is a

locally semiconvex and a locally semiconcave function.

Proposition 109. Let f : O — R be a locally semiconvex function. Then, for any
C? function p : U — O, also foy:U — R is locally semiconvex.

Thanks to Proposition 109, the notion of semiconvexity (and semiconcavity)
is successfully adapted to a Riemannian manifold setting. Its properties remain

true.
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