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Resumo

A aceleração por campos de esteira em plasma oferece gradientes acelerado-
res várias ordens de grandeza superiores aos da tecnologia convencional; con-
tudo, a sua aplicação prática é limitada pelo esgotamento da energia do feixe
excitador da esteira e pela perda de sincronização entre o feixe excitador e o
feixe acelerado. Esta tese explora duas vias paralelas para alcançar uma acele-
ração estável num único estágio.
Primeiro, utilizamos feixes excitadores que são lasers espaço-temporais com
velocidade controlada para gerar campos de esteira com velocidade de fase
ajustável. Estes pulsos de forma invariantes permitem uma aceleração prolon-
gada sem esgotamento da energia do feixe. Concebemos um esquema de ali-
nhamento da fase aceleradora para partículas de vida curta, sub-relativísticas,
acoplando feixes subluminais a um perfil de densidade de plasma personali-
zado. Modelos teóricos e simulações partícula-na-célula demonstram a acele-
ração sustentada de partículas várias ordens de grandeza mais pesadas do que
os eletrões, mantendo simultaneamente elevada captura (atingindo até 100%)
e preservação da emitância transversal.
Uma alternativa viável para mitigar o esgotamento da energia do feixe excita-
dor consiste em utilizar drivers de feixes de alta energia, conceito subjacente
à experiência AWAKE no CERN. Aqui, um feixe de protões longo e altamente
energético acelera eletrões ao longo de dezenas de metros, recorrendo à insta-
bilidade de auto-modulação para formar micro-feixes que excitam, de forma
ressonante, um campo acelerador estável. Nesta tese, investigamos a instabi-
lidade transversal de hosing, que é disruptiva e compete com o processo de
auto-modulação. Estudamos a coevolução destas duas instabilidades através
de dados experimentais e de simulações partícula-na-célula quase-estáticas.
Em conjunto, estes resultados fornecem soluções robustas para acelerar par-
tículas de vida curta e estabilizar feixes excitadores de alta energia. Por isso,
abrem caminho para a próxima geração de fontes de partículas baseadas em
aceleração em plasma.

Palavras-chave: aceleração baseada em plasma; flying focus; aceleração de
muões; instabilidade no plasma; simulações particle-in-cell (PIC)
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Abstract

Plasma wakefield acceleration offers accelerating gradients orders of magni-
tude beyond conventional technology, opening a path to compact high-energy
particle sources. Realizing this promise in a single accelerating stage, how-
ever, is constrained by two fundamental processes: the depletion of the driver
as it transfers energy to the plasma, and the loss of synchronism between the
driver and the accelerated beam. This thesis develops two complementary
strategies to circumvent these limits and achieve long, stable acceleration in a
single stage.
First, we employ velocity-controlled spatio-temporal laser drivers to obtain
wakefields with controllable phase velocity and apply them to the accelera-
tion of short-lived particle beams. These shape-invariant pulses enable ex-
tended, depletion-free acceleration. We design a phase-locking scheme for de-
caying, sub-relativistic particles by coupling subluminal drivers with plasma
density tapering. Theoretical models and particle-in-cell simulations demon-
strate the sustained acceleration of particles orders of magnitude heavier than
electrons, while still maintaining high capture (reaching 100% in the optimal
beam-loading regime) and preservation of transverse emittance.
Another viable alternative to attenuate the role of pump depletion is to use pro-
ton bunches as drivers, the concept behind the AWAKE experiment at CERN.
Here, a long, highly energetic proton beam accelerates electrons over tens
of meters, relying on the self-modulation instability to form micro-bunches
that resonantly excite a stable accelerating field. In this thesis, we investi-
gate the disrupting transverse hosing instability, which competes with the self-
modulation process. We study the co-evolution of these two instabilities through
experimental data and quasi-static particle-in-cell simulations.
Collectively, these results provide robust solutions for accelerating short-lived
particles and stabilizing high-energy drivers. As a consequence, this work
paves the way for the next generation of plasma-based particle sources.

Keywords: plasma-based acceleration; muon acceleration; flying focus; plasma
instability; particle-in-cell simulations;
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CHAPTER 1

INTRODUCTION

Recent progress in plasma-based accelerators is driven by their potential to deliver compact,
sustainable, and high-performance particle or radiation sources. Although conventional radio-
frequency (RF) technology has enabled significant scientific advancements, its accelerating
gradients are limited to approximately 100 MV/m due to material breakdown [1]. Conse-
quently, achieving higher energies requires infrastructure at the kilometer scale, imposing
considerable spatial and energy demands [2]. In contrast, plasma accelerators employ an al-
ready ionized medium, which is not subject to material breakdown, and can sustain electric
fields several orders of magnitude stronger. When excited by intense lasers or relativistic par-
ticle bunches, plasma waves can support gradients exceeding tens of GV/m [3–5]. However,
translating these extreme fields into stable acceleration over long distances remains a major
scientific challenge.

In laser wakefield acceleration (LWFA), an ultrashort (τ ≲ 100 fs), high-intensity (I ≳
1018 W/cm2) laser pulse drives the wake through the ponderomotive expulsion of plasma
electrons [3]. This approach has successfully demonstrated multi-GeV electron energy gains
in centimeter-scale plasmas [6, 7]. However, the maximum attainable energy in a single stage is
intrinsically limited by two factors: depletion of the laser pulse energy and accelerated particle
beam dephasing, where the accelerated particles outrun the wake. Addressing these limits is
critical for future applications and motivates the development of advanced schemes such as
plasma waveguides [8] or, as explored in this work, the use of shape-invariant structured light
pulses [9, 10].

Alternatively, in beam-driven plasma wakefield acceleration (PWFA), a relativistic charged
particle bunch excites the wake through its intense space-charge fields [4]. As in the LWFA
case, the process is limited by the finite energy stored in the driver, which is depleted as it
transfers energy to the witness. A particularly compelling solution is to use high-energy pro-
ton bunches as drivers. Since stored proton bunch energies can be orders of magnitude larger
than those available in single laser pulses or electron bunches, proton-driven PWFA offers
a path toward single-stage, multi-meter acceleration lengths [11]. The central challenge is
that the available proton bunches (such as the SPS beam at CERN) are typically much longer
than the plasma wavelength. Consequently, the wake must be generated through the Self-
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Modulation Instability (SMI), a process that micro-bunches the driver at λp, but is inherently
coupled to other destructive transverse instabilities such as hosing.

This thesis addresses these complementary challenges by exploring novel driver-control
mechanisms designed to maximize the length of a single-stage acceleration. Specifically, it
investigates the use of spatio-temporally structured laser pulses to overcome dephasing limits
and analyzes the competitive dynamics between self-modulation and hosing to ensure stable
proton-driven acceleration. Together, these studies aim to extend the reach of plasma-based
schemes toward the length scales required for high-energy physics applications.

1.1 STATE OF THE ART IN PLASMA ACCELERATION

Over the last two decades, plasma accelerators have progressed from proof-of-principle demon-
strations to experiments targeting application-prone beam quality. In beam-driven PWFA,
landmark energy gains were demonstrated at SLAC with meter-scale plasmas [12], and high-
efficiency transfer to a distinct trailing bunch was later achieved through strong beam loading
[13]. More recently, experiments have shown that careful control of the current profile can
simultaneously preserve low energy spread and achieve high energy-transfer efficiency [14],
while dedicated studies have addressed constraints on repetition rate through direct measure-
ments of plasma recovery dynamics [15]. A key beam-quality milestone is the demonstration
of emittance preservation in a high-gradient, high-efficiency PWFA, establishing that plasma
stages can accelerate particle beams without degrading their transverse quality [16].

In the LWFA domain, multi-GeV electron beams have been produced using guided, high-
power laser pulses in plasma channels [6, 7]. Although LWFAs have historically faced chal-
lenges related to shot-to-shot stability and longitudinal phase-space control, recent results in-
creasingly emphasize reproducibility, spectral control, and transport into conventional beam-
lines. These advances are also supported by facility-scale initiatives designed to deliver user-
ready plasma-accelerated beams [17].

A particularly strong indicator of maturity is the growing set of demonstrations connect-
ing plasma accelerators to photon-science applications. Compact plasma-based beams have
driven free-electron lasing in different configurations and wavelength ranges, including beam-
driven PWFA-based FEL operation [18] and LWFA-based lasing in the extreme ultraviolet [19],
as well as seeded FEL operation enabled by controlled synchronization and improved longitu-
dinal coherence [20]. Very recently, FACET-II experiments have reported simultaneous energy
and brightness enhancement in a meter-scale PWFA, producing injected bunches exceeding
20 GeV with sub-percent energy spread and mm·mrad-class normalized emittance, pointing
toward plasma stages that act not only as accelerators but also as beam-quality transformers
[21]. In parallel, large collaborative efforts such as EuPRAXIA are defining a roadmap toward
dedicated European plasma-accelerator infrastructures delivering multi-GeV, high-brightness
electron beams for applications [17].
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1.2 ANATOMY OF A PLASMA WAKEFIELD ACCELERATOR

A plasma wakefield accelerator consists of three essential elements: the plasma medium that
supports the wave, a driver that excites a plasma wave within it, and a witness beam that is in-
jected into a suitable phase of that wave and gains energy from its longitudinal electric field [3–
5]. The driver can be either an intense laser pulse (LWFA) or a relativistic charged-particle
bunch (PWFA). In both cases, the driver perturbs the plasma electron density, launching a co-
moving oscillation whose electromagnetic fields can sustain accelerating gradients far beyond
those achievable with conventional radio-frequency structures.

z

Ez(z)

driver

nw = 1nw = 2nw = 3nw = 4

λp

witness
beam

vϕ

FIGURE 1.1: Schematic of a plasma wakefield behind a driver, showing accelerating buckets indexed by
nw and a witness beam injected into an accelerating phase. The wake propagates at the phase velocity
vϕ, and the characteristic longitudinal scale is set by the plasma wavelength λp.

For a plasma of electron density n0, the plasma frequency and plasma wavelength are

ωp =

√
n0e2

ε0me
, λp =

2πc
ωp

, (1.1)

which set the natural temporal and longitudinal spatial periodicity of the wake [5]. Through-
out this thesis, the longitudinal direction z denotes the propagation axis of the driver and wake
(see Fig. 1.1), and a cylindrical geometry is assumed with radial coordinate r =

√
x2 + y2

measuring the transverse distance from the propagation axis. The on-axis longitudinal elec-
tric field Ez(z, t) varies periodically along the wake, producing alternating accelerating and
decelerating phase regions for a given charge species within each wake bucket.

Behind the driver, the wake is naturally segmented into successive accelerating phases,
commonly referred to as wake buckets. Figure 1.1 illustrates this idea schematically: the first ac-
celerating bucket immediately behind the driver is labeled nw = 1, while secondary accelerating
buckets further back correspond to nw = 2, 3, . . . . The longitudinal separation between adja-
cent buckets is set by the plasma wavelength λp. The ability to inject and accelerate a witness
in either the first or a secondary bucket is an important degree of freedom in both simulations
and experiments, and will also be employed in this PhD thesis.
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The driver travels in the +z direction and excites a wake that propagates at phase velocity
vϕ (Fig. 1.1). In conventional LWFA, the wake phase velocity is typically close to the laser
group velocity vg in plasma [5]. In PWFA, vϕ is generally close to the driver-bunch velocity.
In this thesis, we also consider spatio-temporal (ST) laser drivers for which the velocity of the
intensity peak (the “focal velocity”) can be prescribed (Chapter 2). In that case, the wake
phase velocity can be engineered to be subluminal and to vary along the propagation path,
enabling synchronism with initially slow, heavy particles.

In addition to the longitudinal accelerating field, plasma wakes feature strong transverse
fields that can focus or defocus the witness. A common quantity is the transverse (Lorentz)
force F⊥ = q(Er − vbBθ), which determines whether a given phase provides net focusing
for a relativistic witness [5]. In the nonlinear “blowout” (or “bubble”) regime, the driver ex-
pels plasma electrons, leaving an ion cavity that provides a nearly linear focusing force for
negatively charged relativistic witnesses, while Ez can remain approximately uniform over
a significant portion of the bucket [22]. Although the present simplified schematic (Fig. 1.1)
emphasizes the longitudinal bucket structure, the transverse focusing properties are equally
central for stable trapping and emittance preservation.

To avoid ambiguity, we will use the following terms consistently: (i) driver: the laser pulse
or particle bunch that excites the wake; (ii) wakefield: the co-moving plasma wave and asso-
ciated fields; (iii) witness beam: the accelerated bunch injected into the wake; (iv) accelerating
bucket/wake nw: the nw-th accelerating phase behind the driver (with nw = 1 the first bucket);
(v) phase velocity vϕ: the propagation velocity of the wake structure; (vi) plasma wavelength λp:
sets the longitudinal scale of the buckets.

1.3 MOTIVATION AND SCOPE OF THE THESIS

A central limitation of plasma wakefield accelerators is that the useful acceleration distance
is not set by the plasma itself, but by the evolution of the driver and the synchronization
between the witness beam and the wake. In laser wakefield acceleration (LWFA), energy
is continuously transferred from the laser to the plasma and the accelerated beam, leading
to pump depletion. Similarly, relativistic electrons may outrun the accelerating phase of the
wake (dephasing), further capping the maximum energy gain sustainable in a single stage [5].
Analogously, in beam-driven PWFA, the driver energy is depleted as it excites the wake, de-
termining the maximum transfer efficiency [13, 23].

The conventional route to overcoming these limits is staging: extracting the beam from
one plasma module and injecting it into a subsequent stage powered by a fresh driver [5].
While conceptually straightforward, staging imposes stringent requirements on beam trans-
port, inter-stage synchronization, and alignment. Furthermore, capturing and refocusing the
beam between stages without degrading its emittance remains a strong technological bar-
rier [24]. These challenges motivate the search for advanced schemes that can extend the
effective acceleration distance within a single stage, thereby relaxing or eliminating the need
for complex staging structures.

One of the most compelling frontiers for such advanced acceleration schemes is the produc-
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tion of a high-quality decaying particle beam. A highly relevant application is, for example,
the acceleration of muons [25]. Muon colliders promise to provide clean lepton-lepton in-
teractions at multi-TeV energies, enabling precision studies of the Higgs boson and potential
discoveries of new physics [26–29]. Additionally, neutrino factories based on muon storage
rings could revolutionize the study of neutrino oscillations and CP violation [30, 31]. How-
ever, the efficient acceleration of muon beams is challenging due to the particle’s finite lifetime
(τµ ≈ 2.2 µs at rest).

This finite lifetime necessitates rapid capture and acceleration techniques to boost muons
to relativistic velocities before they decay. Standard LWFA schemes, which are optimized for
ultra-relativistic electrons (v ≈ c), are not well suited for this task because the wake phase
velocity is too high for initially slow muons. To address this, this thesis develops a theoretical
scheme employing structured laser pulse drivers with focal velocity control. By manipulating
the laser’s focal velocity, we can generate a wakefield that travels at a subluminal velocity,
synchronized with the accelerating muons, thereby preventing dephasing and enabling effi-
cient capture and acceleration over extended distances. The proposed acceleration method is
designed to be versatile and applicable to particles with different masses, initial velocities, and
laser powers; for example, it can also accelerate pions and kaons (with respective lifetimes of
τπ = 26 ns and τk = 12 ns), which are otherwise impossible to accelerate with standard RF
cavities. Complementing the laser-driven approach, the second part of this thesis is motivated
by the possibility of employing high-energy proton bunches to overcome the pump-depletion
limit. Unlike lasers or electron beams, proton drivers can carry kilojoules of stored energy,
offering a direct route to single-stage acceleration over multi-meter distances. However, this
energy comes in the form of long bunches that must undergo the Self-Modulation Instability
(SMI) to resonantly drive a wake. In this regime, the challenge shifts from maintaining driver
velocity to maintaining driver stability. Specifically, the same forces that modulate the beam
can also amplify transverse centroid oscillations, the Hosing Instability, potentially destroying
the beam before acceleration can occur. Therefore, a study on the control of this instability is
necessary if long acceleration stages are to be achieved.

These two complementary research lines converge on a unified objective: identifying phys-
ically grounded routes to stable, single-stage plasma acceleration. Whether through the spatio-
temporal engineering of laser drivers to accelerate short-lived muons, or the mitigation of
transverse instabilities in high-energy proton beams, this thesis seeks to extend the interaction
length of plasma accelerators toward the scales required for next-generation particle physics.

1.4 METHODS

1.4.1 PARTICLE-IN-CELL SIMULATIONS WITH OSIRIS

The majority of the simulation results presented in this thesis are obtained using the OSIRIS
code, a fully relativistic, electromagnetic particle-in-cell (PIC) framework widely used for the
study of laser-plasma and beam-plasma interactions [32]. OSIRIS was originally developed to
address problems in plasma-based acceleration, relativistic laser-matter interaction, and high-
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energy-density physics, and has since evolved into a versatile platform for kinetic plasma
simulations in one, two, and three dimensions.

The PIC method provides a first-principles numerical solution of the Klimontovich–Maxwell
system by representing the plasma as an ensemble of finite-sized macroparticles and solving
Maxwell’s equations on a spatial grid. Macroparticles are advanced in time according to the
Lorentz force, while their charge and current densities are deposited onto the grid to update
the electromagnetic fields. This self-consistent cycle captures both collective plasma dynamics
and kinetic effects, making PIC particularly well suited for highly nonlinear regimes such as
plasma wakefield acceleration, beam instabilities, and relativistic laser propagation.

Integrate equations of motion

dp
dt

= q (E + v
c

× B)

Deposit charge and 
current on the grid

Integrate field equations

∂B
∂t

= − c∇ × E
∂E
∂t

= c∇ × B − 4πJ

Interpolate fields to 
particle positions

xp, up

ρij, JijEij, Bij

Fp

Δt

FIGURE 1.2: Schematic of a single iteration of the particle-in-cell (PIC) algorithm. The index p labels
individual macroparticles, while the indices i, j denote grid locations. The highlighted blocks correspond
to the particle integration step and the electromagnetic field update, respectively.

Figure 1.2 illustrates the standard PIC cycle. At each time step, the electromagnetic fields
defined on the spatial grid are interpolated to the particle positions using a weighting scheme.
The particles are then advanced according to the relativistic Lorentz force, after which their
charge and current densities are deposited back onto the grid. Maxwell’s equations are fi-
nally integrated on the grid to update the electromagnetic fields, completing a self-consistent
iteration of the algorithm.

OSIRIS employs a finite-difference time-domain (FDTD) solver for Maxwell’s equations
and supports both Cartesian and cylindrical geometries, including a quasi-cylindrical spectral
decomposition in azimuthal modes [33, 34]. This formulation allows for efficient simulation of
effectively three-dimensional phenomena while retaining much of the physics of full 3D sim-
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ulations at reduced computational cost. The code includes advanced features such as moving
simulation windows, absorbing boundary conditions, field and particle diagnostics, and sup-
port for external particle and field injection.

Unlike direct particle-particle methods such as molecular dynamics, whose cost scales as
O(N2) with the number of particles N, the PIC approach scales as O(N) by using a grid to me-
diate particle interactions through the electromagnetic fields. In practice, the computational
cost is dominated by the number of macroparticles rather than the number of grid cells, and
the continued growth of high-performance computing has made increasingly realistic simu-
lations feasible, although the cost can still become prohibitive for long propagation distances
or large transverse domains. The ability to capture the complete spatio-temporal evolution of
both fields and particles makes PIC indispensable for studying strongly nonlinear plasma pro-
cesses, where reduced models or envelope approximations may fail. In this work, we employ
the OSIRIS code to investigate wakefield excitation, beam-driven instabilities, and the inter-
action of structured laser pulses with plasma, where full electromagnetic and kinetic fidelity
is required.

1.4.2 QUASI-STATIC SIMULATIONS WITH QUICKPIC

In addition to full PIC simulations, a subset of the simulations presented in this thesis was per-
formed using the quasi-static QUICKPIC code [35, 36], which is specifically designed for the
efficient modeling of beam-driven plasma wakefield acceleration involving highly relativistic
particle beams.

QUICKPIC is based on the quasi-static approximation (QSA), which exploits the strong
separation of timescales between the ultra-relativistic driver (electron or proton beam) and
the plasma response. In this framework, the driver is assumed to evolve slowly compared to
the plasma oscillation period, allowing the electromagnetic fields and plasma particles to be
solved in a co-moving frame as a sequence of steady-state problems. The fast plasma dynamics
is computed as a function of the longitudinal coordinate ξ = z − ct, while the slow evolution
of the driver is advanced over larger propagation steps.

This approximation reduces the original 3D time-dependent problem to a set of 2D transverse-
field solutions, resulting in orders-of-magnitude reductions in computational cost compared
to full PIC. As a consequence, QUICKPIC enables simulations of meter-scale plasma stages
and realistic experimental parameters that would be challenging with explicit PIC methods.

The main limitation of the quasi-static approach is that it cannot capture processes that in-
volve rapid temporal evolution of the driver or strong back-action on timescales comparable to
the plasma period. Effects such as laser evolution, self-injection, or strong beam loading with
rapid phase-space distortion fall outside the strict validity of the approximation. Nevertheless,
for highly relativistic particle drivers with slowly varying envelopes, QUICKPIC provides an
accurate and computationally efficient description of wakefield formation, beam focusing, and
energy gain.

In this thesis, QUICKPIC is primarily used for long-distance propagation studies in the
context of the AWAKE experiment presented in Chapter 5.
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1.4.3 THESIS OUTLINE

This thesis is structured around two complementary strategies to extend the single-stage inter-
action length of plasma accelerators: the use of velocity-controlled laser drivers to overcome
dephasing, and the use of high-energy proton drivers to overcome pump depletion. The struc-
ture is as follows:

Chapter 2: Spatio-Temporal Control of Laser Drivers
This chapter establishes the theoretical and numerical foundations for the first part of the the-
sis. It introduces the physics of spatio-temporally (ST) structured laser pulses, specifically fo-
cusing on the "flying focus" technique to decouple the peak intensity velocity from the group
velocity. We present the simulation framework used throughout this work and detail the nu-
merical construction of these complex drivers. Furthermore, the chapter provides a systematic
parameter study, offering design guidelines for selecting optimal pulse configurations to max-
imize wake excitation and control the effective phase velocity of the generated wakes.

Chapter 3: Acceleration of Short-Lived Particles
Building on the tools developed in Chapter 2, this chapter applies velocity control to a criti-
cal challenge: the acceleration of short-lived, sub-relativistic particles such as muons, pions,
and kaons. We demonstrate that standard wakefield configurations are insufficient due to
severe phase slippage and introduce a novel scheme combining subluminal ST drivers with
tailored plasma density profiles. The method is first introduced theoretically and then tested
in self-consistent simulations. This approach allows for sustained phase-locking, enabling the
efficient capture and acceleration of these particles before they decay. We also show that the
method is versatile for different particle masses, initial velocities, and the acceleration wake
used.

Chapter 4: Beam Quality and Stability Analysis
Building on the acceleration method presented in Chapter 3, Chapter 4 performs a rigorous
analysis of the resulting beam quality. Here, we investigate the multidimensional dynamics
of the acceleration process, focusing on trapping efficiency, emittance preservation, and en-
ergy spread. The chapter assesses the trade-offs between capture efficiency and beam quality,
providing a comprehensive study of the transverse dynamics of the accelerated beam. This
Chapter also includes a discussion of the experimental feasibility of the acceleration beam,
focusing in particular on the peculiar density profile required by the theory.

Chapter 5: Proton-Driven Wakefield Acceleration
The focus shifts in this chapter to the second route for length extension: exploiting the kilojoule-
level energy stored in proton bunches to drive wakefields over meter scales. Centered on the
physics of the AWAKE experiment at CERN, this chapter examines its competition with the
parasitic Hosing Instability and the Self-Modulation Instability. Specifically, we analyze the
use of controlled electron-beam misalignment as a seed for these instabilities in the context
of AWAKE Run 2B. The study connects Particle-in-Cell (PIC) simulations directly to exper-
imentally accessible observables with the final goal of improving stability in proton-driven
acceleration.

Chapter 6: Conclusion and Outlook
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The work developed during this PhD has been presented as invited talks at the following
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[T3] “Simulations of a plasma wakefield accelerator for pions and muons”. I.FAST Work-
shop on GHz Rate and Rapid Muon Acceleration for Particle Physics, Bern, Switzerland,
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CHAPTER 2

SIMULATION DESIGN FOR VELOCITY CON-
TROLLED DRIVERS

Following the physical motivation introduced in Chapter 1, this chapter focuses on the nu-
merical and modeling aspects required to study velocity-controlled spatio-temporal drivers in
plasma wakefield acceleration. Laser–plasma accelerators have emerged as a promising route
towards compact sources of relativistic electron and ion beams [11, 37–39] and secondary ra-
diation [40–43], but their performance is often limited by dephasing and pump depletion [44,
45].

A central challenge is therefore to control how the laser intensity is distributed in space
and time as it propagates through plasma. Spatio-temporal (ST) pulse shaping, and in partic-
ular the ideal flying focus concept, addresses this challenge by engineering laser pulses whose
intensity peak travels at a prescribed velocity that is decoupled from the group velocity of
the pulse envelope [10, 46–48]. This control is achieved through chromatic focusing combined
with a tailored spectral phase, allowing the focal spot to propagate with a chosen focal veloc-
ity v f (including subluminal and superluminal values) while maintaining an approximately
constant peak intensity over distances that can greatly exceed the Rayleigh range of a conven-
tional focus. This added control has triggered strong interest in ST pulses across nonlinear
optics and plasma physics [49, 50].

Flying-focus and related ST structures have been proposed and, in some cases, demon-
strated for driving ionization waves with prescribed velocities [51], forming extended plasma
channels [52, 53], enabling dephasing-free laser wakefield acceleration, and tailoring wake-
field structures for high-efficiency electron acceleration [54–57]. More recently, variants such
as discrete and transverse flying-focus schemes have been introduced to enhance energy gain
per stage or to accelerate ions, and structured beams have been used to directly drive wake-
fields in plasmas [58–60]. Overall, ST pulses with a prescribed focal velocity provide a flexible
way to match the driver to the plasma response, rather than requiring the plasma to adapt
to the constraints of a conventional laser pulse. We focus on the subluminal regime because
it is directly motivated by our studies of phase-locking wakefields for initially subrelativistic,
short-lived particles using v f < c drivers, which will be presented in Chapters 3 and 4. Nev-
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ertheless, several of the considerations discussed here, including the spectral construction and
practical simulation-design guidelines, are also relevant to other operating regimes, such as
v f ≃ c and v f > c schemes aimed at mitigating dephasing in laser-wakefield acceleration.

This Chapter addresses the physical and numerical requirements for modeling sublumi-
nal flying-focus-type ST pulses in particle-in-cell simulations, with emphasis on practical use
within OSIRIS [32]. Building on the Maxwell-consistent spectral decomposition of [61], we or-
ganize the Chapter around three main objectives: (i) presenting the spectral construction and
its discrete k-space representation used for numerical initialization; (ii) quantifying how the
ST pulse parameters determine the conditions for resonant wakefield excitation; and (iii) char-
acterizing the geometric and numerical constraints that make these drivers computationally
demanding, including focus–envelope slippage, transverse expansion, and the replica fields
introduced by spectral discretizations.

The Chapter is organized as follows. Section 2.1 introduces the Maxwell-consistent spec-
tral framework used to model velocity-controlled ST drivers and its numerical realization in
OSIRIS. Section 2.1.1 defines flying-focus pulses in Fourier space and distinguishes the sub-
luminal and superluminal regimes through the geometry of the light-cone intersection. Sec-
tion 2.1.2 describes how the continuous spectral weight is mapped onto a discrete set of modes
for field initialization in PIC codes. Section 2.1.3 analyzes the artifacts introduced by discrete
k-space sampling and derives practical criteria to mitigate them.

Section 2.2 focuses on wakefield-relevant parameter choices and on the computational con-
straints that arise for subluminal drivers. Section 2.2.1 discusses how the spatio-temporal
geometry constrains the effective driver length and transverse scale, and provides scaling
guidelines for near-resonant wakefield excitation. Section 2.2.2 discusses the domain-size re-
quirements imposed by envelope-focus slippage and the large angular content of velocity-
controlled ST pulses, derives practical box-sizing estimates, and shows how wall injection en-
ables long-distance simulations in reduced transverse domains. Finally, Sec . 2.3 summarizes
the main conclusions and practical recommendations for the reader.

2.1 SPECTRAL CONSTRUCTION AND NUMERICAL IMPLEMEN-
TATION OF SPATIO–TEMPORAL PULSES

Particle-in-cell codes commonly rely on paraxial beam models and the slowly varying enve-
lope approximation to initialize laser pulses. Although these approaches are adequate for
narrowband Gaussian drivers, they are not suitable for velocity-controlled space–time (ST)
pulses. The prescribed focal trajectory of ST pulses requires a broadband spectral content,
large-angle propagation components, and a fixed correlation between spatial and temporal
frequencies. To address this limitation, we adopt a generalized, Maxwell-consistent initializa-
tion in which the electromagnetic field is expressed as a superposition of vacuum solutions of
Maxwell’s equations, thereby enabling accurate modeling of ST pulses. This section presents
the mathematical formulation of this approach (Sec. 2.1.1), summarizes its implementation in
OSIRIS (Sec. 2.1.2), and discusses one of the issues arising from this method together with



2.1. Spectral construction and numerical implementation of spatio–temporal pulses 15

FIGURE 2.1: Spectral design of ST pulses with controllable focal velocities. The desired spectral compo-
nents (red curve) are defined by the intersection of the vacuum light cone (green surface) with the plane
imposed by the spatio-temporal coupling (purple plane). (a) In the superluminal regime (v f = 1.5c), the
intersection yields an open hyperbolic trajectory, characteristic of X-waves with infinite spectral extent.
(b) In the subluminal regime (v f = 0.5c), the coupling plane cuts through the time-like region of the cone,
confining the allowed spectral range to a closed elliptical loop.

a strategy to circumvent it, namely the artificial periodic repetition of the fields induced by
representing a continuous spectrum on a discrete k-space grid (Sec. 2.1.3).

2.1.1 SPECTRAL DESIGN OF SPATIO-TEMPORAL PULSES

In vacuum, any electromagnetic wave packet can be represented as a superposition of basis
solutions that satisfy the vacuum dispersion relation

ω(k) = c|k|. (2.1)

where c is the speed of light in vacuum, ω is the angular frequency of the wave, and k =

(kx, ky, kz) is the wavevector. In Cartesian geometry, the electric field can be written as [61]

E(x, t) = ℜ
{

E0

∫
R3

fk(k)êE(k) exp [i (k · x − ω(k)t)] d3k
}

, (2.2)

where z is defined as the main propagation direction, and êE(k) is a unit polarization vector
satisfying k · êE = 0. A corresponding expression for the magnetic field can be written. Equa-
tion (2.2), together with the analogous expression for the magnetic field, guarantees that each
spectral component is an exact solution of Maxwell’s equations in vacuum [62, 63]. The com-
plex spectral weight fk(k) determines the amplitude and phase of each mode and therefore
fully specifies the pulse, while the overall maximum amplitude of the electric field is set by E0.

We now use Eq. (2.2) to model ST pulses. Figure 2.1 illustrates how a focal spot moving at a
prescribed velocity v f can be generated. The allowed spectral components must be restricted
to the intersection of the vacuum light cone, Eq. (2.1), shown in green in Fig. 2.1, with a spectral
plane defined by the desired trajectory,

ω = v f kz + |k0| c (1 − v f /c), (2.3)
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shown in purple in Fig. 2.1. The resulting intersection is highlighted by the red curve in
Fig. 2.1. Here, (ω0, k0) defines the specific spectral plane under consideration, which passes
through the point ω(k) = ω0 when k = (0, 0, k0). In the (kz, ω/c) plane, this curve is open in
the superluminal regime (v f > c), as shown in Fig. 2.1 (a), and becomes a closed loop in the
subluminal regime (v f < c), as shown in Fig. 2.1 (b). In addition, we restrict the spectrum to
components with kz > 0 in order to describe forward-propagating pulses.

The intersection of Eqs. (2.1) and (2.3) defines the curve κ = 0, where

κ = |k| − k0 − (kz − k0). (2.4)

To construct a physical pulse with finite energy, we allow the spectrum to have a finite band-
width around κ = 0. For simplicity, we further assume a separable form for the spectral
weight,

fk(k) = f∥(κ) f⊥(k ⊥), (2.5)

where k ⊥= (kx, ky) denotes the transverse wavevector. Among the possible choices for f⊥,
we adopt a Gaussian transverse spectrum,

f⊥(k ⊥) =
w2

0
4π

exp

(
−

k ⊥2 w2
0

4

)
, (2.6)

which corresponds to a beam waist w0 in real space.

The longitudinal spectral function f∥(κ) is obtained by prescribing a desired temporal en-
velope and computing its Fourier transform with respect to the variable κ. In this work, we
employ a flattened longitudinal profile (e.g., a squared-sine envelope with a rapid rise and a
long flat-top region) to produce a nearly constant on-axis intensity over an extended propa-
gation distance. Figure 2.2 shows representative examples of superluminal and subluminal
space–time pulses constructed using this procedure, together with the temporal envelope em-
ployed.

2.1.2 DISCRETE IMPLEMENTATION IN OSIRIS

We now briefly describe the OSIRIS implementation of the method introduced in Sec. 2.1.1,
originally developed by R. Almeida [61]. The algorithm constructs the electromagnetic fields
by evaluating the superposition in Eqs. (2.2), with the continuous spectral weight fk mapped
onto a discrete grid in k-space. This sampling implies a periodic reconstruction in space-time,
which sets the replica periodicities discussed in Sec. 2.1.3. The fields are obtained by summing
the resulting set of exact vacuum modes (for example, plane waves in Cartesian geometry or
Bessel modes in cylindrical geometry) over the entire spatial domain at t = 0.

The discretized implementation of the spectral weight introduces two main challenges.
The first is that initialization is performed in Fourier space and, upon transformation to con-
figuration space, the simulation domain must be sufficiently large to contain the entire pulse.
One possible way to address this issue is to continuously inject waves from the simulation
boundaries, as will be discussed in detail in Sec. 2.2.2.
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FIGURE 2.2: Two examples of spatio-temporal pulses obtained with the discrete implementation in
OSIRIS. In (a), we have an example of the shape of a superluminal pulse with v f = 1.5c. In (b), we
show an example of the shape of a subluminal pulse with v f = 0.5c. The blue-red color-scale represents
the electric field, and the black line corresponds to the pulse’s full longitudinal envelope f∥(z) in config-
uration space.

The second challenge is that discretizing k-space naturally introduces periodicity in config-
uration space, which may manifest in the simulation domain if not properly controlled. This
issue is addressed in the following section.

2.1.3 ACCURACY CONSTRAINTS OF THE SPECTRAL INITIALIZATION

As discussed in Sec. 2.1.2, the numerical implementation relies on sampling the continu-
ous spectral weight fk(k) on a finite and discretized set of modes with spacing ∆ki, where
i = (x, y, z). As in any discrete Fourier-type representation, this sampling leads to a peri-
odic reconstruction of the electromagnetic fields in configuration space, with repetition lengths
given by

Trep,i =
2π

∆ki
. (2.7)

These periodic replicas are numerical artifacts and may overlap with the physical pulse inside
the simulation domain if not properly controlled.

To avoid unphysical effects in the longitudinal direction, the repetition length must exceed
the simulation window size. This requires

Trep,z > Lbox,z, (2.8)

so that no longitudinal replica enters the computational domain during the time interval of
interest.

In the transverse directions, the repetition length must be sufficiently large to prevent over-
lap between the physical pulse and its periodic replicas throughout propagation. The quantity
Trep,(x,y) represents the distance in configuration space between adjacent replicas of the pulse
introduced by the discrete sampling in k-space. To avoid unphysical interference, this distance
must exceed the maximum transverse extent of the pulse within the simulation domain.
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For subluminal focal velocities v f < c, the transverse evolution of the pulse can be esti-
mated using the paraxial Gaussian-beam model [61, 64],

w(ξ) = w0

√√√√1 +

(
2ξ

k0w2
0(1 − v f /c)

)2

, (2.9)

where ξ = z − v f t is the co-moving coordinate.

The transverse evolution of the pulse is described by the waist function w(ξ), where ξ =

z − v f t is the co-moving coordinate. At the focus, w(0) = w0, while away from the focus,
the pulse diffracts and its transverse size increases according to Eq. (2.9). Since the simulation
domain is finite, the pulse only occupies a limited longitudinal interval ξ, determined by the
boundaries of the computational box and the location of the focal point. The largest transverse
size attained by the pulse inside the simulation window is therefore

wmax = w(ξmax), (2.10)

which corresponds to the maximum beam radius that appears anywhere in the simulation.

Focusing on the transverse repetition length Trep,(x,y), artificial replicas of the pulse appear
at transverse positions x = ±Trep,x and y = ±Trep,y. To avoid unphysical overlap between
the physical pulse and its replicas, the distance between neighboring replicas must exceed the
transverse size of the pulse throughout its evolution. Since the pulse occupies approximately
the region |x| ≲ wmax, a sufficient geometric condition to prevent overlap is

Trep,(x,y) ≳ 2wmax. (2.11)

This criterion ensures that, even at its widest point, the pulse remains spatially isolated from
its periodic replicas. If this condition is violated, the replicas overlap with the main pulse,
resulting in artificial interference patterns and transverse field modulations.

The impact of these constraints is illustrated in Fig. 2.3 for a laser pulse with parameters
a0 ≡ eE0/ω0mec = 3, k0w0 = 10, and v f = 0.96c, where E0 is the laser electric field maximum
amplitude, e is the elementary charge, and me is the electron mass. Figure 2.3(a) shows an
optimized configuration in which both longitudinal and transverse repetition lengths satisfy
the above criteria, resulting in a smooth pulse free from replica overlap. In contrast, Fig. 2.3(b)
shows the onset of artificial longitudinal modulations when Trep,z is too small, while Fig. 2.3 (c)
illustrates the analogous transverse distortion that arises when Trep,(x,y) is insufficient com-
pared with the pulse waist.

In summary, an artifact-free implementation can be obtained by first computing the max-
imum transverse size wmax of the pulse inside the simulation window using Eq. (2.9). The
transverse repetition lengths should then be chosen such that Trep,(x,y) ≥ 2wmax, while the
longitudinal repetition length must satisfy Trep,z > Lbox.

2.2 SIMULATION DESIGN AND PHYSICAL VALIDATION

The spectral geometry of the spatio-temporal pulses introduced in Sec. 2.1 couples the driver’s
transverse scale to the longitudinal extent of its high-intensity region. This differs from con-
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FIGURE 2.3: Comparison of the injected pulse electric field for three choices of the longitudinal and trans-
verse repetition lengths used in the spectral reconstruction. (a) k0Trep,z = 700 and k0Trep,(x,y) = 1000,
for which the reconstructed pulse is smooth and free of aliasing artefacts. (b) k0Trep,z = 200 and
k0Trep,(x,y) = 100, where the longitudinal repetition length is too small, producing spurious replicas
along the propagation axis. (c) k0Trep,z = 700 and k0Trep,(x,y) = 200, where the transverse repetition
length is insufficient, and replicas enter the simulation domain, leading to distorted, unphysical struc-
tures.

ventional Gaussian drivers, for which the spot size w0 and pulse duration τ are usually treated
as independent design parameters. As a result, resonant wakefield excitation does not follow
the standard scaling laws directly and instead requires a dedicated exploration of the driver
parameter space (ω0, w0, v f , a0).

Moreover, because the prescribed focal velocity v f is decoupled from the envelope group
velocity, long-distance propagation introduces practical numerical constraints. The relative
drift between the moving focus and the finite envelope sets a survival length, while the broad
spectral support required for v f ̸= c leads to substantial transverse spreading. Together, these
effects can make full-domain initialization increasingly expensive in the subluminal regime.

This section addresses both the physical and numerical requirements. Section 2.2.1 analy-
ses how v f and the driver geometry constrain the resonant conditions for wake excitation and
derives practical scaling guidelines for parameter selection. Section 2.2.2 then introduces and
benchmarks continuous wall injection, showing how it alleviates the domain-size constraints
and establishes the criteria needed for efficient and stable particle-in-cell modeling of these
spatially extended drivers.

2.2.1 OPTIMIZATION OF SPATIO-TEMPORAL DRIVERS FOR WAKEFIELD EX-
CITATION

Efficient wakefield generation relies on matching the laser-pulse dimensions to the characteris-
tic plasma scales. Transversely, the energy should be concentrated within a region comparable
to the plasma skin depth, k−1

p = c/ωp, where ωp = (n0e2/ϵ0me)
1/2 is the electron plasma

frequency, n0 is the plasma density, and ϵ0 is the vacuum permittivity. Longitudinally, reso-
nant excitation typically requires the driver length to be of the order of half the wake wave-
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length [65]. Two points are important in the present context. First, for the spatio-temporal
pulses considered in this work, the transverse and longitudinal profiles are intrinsically cou-
pled and cannot be tuned independently. Second, when the wake is analyzed in the co-moving
coordinate ξ = z − v f t, the apparent wake period in ξ depends on the focal velocity v f . In par-
ticular, a plasma oscillation at ωp corresponds to the spatial period

λwake(v f ) =
2πv f

ωp
, (2.12)

so the longitudinal matching condition in ξ is Lpulse ∼ λwake/2.

The corresponding field envelope, valid in the paraxial limit (k0w0 ≫ 1), can be written as

E(r, ξ) ∝
w0

w(ξ)
exp!

(
− r2

w2(ξ)

)
, (2.13)

where w(ξ) is given by Eq. (2.9). In the subluminal regime (|v f | < c), Eq. (2.9) has the same
functional form as the diffraction of a vacuum Gaussian beam, but with the propagation co-
ordinate replaced by the co-moving variable ξ. This motivates defining an effective Rayleigh
length in ξ,

ξR ≡
k0w2

0
2

(
1 −

v f

c

)
, (2.14)

so that w(ξ) = w0

√
1 + (ξ/ξR)

2. Within this paraxial model, the on-axis intensity scales as

I(0, ξ) ∝

[
1 +

(
ξ

ξR

)2
]−1

, (2.15)

which is Lorentzian in ξ with full width at half maximum

LFWHM = 2ξR = k0w2
0

(
1 −

v f

c

)
. (2.16)

For a standard Gaussian beam, the Rayleigh length characterizes the spatial decay of the
peak intensity with propagation distance. Here, by contrast, ξR sets the extent of the high-
intensity region in the co-moving coordinate. Since a Lorentzian profile has long tails, we
characterize the effective driver length by the 1/e2 intensity width (e is the Euler number),

Lpulse ≡ L1/e2 =
√

e2 − 1LFWHM. (2.17)

Imposing the longitudinal matching condition Lpulse ∼ λwake/2 then yields the estimate

k0w0 ≈
[

π√
e2 − 1

ω0

ωp

v f /c
1 − v f /c

]1/2

. (2.18)

The validity of the paraxial expression in Eq. (2.18) is strictly bounded by the condition
k0w0 ≫ 1. Several of the regimes considered in this manuscript are characterised by a broad
angular spectra that lie outside this strict domain of validity. Equation (2.18) should therefore
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FIGURE 2.4: Wakefield excitation for different choices of v f and w0. Panels (a) and (b) show the case
v f = 0.8c: for (a) k0w0 = 10 the driver is too long and overlaps with most of the first plasma period,
whereas for (b) k0w0 = 7.1 the driver length is better matched and a clearer wake structure is obtained.
The same trend is more pronounced in panels (c) and (d) for v f = 0.6c, comparing (c) k0w0 = 10 with
the tighter-focus case (d) k0w0 = 4.3. The greyscale shows the electron density, and the blue-red colour
scale shows the laser electric field. All cases use ω0/ωp = 10 and a0 = 2.2.

be regarded as a practical design estimate, capturing the correct scaling of w0 with v f and
ω0/ωp rather than as a quantitatively exact prediction.

This longitudinal estimate should be complemented by the usual transverse matching con-
dition for wakefield excitation. At the pulse center (ξ = 0), the transverse profile reduces to
a Gaussian with spot size w0, so efficient coupling in conventional wakefield theory typically
requires kpw0 ∼ O(1). Since both the longitudinal resonance condition and the transverse
matching condition constrain the same parameter w0, it is not, in general, possible to satisfy
both simultaneously. Efficient operation therefore requires working in a regime where the two
estimates are compatible, or prioritizing one constraint and accepting a compromise in the
other.

Figure 2.4 illustrates how the interplay between w0 and v f can produce either weakly reso-
nant or near-optimal wakefields for fixed parameters ω0/ωp = 10 and a0 = 2.2. Figures 2.4(a)
and (b) correspond to v f = 0.8c. In panel (a), the choice k0w0 = 10 is not optimal, whereas
in panel (b) we use the value predicted by Eq. (2.18), k0w0 ≈ 7.1. The latter case exhibits a
markedly cleaner plasma response (shown in grey) to the ST driver. Similarly, Figs. 2.4 (c)
and (d) correspond to v f = 0.6c. For k0w0 = 10 [panel (c)], the driver is noticeably longer than
the plasma response, while using the predicted optimal value k0w0 ≈ 4.3 [panel (d)] restores
a well-defined wake structure even at this lower focal velocity.
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FIGURE 2.5: Waterfall plots of the accelerating electric-field amplitude for different focal velocities: (a)
v f = 0.8c, (b) v f = 0.99c, and (c) v f = 1.4c.

However, this optimization strategy may introduce trade-offs. Experimentally, generating
tightly focused broadband wave packets requires large-aperture optics. In addition, a smaller
spot size produces a narrower transverse wake structure, which reduces the acceptance for a
witness beam. Despite these constraints, the wakefield remains stable over extended propa-
gation distances when the appropriate spatio-temporal coupling is employed, as illustrated
in Fig. 2.5, which shows waterfall plots of the longitudinal electric field for spatio-temporal
drivers with different focal velocities, together with the corresponding wake evolution that
closely follows the imposed focal velocity.

FIGURE 2.6: Wakefield excitation for a fixed driver with v f = 0.96c and k0w0 = 17, for different values
of a0. The upper panels show the electron density response and the on-axis laser electric-field envelope,
while the lower panels show the on-axis accelerating field. (a) a0 = 0.22, (b) a0 = 0.44, (c) a0 = 1.3, and
(d) a0 = 2.2.

Once the spatio-temporal geometry is optimized for resonance, the wakefield amplitude
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can be further increased by raising the driver strength a0. As illustrated in Fig. 2.6, increas-
ing from (a) a0 = 0.22, (b) a0 = 0.44, (c) a0 = 1.3, and (d) a0 = 2.2 leads to progressively
larger accelerating fields and to changes in the wake structure, going from the linear to the
non-linear regime. The wakefield patterns obtained, particularly in panel (d), are qualitatively
similar to those reported in recent experiments demonstrating wakefield generation driven by
structured light [66]. We note that, in the strongly driven cases shown in panels (c) and (d),
the on-axis laser envelope develops a modulation behind the focus with a period close to the
plasma wavelength. This is a signature of self-modulation of the driver by the wake. Unlike
a short Gaussian pulse, ST drivers carry significant intensity well beyond the focus, so the
laser tails are intense enough to interact nonlinearly with the plasma such that the resulting
modulation of the plasma density imprints a corresponding modulation on the laser enve-
lope. Although ST pulses are constructed to be shape-invariant in vacuum, their structure can
therefore be modified by the laser-plasma interaction in the nonlinear regime.

In summary, the paraxial model provides a practical framework for selecting spatio-temporal
pulse parameters that yield near-resonant and stable wakefield excitation. Because the lon-
gitudinal and transverse properties of the driver are intrinsically coupled, resonance cannot
be enforced by tuning the pulse duration alone. In the subluminal regime, reducing the fo-
cal velocity v f increases the effective longitudinal extent of the high-intensity region in the
co-moving coordinate, which can violate the resonance condition. Maintaining resonant ex-
citation, therefore, requires compensating for this elongation by reducing the spot size w0 ac-
cording to the scaling in Eq. (2.18). This provides a simple design strategy to identify suitable
(w0, v f ) combinations before performing full numerical optimization.

2.2.2 SIMULATION DOMAIN SIZE AND WALL INJECTION FOR SPATIO-TEMPORAL

PULSES

In conventional laser–wakefield simulations, the driver is typically a short pulse whose longi-
tudinal extent is small compared with its diffraction length. A moving window that follows
the driver at (approximately) the speed of light can therefore contain both the laser and the
plasma response within a compact computational domain.

Velocity-controlled ST pulses differ in two key ways, with direct consequences for the re-
quired box size. First, the driver is not a short wave packet: the laser energy is distributed
over a comparatively long envelope, while the high-intensity peak is formed by a constructive-
interference condition that propagates through this envelope at a prescribed focal velocity v f .
In a standard moving window that advances at c (and thus tracks the envelope), the envelope
remains approximately stationary, whereas the intensity peak drifts through it at the relative
speed |c − v f | in subluminal cases. This slippage is illustrated in Fig. 2.7, where the focus slips
from the leading side of the envelope towards the trailing side as propagation proceeds. In the
superluminal regime, the focus instead slips from the trailing side towards the leading side.

This relative motion implies that the high-intensity peak has a finite lifespan within a given
envelope. We quantify this effect by defining a survival length Lsurv, namely the maximum
distance over which the focus remains contained inside an envelope of longitudinal extent
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FIGURE 2.7: Schematic of a subluminal ST pulse showing the full laser envelope (black) and the localized
high-intensity region (grey line; blue-red shading). Because the envelope propagates at c while the focus
advances at v f < c, the intensity peak slips backward within the envelope between (a) t1 and (b) t2 > t1.
Once the peak reaches the trailing edge of the envelope, the driver can no longer sustain an efficient
wake.

L. For a subluminal pulse with the focus initially near the leading edge, the survival time is
∆tsurv ≃ L/|c − v f |, which gives

Lsurv ≃
v f

|c − v f |
L. (2.19)

This expression is valid in both the subluminal and superluminal regimes, and diverges as
v f → c, recovering the conventional moving-window picture. In wakefield-driven accelera-
tion, Lsurv provides an upper bound on the propagation distance over which the driver can
maintain a stable wake structure purely from this geometric constraint. In practice, achieving
long interaction lengths at focal velocities far from c therefore requires a correspondingly long
envelope (and thus a larger longitudinal domain).

Constructing a pulse with a prescribed focal velocity v f ̸= c requires a broad spectral sup-
port with significant transverse wavevector content. In the subluminal regime, this manifests
as a large effective divergence of the envelope, so that the pulse occupies a wider transverse ex-
tent than a conventional Gaussian driver of comparable w0. Consequently, avoiding artificial
truncation generally demands a larger transverse domain.

These considerations must be reconciled with the numerical constraints discussed in Sec. 2.1.3.
The longitudinal repetition length introduced by spectral discretizations may need to be in-
creased as the envelope length and interaction distance grow.

The simulation domain requirements depend on the chosen ST pulse parameters and can
be estimated from simple geometric considerations. For subluminal pulses with a Gaussian
transverse profile, the envelope expands transversely as it propagates. For a pulse with spot
size w0 and focal velocity v f , an effective divergence half-angle can be estimated as

tan θdiv ≈ 2

k0w0

(
1 − v f /c

) . (2.20)

Figure 2.8 shows an example with v f = 0.97c, k0w0 = 14, and ω0/ωp = 10. Using
Eq. (2.20), this corresponds to θdiv ≈ 67◦, indicated by the dashed black lines in Fig. 2.8 (a).
For a Gaussian transverse profile, this aperture contains approximately 86
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In a quasi-3D geometry, where the transverse coordinate ranges from r ∈ [0, L⊥], a practical
guideline is

L⊥ ≳ 4w0 + zprop tan θdiv, (2.21)

so that the relevant initial envelope extent (taken here as 4w0) and its subsequent expansion
remain contained within the computational domain. For a propagation throughout the full
survival time, a conservative choice is zprop ∼ c ∆tsurv, which typically implies a large trans-
verse domain.

Fortunately, the transverse-domain requirements can be relaxed by using a boundary-
injection approach. Instead of initializing the full field distribution throughout the simulation
domain at t = 0, OSIRIS can inject the driver continuously through the transverse boundaries
by evaluating the superposition in Eq. (2.2) at each time step. In this scheme, the angular spec-
trum required to form the ST pulse is supplied dynamically from the walls, so the simulation
does not need to contain the full laterally expanding envelope at all times. This allows the
transverse domain to be reduced substantially while preserving the correct field structure in
the interaction region and maintaining consistency with the fields obtained from full-domain
initialization.

Figure 2.8 (a) illustrates that the transverse domain can be reduced substantially by fo-
cusing the computational region on the portion of the pulse that is most relevant for the
laser–plasma interaction, i.e. where the intensity is sufficiently high. Figures 2.8 (b) and (c)
show simulations performed in this smaller box without boundary injection. While the early-
time response is captured, the wakefield at later times [panel (c)] becomes markedly weaker
because the pulse energy is no longer represented correctly: the laterally diverging compo-
nents required to sustain the moving focus are truncated by the boundaries.

Figures 2.8 (d) and (e) show the corresponding simulations using wall injection. At early
times, the results are indistinguishable from those without wall injection (compare panels (b)
and (d)). At later times, wall injection sustains a wakefield amplitude comparable to that
obtained initially, although deviations from the early-time structure (panel (d)) emerge due
to laser-plasma interaction effects. In particular, the plasma modifies the field components
that would otherwise converge from the transverse “wings” to form the interference pattern
that defines the moving focus. This highlights an important point: although ST pulses can be
designed to be shape invariant in vacuum, their structure can be altered by interaction with
plasma.

To corroborate that the wall-injection algorithm preserves the intended propagation-in-
vari-ant intensity profile, Fig. 2.8 (f) shows the evolution of the peak laser intensity in vacuum,
with and without wall injection. Without injection, the peak intensity decays as the pulse foot-
print expands beyond the reduced domain, whereas with wall injection it remains approxi-
mately constant. This demonstrates that, in a vacuum, wall injection maintains the desired
field structure while enabling substantially smaller transverse domains.

To quantify the practical benefit of wall injection in a realistic PIC setup, we benchmark the
wall-injection algorithm against the conventional approach in which the full pulse is initial-
ized throughout the domain at t = 0. Because wall injection evaluates the analytic field at the
transverse boundaries throughout the run, it introduces an approximately constant computa-
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FIGURE 2.8: Reduced-domain simulations of a subluminal ST driver with and without wall injection.
(a) schematic of the injected field and boundary locations. (b,d) early-time snapshots in the co-moving
coordinate ξ without and with wall injection, respectively. (c,e) late-time snapshots showing wake degra-
dation without injection and sustained excitation with injection. (f) peak intensity in vacuum versus time,
confirming that wall injection preserves the intended propagation-invariant behavior in the reduced do-
main. Greyscale shows the electron density, and the blue-red scale shows the laser electric field.

tional overhead per time step, increasing the time per iteration by a factor of ∼ 1.5–2. This
overhead is typically more than compensated by the reduction in domain size enabled by wall
injection: without injection, containing the laterally expanding field can require a transverse
domain that is ∼ 10–100 times larger, depending on the pulse parameters and the interac-
tion length. Since the overall computational workload scales with the number of degrees of
freedom advanced in time, reducing the domain size directly reduces the total computational
resources required. In quasi-3D, the cost scales approximately with the number of grid cells,
while in full 3D it scales as N2

⊥ in the transverse resolution. Consequently, wall injection can
reduce both the memory footprint and the overall computational cost, often by one to two
orders of magnitude relative to otherwise equivalent simulations.

As a practical guide, simulations of subluminal ST drivers should be sized using the sur-
vival time ∆tsurv ≃ L/(c − v f ) and the effective divergence tan θdiv ≈ 2/[k0w0(1 − v f /c)]. In
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quasi-3D geometry, choose the radial extent to satisfy L⊥ ≳ 4w0 + zprop tan θdiv, with zprop set
by the intended interaction length (a conservative choice is zprop ∼ c, ∆tsurv when propagat-
ing over the full survival time). If these requirements make the transverse domain impractical,
enable wall injection, which supplies the angular spectrum at the boundaries and allows the
interaction region to be simulated in a much smaller box.

2.3 CONCLUSIONS

This Chapter presented a practical workflow for modeling velocity-controlled ST laser drivers
in particle-in-cell simulations. We relied on a Maxwell-consistent spectral construction that
defines ST pulses as a superposition of exact vacuum solutions, ensuring the correct spatio-
temporal correlations. We then described how to map this continuous formulation onto a
discrete k-space grid suitable for numerical initialization.

A critical numerical consequence of discretizing the spectrum is the appearance of real-
space replicas, whose periodicity is determined by the k-space sampling. We explicitly ad-
dressed this issue by providing simple, geometry-based criteria for selecting the longitudi-
nal and transverse repetition lengths. These criteria ensure that replica pulses do not enter
the interaction region during the simulation, making the spectral method reliable in practical
wakefield setups.

We have shown that the ST spectral geometry intrinsically couples the driver’s transverse
scale and the longitudinal extent of its high-intensity region. As a result, wakefield optimiza-
tion cannot be performed by varying the pulse duration independently of the spot size, as
is typically done for conventional Gaussian drivers. In the subluminal regime, decreasing v f
elongates the effective high-intensity region in the co-moving coordinate; we have demon-
strated that near-resonant excitation can be recovered by reducing w0 according to the scaling
in Eq. (2.18), and we have validated this design rule with PIC simulations across representative
parameter scans.

We have addressed the numerical constraints that arise when v f ̸= c. First, the slip between
the envelope (advancing at c) and the moving focus introduces a survival length, limiting how
long a stable wake can be sustained within a finite envelope. Second, the broad angular con-
tent required for subluminal pulses leads to substantial transverse expansion. These geomet-
ric effects make full-domain initialization increasingly expensive for long subluminal runs.
We have therefore employed a continuous wall-injection scheme that supplies the required
self-consistent fields dynamically through the transverse boundaries. We have shown that
wall injection preserves the intended propagation-invariant behavior in vacuum and sustains
the driven wake in reduced transverse domains. We have also highlighted that, although ST
drivers are constructed to be shape-invariant in vacuum, their structure can be modified by the
laser-plasma interaction in the nonlinear regime: in particular, the long envelope characteristic
of ST pulses keeps the tails at sufficient intensity to drive a nonlinear plasma response, leading
to self-modulation of the laser by the wake. This is a generic feature of velocity-controlled ST
drivers in wakefield-relevant regimes and should be taken into account when designing exper-
iments or simulations with these pulses. Although wall injection introduces a modest per-step
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overhead, the reduction in domain size typically yields a net decrease in overall computational
cost.

Collectively, these results provide a concise recipe for the robust PIC modeling of velocity-
controlled spatio-temporal drivers: (i) specify the driver through a Maxwell-consistent spec-
tral decomposition; (ii) choose the k-space discretizations so that the associated repetition
lengths exceed the relevant longitudinal and transverse window; (iii) select (w0, v f ) using the
resonance scaling in Eq. (2.18) to obtain strong and stable wake excitation; and (iv) for long
subluminal propagation, use wall injection to avoid representing the full laterally expanding
envelope inside the computational domain. The methodology established here forms the nu-
merical foundation for the phase-locking acceleration scheme developed in Chapter 3 and the
beam-quality analysis of Chapter 4.

2.4 SIMULATION SETUP DETAILS

All simulations are performed with the OSIRIS azimuthal-mode decomposition algorithm
in (r, z–φ) geometry (quasi-3D) [33, 34]. In this approach, the computational grid is two-
dimensional in (r, z), while the dependence on the azimuthal angle φ is represented analyt-
ically by expanding the fields and currents into a finite number of Fourier modes. In other
words, there is no mesh in φ: non-axisymmetric structure is captured through the retained
azimuthal harmonics, and the accuracy is controlled by the number of modes included. This
provides a practical compromise between fully three-dimensional modeling and the lower cost
of axisymmetric simulations. We retain the cylindrically symmetric mode m = 0 and the first
non-axisymmetric mode m = 1, which is sufficient to capture the laser polarization and the
main wake structure at reduced computational cost. The plasma is initialized with a uniform
density n0, preceded by a short vacuum-to-plasma density ramp of length Lramp = 4 c/ωp.
Plasma electrons are sampled with 32 particles per cell. A moving window propagating at the
speed of light is employed in all simulations presented in this thesis’s Chapter. For the param-
eter scans shown in Figs. 2.5 and 2.6, the simulation domain is Lz × Lr = 100 c/ωp × 20 c/ωp

with Nz × Nr = 10000× 400, corresponding to ∆z = 0.01 c/ωp and ∆r = 0.05 c/ωp. Absorbing
boundary conditions are applied at the transverse edge of the domain using perfectly matched
layers. The laser driver is polarised along Ey. Its longitudinal envelope is a flat-top profile with
squared-sine ramps on both sides (rise/fall length 5 c/ωp and flat-top length 90 c/ωp).



2.4. Simulation setup details 29

Take-home messages

• We define Maxwell-consistent ST drivers in Fourier space. The pulses are con-
structed as a superposition of exact vacuum solutions to ensure the correct spatio-
temporal correlations.

• Discretizing the spectrum introduces periodic replicas. The finite k-space grid
imposes longitudinal and transverse repetition lengths. To avoid replicas, ensure
Trep,z > Lbox and Trep,⊥ ≳ 2wmax, where wmax is the largest transverse size of the
pulse inside the simulation window.

• For ST pulses, longitudinal and transverse scales are coupled. In ST pulses the
spot size and the effective high-intensity length cannot be tuned independently, so
optimization must be performed in the joint (ω0, w0, v f , a0) space.

• Resonance conditions and pulse dimensions. To maximize wakefield excitation, the
driver dimensions must match the plasma response. Transversely, the spot size w0

is typically chosen such that kpw0 ∼ O(1). Longitudinally, the effective pulse length
must match half the wake wavelength λwake ≈ 2πv f /ωp. In the subluminal regime,
satisfying this longitudinal resonance imposes a specific scaling on the spot size w0:

k0w0 ≈
[

π√
e2 − 1

ω0

ωp

v f /c
1 − v f /c

]1/2

This relation implies that as the focal velocity v f decreases, the spot size must be
reduced (tighter focusing) to prevent the effective driver length from becoming too
long for the wake.

• Envelope-focus slippage sets a survival length. For v f < c, the intensity peak drifts
through the envelope at the relative speed c − v f . We quantify this effect by defining
a survival length Lsurv, namely the maximum distance over which the focus remains
contained inside an envelope of longitudinal extent L as

Lsurv ≃
v f

c − v f
L.

• Wall injection makes long subluminal runs practical. Subluminal pulses require
broad angular content and therefore large transverse domains. Continuous wall in-
jection supplies the required spectrum at the boundaries and can strongly reduce the
computational cost, in particular for highly non-paraxial pulses.
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CHAPTER 3

DECAYING PARTICLES ACCELERATION

The particle physics community is actively considering muon colliders as one possible next
step for high-energy physics studies [67]. Muons, like electrons, are fundamental particles,
meaning their total energy is available in collisions, unlike hadrons, whose substructure re-
duces the effective collision energy [68–70]. Nonetheless, due to their finite lifetime (τµ =

2.2 µs in the proper frame), muons must be collected, cooled, and rapidly accelerated before a
significant number of them decay [71]. This poses a major challenge for conventional acceler-
ators, which rely on RF cavities with limited accelerating gradients.

Similarly, other short-lived particles such as pions and kaons, whose lifetimes are even
shorter (τπ± = 26 ns and τK± = 12 ns), cannot be accelerated efficiently using standard RF
technology [72]. Plasma-based acceleration, with its ultra-high gradients on the order of ∼
GV/cm, offers a promising pathway to quickly boost the energy of such rapidly decaying
particles, potentially overcoming the limitations imposed by their short lifetimes.

This Chapter presents an acceleration method that addresses the challenge of accelerating
short-lived, sub-relativistic particles using laser-driven plasma-wakefield acceleration [73]. We
begin in Sec. 3.1 by quantifying the survival fraction of particles during acceleration using
both conventional radio-frequency (RF) cavities and plasma-based accelerators, highlighting
the impact of acceleration gradient and particle lifetime.

Following this motivation, Sec. 3.2 investigates the use of velocity-controlled subluminal
drivers as a first-order solution to the trapping problem. We start in Sec. 3.2.1 by testing the
application of standard Laser Wakefield Acceleration (LWFA) to muons, confirming that con-
ventional luminal wakes fail to trap sub-relativistic particles. This motivates the introduction
of the subluminal-driver concept in Sec. 3.2.2, where we show that while matching the driver
velocity to the particle allows for initial trapping, it fundamentally limits the maximum attain-
able energy due to dephasing where the accelerating beam overtakes the wake. Section 3.2.3
then explores the optimization of this simple scheme by varying the focal velocity of the driver
for the maximum energy gain.

To further push the maximum energy gain in a single stage, Sec. 3.3 presents the phase-
locking framework at the heart of this chapter: a general theory for phase-locking via tai-
lored plasma density profiles in combination with spatio-temporal pulses with subluminal

31
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focal velocity. We derive the exact density gradients required to synchronize the wakefield
accelerating region with the accelerated particle beam. We then demonstrate the universal-
ity of this model in Sec. 3.4.1 by calculating the specific density profiles required for different
species, including muons, pions, and kaons. The versatility of the scheme is further expanded
in Sec. 3.4.2, which shows that phase-locking can be achieved even if the beam is injected into
secondary accelerating buckets rather than the first wake period. Finally, Sec. 3.4.3 validates
the robustness of the scheme against variations in the initial particle velocity, proving its fea-
sibility for realistic, broad-spectrum particle sources.

3.1 SURVIVING PARTICLES FRACTION IN AN ACCELERATOR

Before proceeding to test the feasibility of employing plasma-based accelerators to promptly
extend the decay time of unstable particles, we can estimate the survival fraction during an
acceleration stage as a function of the accelerating gradient. Starting from the decay law in the
laboratory frame [74, 75],

dN
dt

= − N
γ τp

, (3.1)

where N is the number of surviving particles, γ is the Lorentz factor, and τp is the particle’s
proper lifetime (rest-frame mean lifetime). Assuming a constant accelerating field Eacc and
β ≃ 1, where β = v/c is the particle’s velocity normalized by the speed of light, during most
of the acceleration stage the energy gain satisfies

dγ

dt
≃ q Eacc

mbc
, (3.2)

which integrates to the fraction of surviving particles S [74, 75]

S ≃
(

γi
γ f

)νp

, νp ≡ mbc
q Eacc τp

, (3.3)

where the Lorentz factors γi, f = 1 + Ki, f /(mbc2) can be computed from the initial and final
kinetic energies Ki and K f , mb is the rest mass of the particles, τp the proper lifetime, q the
charge of the particle and c the speed of light.

As a representative case, we examine the acceleration of muon (µ−), pion (π−), and kaon
(K−) beams from an initial kinetic energy of Ki = 200 MeV to a final energy of K f = 1 GeV.
Two scenarios are considered: one employing a plasma accelerator with an accelerating gra-
dient of Eacc = 20 GV/m, and another using a conventional RF linac operating at Eacc =

20 MV/m. The corresponding survival fractions S and loss fractions 1 − S for each particle
species are listed in Table 3.1. The results clearly highlight the strong advantage of plasma-
based accelerators, whose high gradients enable the prompt acceleration of short-lived parti-
cles, thereby mitigating decay losses.

Important Note — The compact expression S = (γi/γ f )
νp assumes β ≃ 1 during the entire

acceleration, i.e. that the particles are ultra-relativistic. For heavier particles at lower energies
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TABLE 3.1: Estimated survival fraction S (and corresponding loss fraction 1 − S) for µ−, π−, and K− ac-
celerated from the initial to the final Lorentz factor (γi, γ f ) in a plasma accelerator and in a conventional
RF linac. The plasma and RF cases assume constant accelerating gradients of 0.2 GV/cm and 20 MV/m,
respectively.

Particle γi γ f Accelerator S Loss (1 − S)

µ− 2.9 10.5 Plasma (0.2 GV/cm) 99.999 % 0.001 %
µ− 2.9 10.5 RF Linac (20 MV/m) 98.951 % 1.049 %

π− 2.4 8.2 Plasma (0.2 GV/cm) 99.888 % 0.112 %
π− 2.4 8.2 RF Linac (20 MV/m) 32.640 % 67.360 %

K− 1.4 3.0 Plasma (0.2 GV/cm) 99.404 % 0.596 %
K− 1.4 3.0 RF Linac (20 MV/m) 0.252 % 99.748 %

this assumption becomes less accurate. Without this approximation, the survival fraction reads

S = exp
[
− mbc

q Eacc τp

∫ γ f

γi

dγ

β(γ) γ

]
, β(γ) =

√
1 − 1

γ2 . (3.4)

The extra factor 1/β(γ) increases the decay probability for particles with lower initial γ, since
they spend more time in the accelerator. This effect is negligible for muons and pions at the
energies considered here, but can slightly increase the predicted loss for kaons.

3.2 PLASMA WAKEFIELD ACCELERATION WITH SUBLUMINAL

DRIVERS

The estimate in Sec. 3.1 shows that ultra-high accelerating gradients can strongly mitigate
decay losses by reducing the time spent in the accelerator. However, high gradient alone is not
sufficient: to realize this benefit for muons, pions, and kaons, the particles must be promptly
trapped into an accelerating bucket and remain phase-synchronous with the accelerating field
long enough to reach the relativistic regime. This requirement is non-trivial because realistic
secondary beams are typically produced at kinetic energies of a few hundred MeV, i.e. with
β < 1, so their velocity evolves appreciably during acceleration. In addition, their large inertia,
orders of magnitude greater than that of electrons, implies that the initial increase in β is slow
compared to electrons, causing the velocity to increase slowly and making them particularly
sensitive to phase slippage.

In conventional laser-driven wakefield acceleration, the wake phase velocity is (vϕ ≃ c),
so a sub-relativistic heavy witness quickly slips with respect to the accelerating phase and
dephases before gaining substantial energy. In this Section, we quantify this limitation and
then explore an alternative route enabled by velocity-controlled spatio-temporal (ST) laser
drivers, which utilize a ’flying focus’ to decouple the intensity peak’s velocity from the group
velocity in the medium (as detailed in Chapter 2). By tuning the focal velocity of the driver, we
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can reduce the phase velocity of the wakefield to match the initial witness velocity and enable
prompt capture. We first demonstrate the dephasing/trapping limitation of standard LWFA
for muons in PIC simulations (Sec. 3.2.1). We then introduce the subluminal-driver concept
and derive the corresponding dephasing constraint in a uniform plasma (Sec. 3.2.2). This
represents a fundamental shift from the conventional dephasing regime: whereas in standard
LWFA the wake outruns the witness, here it is the witness that eventually outruns the wake,
imposing a new upper limit on the achievable energy gain.

Finally, we examine how the energy gain depends on the chosen focal velocity (Sec. 3.2.3),
identifying the trade-off between initial trapping and the onset of overtake. These results mo-
tivate the need for dynamic phase-velocity control during acceleration, which we address in
Sec. 3.3 using tailored plasma-density profiles to maintain extended phase-locking and achieve
fully relativistic energies in a single acceleration stage.

3.2.1 MUON ACCELERATION VIA STANDARD LASER WAKEFIELDS

While the ultra-high gradients of plasma wakefields are ideal for minimizing decay, standard
laser-driven (LWFA) schemes fail to efficiently trap sub-relativistic secondaries. In a conven-
tional LWFA setup, the wakefield phase velocity is intrinsically tied to the speed of the driver,
so for a laser driver this corresponds to vϕ ≈ c. Because realistic secondary sources typically
produce muons with vµ ≤ 0.95c, the resulting velocity mismatch with a luminal wake makes
sustained acceleration highly inefficient.

To illustrate this limitation, we performed a particle-in-cell (PIC) simulation using the code
OSIRIS. We modeled the interaction of a muon bunch, initialized with vµ = 0.9 c, with a
standard laser-driver wakefield. The simulation was performed in a quasi-3D cylindrical ge-
ometry, with parameters summarized in Table 3.2. A laser pulse driver propagates through
a parabolic plasma channel, while a muon beam is injected ahead of the driver. The plasma
profile features a linear density ramp for z < 4c/ωp and transverse parabolic confinement for
guided laser propagation. We observe an initial energy gain for the muon bunch, followed by
rapid dephasing and loss of trapping: the quasi-luminal wake (vϕ ≈ c) outruns the beam. The
large muon inertia (mµ/me ≃ 206.7) limits the rate of velocity increase, so that the bunch exits
the accelerating region before gaining sufficient momentum to remain phase-locked with the
wakefield (Figure 3.1).

In particular, at early times, Figure 3.1 (a, d) shows clearly how the bunch sits in the acceler-
ating phase of the wake, where the electric field is negative. By t = 60.06 [1/ωp] (Fig. 3.1 (b,e)),
the particles’ longitudinal momentum reaches its overall maximum p1,max ≈ 2.21 mµc. How-
ever, since the driver’s velocity is much faster than the witness beam’s velocity, the continu-
ous phase slippage caused by the velocity mismatch pushes the bunch out of the acceleration
bucket. In Figure 3.1 (c,f), we show how the bunch is no longer trapped in the first accelerating
bucket.

These limitations motivate the use of subluminal drivers (Section 3.2.2) that generate wakes
that match the initial muon velocity, allowing better trapping of particles with large inertia
and non-relativistic initial velocities.
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TABLE 3.2: Simulation set-up for muon acceleration using standard laser-driven wakefield acceleration.

Parameter Value

Simulation Algorithm Quasi-3D
Grid (z × r) [c/ωp] 12000 × 400
Domain (z × r) [c/ωp] [−120, 15]× [0, 10]
Time step 7 × 10−3 ω−1

p

Laser a0 2.0
ω0/ωp 20
w0 2.9 c/ωp

Plasma n0/nc (ω0/ωp)
−2

Parabolic Plasma Profile n(r) = n0

(
1 − r2

w2

)
Muons mµ/me 206.7

γµ 2.06
nµ/n0 10−3

σz × σr 4 × 0.5 c/ωp

3.2.2 SUBLUMINAL-DRIVER PLASMA WAKEFIELD ACCELERATION

As discussed in the previous subsection, using a conventional laser driver for plasma wake-
field acceleration presents a key limitation when accelerating particles like muons, pions and
kaons: the phase velocity of the wakefield is too high for efficient initial trapping. These
particles, typically injected with subrelativistic velocities, fail to remain in phase with the ac-
celerating field long enough to gain significant energy.

For this reason, we investigate the use of a subluminal driver. Although such drivers can
successfully trap sub-relativistic beams, their effectiveness is ultimately constrained by phase
slippage between the witness and the wake (dephasing), which limits the effective interaction
length [76]. We consider a driver moving with a subluminal focal velocity v f < c and a mono-
energetic witness beam moving at a velocity vb = v f at injection. For a wake moving at v f , the

spatial plasma period in the laboratory frame scales as λ
f
p = 2πv f /ωp = (v f /c)λp. In other

words, if λp = 2πc/ωp is the nominal plasma wavelength, then for a wake moving at v f the
relevant half-wavelength (i.e. the approximate longitudinal extent of one accelerating bucket)
becomes

ℓw ≃
λp

2
v f

c
. (3.5)

The wake phase velocity vϕ in the nonlinear regime can be approximated by the laser group

velocity with a small nonlinear correction, vϕ ≃ vg

(
1 − 3ω2

p

4ω2
0

)
, where we adopt an effec-

tive group-velocity scaling for a driver propagating with focal velocity v f , namely [77] vg ≃
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FIGURE 3.1: Time evolution of the laser-driven wakefield acceleration of a monoenergetic muon beam
with initial velocity of 0.9c. Panels (a–c) show snapshots at (a) t = 32.03 ω−1

p , (b) t = 62.06 ω−1
p , and

(c) 116.12 ω−1
p . The grayscale colormap represents the plasma density, in green we have the muon beam

density, and the red line marks the longitudinal accelerating electric field on-axis. Panels (d–f) show the
evolution of the beam’s maximum longitudinal momentum p1 as a function of propagation coordinate
x1, in units of c/ωp. A pattern of repeated energy peaks is observed in correspondence with the peak
intensity of the wakefield electric field, with a maximum momentum of p1,max ≈ 2.21 mµc reached in
panel (e). For reference, a background density of n0 = 1018 cm−3 corresponds to 1/ωp ≃ 17.7 fs and
c/ωp ≃ 5.3 µm.

v f

√
1 − ω2

p

ω2
0

. Then, following [77], the dephasing length, Ld ≃ vb
|vb−vϕ | ℓw, now evaluates to

Ld ≃ 2
3

λp
(ω0

ωp

)2 v f

c
, (3.6)

where we assumed vb = v f . The result is reduced to the standard Ld ≃ 2
3 λp

(ω0
ωp

)2 when
v f ∼ c. Consequently, the maximum energy gain for a mono-energetic witness co-propagating
over the phase-slippage length is

∆Wmax

(mc2)
= Ld⟨Eaccel⟩ ≃

2
3

λp

(
ω0

ωp

)2 v f

c
⟨Eaccel⟩. (3.7)

So, if, for example, we want to accelerate particles using a laser with ω0/ωp = 20, a laser
wavelength of λ = 800 nm, and an average accelerating field of ⟨Eaccel⟩ = 50 GV/m, our
energy gain will be only around tens of MeV.

We performed a quasi-3D OSIRIS simulation to validate this estimate. The parameters
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TABLE 3.3: Simulation set-up for muon acceleration using standard spatio-temporal pulses driven wake-
field acceleration.

Parameter Value

Simulation Algorithm Quasi-3D (cylindrical)

Grid (z × r) [c/ωp] 27000 × 400
Domain (z × r) [c/ωp] [−120, 15]× [0, 20]
Cell size (∆z × ∆r) [c/ωp] 0.005 × 0.05

Muons mµ/me 206.7
Initial γµ 2.06
Peak density nµ/n0 = 10−3

Size (σz × σr) [c/ωp] 1.0 × 0.5

ST laser driver a0 2
ω0/ωp 20
Focal velocity v f = 0.9 c
Transverse profile Gaussian, w0 = 1 c/ωp

for the simulation are summarized in Table 3.3 Figure 3.2 illustrates a simulation of the ac-
celeration of a monoenergetic muon beam with initial velocity vb = 0.9 c driven by a spa-
tio–temporal laser pulse with focal velocity v f = 0.9 c. Panels (a–c) show snapshots of the
plasma and beam dynamics at different times. The grayscale colormap represents the plasma
density, the green regions show the muon beam density, and the red curve the accelerating
electric field. Panels (d–f) present the beam’s longitudinal momentum p1 as a function of the
propagation coordinate x1 again at different times. The muon bunch experiences repeated en-
ergy peaks aligned with the structure of the wakefield, reaching a maximum momentum of
p1,max ≈ 2.3 mµc in panel (e). For reference, a background density of n0 = 1018 cm−3 corre-
sponds to 1/ωp ≃ 17.7 fs and c/ωp ≃ 5.3 µm.

While this configuration enables initial trapping, it is still ultimately limited by dephasing.
As the beam gains energy, its velocity vb(t) eventually exceeds the phase velocity of the wake
(vϕ ≈ v f ), causing the bunch to outrun the accelerating region. The beam moves faster than
the driver, eventually exiting the high-field region and imposing a limitation on the achievable
energy gain in uniform plasmas using subluminal drivers. Thus, we are still not satisfying
the condition of bringing our particles from subrelativistic to relativistic velocities to mitigate
decay losses (Sec. 3.1).

We can conclude that employing a subluminal driver improves the acceleration outcome
compared with the standard laser-driven case discussed in Sec. 3.2.1, enabling the witness
to reach higher energies and velocities before phase slippage terminates efficient acceleration.
Nevertheless, a fixed subluminal phase velocity still imposes an intrinsic limit on the attainable
energy gain: as the witness accelerates and approaches (or exceeds) the wake phase velocity, it
inevitably slips out of the optimal accelerating phase. These results motivate a more advanced
strategy in which the wake phase velocity is dynamically controlled during propagation, as
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FIGURE 3.2: Time evolution of wakefield acceleration of a monoenergetic muon beam with initial ve-
locity of 0.9c using a spatio-temporal laser driver with a focal velocity of v f = 0.9 c. Panels (a–c) show
snapshots at (a) t = 41.97 ω−1

p , (b) t = 159.88 ω−1
p , and (c) 261.80 ω−1

p . The grayscale colormap represents
the plasma density, in green we have the muon beam density, and the red line marks the longitudinal
accelerating electric field. Panels (d–f) show the evolution of the beam’s maximum longitudinal momen-
tum p1 as a function of propagation coordinate x1, in units of c/ωp. A pattern of repeated energy peaks
is observed in correspondence of the peak intensity of the wakefield electric field, with a maximum mo-
mentum of p1,max ≈ 2.3 mµc reached in panel (e). For reference, a background density of n0 = 1018 cm−3

corresponds to 1/ωp ≃ 17.7 fs and c/ωp ≃ 5.3 µm.

will be shown in Sec. 3.3. In the next section we will briefly discuss how this result can be
improved by varying the driver’s focal velocity.

3.2.3 SUBLUMINAL DRIVER WITH DIFFERENT VELOCITIES

In the previous section, we demonstrated that using a subluminal driver with a focal veloc-
ity matched to the initial muon velocity enables efficient trapping and acceleration of sub-
relativistic muon beams, but the energy gain remains limited by rapid dephasing as the parti-
cles catch up and overtake the wakefield.

We now extend this analysis by considering drivers with focal velocities slightly above the
initial beam velocity (v f > v0). Figure 3.3 compares the maximum longitudinal momentum
reached by muon beams starting at v0 = 0.9c (p1 = 2.06 mµc) for three different focal veloc-
ities: v f = 0.91c, 0.92c, and 0.93c. The simulation set-up is identical to the one presented in
Sec. 3.2.2 apart from the focal velocity of the driver. The results show that a modest increase
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FIGURE 3.3: Maximum energy gain for a beam of muons (initial velocity v0 = 0.9c, corresponding to
normalized momentum p1 = 2.06 mµc), accelerated by spatiotemporal laser pulses with different focal
velocities (v f ). The plot compares the evolution of the longitudinal momentum (p1) for three cases:
v f = 0.91c (green), v f = 0.92c (pink), and v f = 0.93c (blue). The case with v f = 0.91c achieves the
highest final momentum (pmax

1 ≈ 3.1 mµc), as this intermediate focal velocity balances initial trapping
with delayed phase slippage, maximizing the effective acceleration length. For higher driver velocities
(v f = 0.92c and 0.93c), the particles dephase more rapidly and cannot stay in phase with the accelerating
field, resulting in lower maximum energy gains.

in the driver velocity can significantly enhance the achievable energy gain. In particular, the
case with v f = 0.91c yields the highest final momentum (pmax

1 ≈ 3.1 mµc), as the wake remains
synchronous with the beam for a longer distance, allowing continued acceleration. For higher
velocities (v f = 0.92c and 0.93c), the wake outruns the beam, leading to premature dephasing
and reduced energy gain. This indicates a critical trade-off in driver selection. While setting
a focal velocity v f slightly above the beam’s initial velocity delays the point at which the par-
ticles overtake the wake—thereby extending the interaction length—an excessively large v f
causes the wake to outrun the particles entirely, leading to a loss of trapping. Effectively, one
must balance the delay of dephasing against the risk of immediate de-trapping.

However, even in the optimal case (v f = 0.91c), the maximum velocity obtained by the
muons is only about 0.95c, which remains significantly below the fully relativistic (v ≈ c)
regime we want to achieve. This limitation highlights the need for more advanced strategies
to further extend the acceleration length and increase the final particle energy. In the next
section, we present an approach based on a dynamically tailored plasma density profile, which
enables phase-locking between the beam and the wake and allows the particles to reach higher
energies.
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3.3 TAILORED PLASMA DENSITY PROFILE FOR EXTENDED

PHASE-LOCK

As introduced in the previous section, effective acceleration of subluminal, heavy particles to
relativistic velocities requires not only initial trapping but also a significant extension of the
dephasing length. To achieve this, we employ a tailored plasma-density profile that dynam-
ically controls the phase velocity of the accelerating wake, thereby maintaining a continuous
phase-lock with the particles as they accelerate. By coupling the evolution of the particle’s
longitudinal momentum with the variation of the plasma frequency caused by the change in
the density profile, we derive the exact density profile needed to keep the beam within the
accelerating region of the wake. The physical mechanism underlying this control can be un-
derstood directly from Eq. 3.12. The phase velocity of the accelerating bucket depends not
only on the focal velocity v f of the driver, but also on the local density gradient dn/dz. A de-
creasing density profile shifts vw downward, slowing the wake to match a still sub-relativistic
witness, while a subsequent up-ramp raises vw again as the particle approaches relativistic
velocities. The density profile therefore acts as a continuous tuning knob for the wake phase
velocity, allowing it to follow the evolving particle velocity throughout the entire acceleration
stage.

To derive the conditions required for phase-locking, we begin by expressing the relevant
physical quantities and equations governing particle acceleration in a varying-density plasma.
The ideal plasma-density profile that preserves phase synchronism between the accelerated
particles and the longitudinal wakefield can be obtained by requiring the instantaneous par-
ticle velocity v(z) to coincide with the phase velocity vw(z) of the nw-th accelerating bucket
throughout the interaction length.

The on-axis accelerating field is proportional to the square root of the plasma density, and
it can be written as

Ez(z) = α0
me ωp0c

e

√
n(z)
n0

, (3.8)

where α0 is the normalized field amplitude. Here n0 and ωp0 denote the reference density
and plasma frequency respectively at z = 0. The longitudinal momentum of a test particle of
charge q and mass mb evolves according to

dpz

dt
= mb

d[γ(z)v(z)]
dt

= q Ez(z). (3.9)

The spatio-temporal driver’s peak intensity that is responsible for the wakefield excitation
moves at v f . Using the propagation distance of the driver peak z = v f t as an independent
variable, we replace the time derivative by a space derivative, obtaining

d
dz
[
γ(z)v(z)

]
= α0

|q|
e

me

mb

ωp0c
v f

√
n(z)
n0

. (3.10)

Equation (3.10) constitutes the first element of the coupled system that will allow us to deter-
mine the ideal density profile for sustained phase synchronism.
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The second equation can be derived by noting that each accelerating bucket has an approx-
imate size of ∼ λp, the axial position of the center of the nw-th accelerating cavity with respect
to the driver peak is

zw(t) = v f t − nwλp
[
z(t)

]
, λp(z) =

2πv f

ωp(z)
, (3.11)

with ωp(z) =
√

n(z)e2/(meε0). Differentiation with respect to time gives the phase velocity
of the wake

vw =
dzw

dt
= v f − nwv f

dλp

dz

= v f −
2πnwv2

f

ωp0

d
dz

√
n0

n(z)
. (3.12)

To obtain the ideal density profile that keeps our particles phase-locked to the ideal accelera-
tion position, we impose vw = v when solving Eqs. (3.10) and (3.12). It is important to note
that this model has a high degree of generality: the same approach can be adapted to a wide
range of driver configurations, particle species, and initial conditions, making it a powerful
tool for designing advanced plasma-based acceleration schemes.

3.4 MODEL VALIDATION AND VERSATILITY

The theoretical framework developed in Sec. 3.3 provides a general recipe for phase-locked
acceleration of massive, sub-relativistic particles using tailored plasma-density profiles. A key
advantage of this model lies in its universality: it can be directly applied to particles with dif-
ferent masses and charges by adjusting the relevant parameters in the governing equations.
To evaluate its predictive accuracy and demonstrate this versatility, we perform a systematic
investigation of how the acceleration dynamics is influenced by intrinsic particle properties,
the selected accelerating bucket (nw), and the initial injection velocity. Specifically, we com-
pare theoretical predictions for energy gain against OSIRIS simulations for different particle
masses (Sec. 3.4.1), injection into secondary accelerating buckets (Sec. 3.4.2), and varying initial
velocities (Sec. 3.4.3).

3.4.1 ACCELERATION OF DIFFERENT PARTICLES

To demonstrate the model’s adaptability to the acceleraton of different particles, we first com-
pute the tailored density profiles required for species with different rest masses while main-
taining a constant initial Lorentz factor of γi = 2.9. We consider particles with masses cor-
responding to the pion (mπ ≈ 139.6 MeV/c2), the muon (mµ ≈ 105.7 MeV/c2), and two
hypothetical ’reduced-mass’ muons (mµ/2 and mµ/4).

The resulting profiles, shown in Fig. 3.4(a), reveal that heavier species require a more grad-
ual density transition to accommodate their slower velocity evolution. By contrast, the lighter
reduced-mass cases demand steeper gradients as they approach the relativistic regime more
rapidly.
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FIGURE 3.4: (a) Tailored plasma density profiles n(z)/n0 computed for different particles using the
phase-locking model described in Section 3.3. Each profile maintains synchronism between the accel-
erating wake and particles of varying mass: pion mass mπ (solid), muon mass mµ (dashed), and reduced
muon masses mµ/2 (dash-dotted) and mµ/4 (dotted). (b) Maximum Lorentz factor γmax achieved as a
function of particle mass. The black curve shows theoretical predictions based on the tailored profiles,
while red squares representOSIRIS simulation results. All cases assume initial injection at γi = 2.9 (gray
dashed line). The agreement confirms the predictive accuracy and versatility of the model.

Figure 3.4(b) compares the maximum Lorentz factor γmax predicted by the model with
values obtained from OSIRIS simulations. The excellent agreement confirms the predictive
accuracy of the framework across a wide range of particle masses. Furthermore, the clear
scaling observed suggests that the model is not limited to the species tested here, but can
be reliably extrapolated to even heavier particles, provided the density profile is adjusted to
match their specific inertia.

3.4.2 ACCELERATION USING SECONDARY ACCELERATION BUCKETS

The phase-locking model introduced in the previous sections also provides valuable insight
into the role of the accelerating bucket used for injection. In a typical wakefield structure,
multiple accelerating buckets are formed behind the driver, each with slightly different field
strengths and spatial characteristics. Although the first bucket, right behind the laser, (nw = 1)
is often the most commonly used due to its strongest fields, the model predicts that efficient
acceleration is still possible in secondary buckets, provided phase synchronism is maintained.

Figure 3.5(a) shows the wakefield structure generated by a spatiotemporal laser pulse prop-
agating through plasma with a focal velocity of v f = 0.97c. A sequence of accelerating buckets
is excited behind the laser, with the first seven labeled. The on-axis accelerating field Ez (black
line) is shown alongside the transverse and longitudinal field components. Particles injected
into any of these buckets can be phase-locked and accelerated by tailoring the plasma density
profile accordingly.

Figure 3.5(b) shows examples of ideal-fit density profiles for the first accelerating buckets
for the acceleration of a monoenergetic beam of particles with mµ/4 mass and initial velocity
of vµ/4 = 0.9 c. As illustrated in Fig. 3.5(b), phase-locking in secondary buckets requires less
extreme density reductions compared to the first bucket. This implies less degradation of the
longitudinal accelerating field during the acceleration process.
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FIGURE 3.5: (a) Wakefield structure generated by a spatiotemporal laser pulse propagating in plasma
with a focal velocity v f = 0.97c. The grayscale colormap shows the plasma density response to the
laser’s propagation n/n0, while the blue-orange and red-blue colormaps correspond to the transverse
field component Ex − By and the longitudinal electric field EL, respectively. The laser pulse enters from
the right and excites a train of accelerating buckets, with the first seven labeled. The black line shows
the on-axis accelerating field Ez. (b) Ideal density profile for the acceleration of a monoenergetic particle
beam with mass mµ/4 for the first three accelerating buckets.

As shown in Figure 3.6, the maximum Lorentz factor γmax increases with the bucket index
nw. Even though secondary buckets have a lower peak accelerating field compared to the first
one, they require a less pronounced initial density reduction to maintain phase locking. As a
result, the accelerating field is better preserved throughout the stage, leading to a higher final
energy gain. The electric field is overall then more conserved. This means that the theoretical
predictions (black squares) are in excellent agreement with OSIRIS simulations (red circles),
confirming the model’s ability to accurately capture bucket-dependent dynamics. All cases
correspond to particles injected at γi = 2.29.

FIGURE 3.6: Maximum Lorentz factor γmax reached as a function of the accelerating bucket used for
the acceleration nw. Theoretical predictions (black squares) are compared with OSIRIS simulations (red
circles), showing excellent agreement. All cases correspond to initial injection at γi = 2.29 (gray dashed
line).

These results demonstrate the flexibility of the phase-locking model, which can be applied
to optimize acceleration not only across particle species and initial energies, but also across
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different regions of the wakefield structure. This capability is particularly relevant for exper-
imental configurations where injection into the first bucket is not feasible, for example due to
the presence of strong plasma electrons self-injection in the first accelerating bucket.

3.4.3 ACCELERATION FROM DIFFERENT INITIAL VELOCITIES

A key advantage of the phase-locking acceleration framework is its flexibility with respect to
the initial velocity of the injected particles. In realistic scenarios, the particles we are inter-
ested in for this study (muons, pions and kaons) are produced with a broad range of initial
velocities, depending on the production mechanism and the characteristics of the source. The
most fruitful production mechanisms though are the ones where the particles are produced at
subrelativistic velocities [78, 79]. Therefore, it is crucial for any practical acceleration scheme
to be adaptable to varying initial conditions.

To investigate this aspect, we analyze the acceleration of three distinct beams with mass
mµ/4, each injected with a different initial velocity (v0/c = 0.5, 0.7, 0.9), and matched to a tai-
lored plasma density profile driven by a spatiotemporal laser pulse with a focal velocity set just
above the respective injection velocity (v f = 0.8c, 0.9c, 0.97c). Figure 3.7 shows the evolution
of the normalized velocity v/c for each case, comparing the predictions of the phase-locking
model (dashed lines) to fully kinetic OSIRIS simulations (solid markers). Dotted horizontal
lines indicate the initial velocities. To obtain stable wakefield excitation while varying the focal
velocity of the driver we followed the guidelines presented in Chapter 2.

FIGURE 3.7: Maximum velocity evolution v/c of three beams starting at v0/c = 0.5, v0/c = 0.7, and
v0/c = 0.9. Each beam is driven with focus velocities of 0.8c, 0.9c, and 0.97c, respectively. The dashed
lines represent the theoretical velocity evolution, and the solid markers are from OSIRIS simulations.

The excellent agreement between the theoretical curves and simulation results demon-
strates the robustness of the model over a broad range of injection energies. Even for low
initial velocities, the tailored density profile ensures sustained phase-lock and efficient energy
transfer from the wakefield to the beam, with the accelerated particles rapidly gaining speed
and approaching relativistic regimes. These results confirm that the presented phase-locking
strategy is not limited to a single injection condition, but can be flexibly adapted to accom-
modate the natural spread of velocities produced in realistic sources. This versatility further
highlights the applicability of the approach for advanced plasma-based accelerators targeting
short-lived particles across a range of experimental conditions.
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3.4.4 ESTIMATE OF THE END OF PHASE-LOCKED ACCELERATION

The density-tailoring strategy derived in Sec. 3.3 is designed to maintain phase-locking be-
tween the accelerating bucket and a heavy, initially sub-relativistic witness. However, because
the spatio-temporal driver peak propagates at a prescribed subluminal focal velocity v f < c,
the acceleration distance is fundamentally finite. As the witness reaches the ultra-relativistic
regime, its velocity v(t) → c, causing it to eventually catch and overtake the driver peak. This
"overtake limit" defines the maximum achievable energy in a single stage for a given v f .

A critical objective of this framework is to predict the maximum effective acceleration time,
which directly determines the peak energy gain. A convenient way to define the end of the
useful acceleration window is by monitoring the longitudinal separation between the witness
and the driver peak:

∆x1(t) ≡ x(t)− x f (t), (3.13)

where x(t) denotes a representative beam position (e.g., the witness centroid) and x f (t) is the
position of the driver intensity peak. For spatio-temporal pulses, the peak moves at a constant
focal velocity v f , leading to:

x f (t) = x f (0) + v f t. (3.14)

The overtake time tover is defined as the moment this separation vanishes (∆x1 = 0). Predicting
tover allows for the precise selection of v f to maximize the interaction length and, consequently,
the final energy of the beam. The maximum acceleration time tover can be extracted theoret-
ically by solving the reduced model derived in Sec. 3.3. For a driver with a constant focal
velocity v f , we first determine the witness velocity evolution β(t) by integrating the reduced
ordinary differential equation. The witness trajectory is then reconstructed as

x(t) = x(0) + c
∫ t

0
β(t′) dt′, (3.15)

By solving for the time when the witness position x(t) matches the driver peak position x f (t),
we can determine the exact duration of the effective acceleration window. This analytical

FIGURE 3.8: Estimate of the maximum acceleration time. The longitudinal separation ∆x1(t) = x(t)−
x f (t) is computed by comparing the witness trajectory x(t) (reconstructed via Eq.(3.15)) with the pre-
scribed driver peak x f (t) = x f (0) + v f t. The overtake time tover (red marker) denotes the zero-crossing
where the witness outruns the driver, marking the termination of the phase-locked accelerating stage.
Calculations assume a reference density n0 = 4 × 1018 cm−3 and a laser frequency ratio ω0/ωp = 20.
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approach enables us to optimize the initial offset and driver velocity v f to ensure the beam
remains within the accelerating region for the longest possible duration.

Figure 3.8 illustrates the numerical reconstruction of the witness and driver trajectories
to determine the overtake time for a representative case with v f = 0.97c and β0 = 0.9. In
this configuration, an initial longitudinal offset of x f (0) − x(0) = 8.0 µm is prescribed to
define the starting phase within the accelerating bucket. As the witness accelerates, the gap
∆x1(t) narrows until the trajectories intersect at tover (red marker). At this point, the witness
physically overtakes the driver peak, exiting the accelerating phase and entering the region
of phase-deceleration. This crossover marks the absolute physical limit of energy gain for a
single-stage subluminal driver in a uniform plasma.

3.5 CONCLUSIONS

In this Chapter, we addressed how to bring short-lived, sub-relativistic heavy particles into
the ultra-relativistic regime within a single, compact accelerating stage, fast enough to outpace
their decay. Starting from a quantitative analysis of in-flight losses (Sec. 3.1), we showed that
the GV/cm-class gradients accessible to plasma wakefields can reduce decay losses by orders
of magnitude with respect to conventional RF linacs (Table 3.1). This advantage, however, can
only be realized if the accelerating structure is matched to the kinematics of the witness beam
from injection up to the relativistic limit.

We then demonstrated, both analytically and through self-consistent OSIRIS particle-in-
cell simulations, that conventional laser-wakefield acceleration cannot meet this requirement
efficiently. A quasi-luminal wake (vφ ≃ c) outruns any sub-relativistic, heavy witness on a
timescale much shorter than that needed to gain substantial energy, leading to rapid dephasing
and detrapping (Sec. 3.2.1). This limitation is a direct consequence of the velocity mismatch
between a luminal wake and a witness with large inertia.

To circumvent this mismatch, we introduced velocity-controlled spatiotemporal laser drivers.
By exploiting their flying focus to set the wake phase velocity through the focal velocity
v f , we showed that a witness can be promptly trapped when v f ≃ vb. Yet, in a uniform
plasma, this strategy is itself fundamentally limited by a dephasing process: as the witness
accelerates, it eventually overtakes the wake (Sec. 3.2). The associated dephasing length,
Ld ≃ (2/3) λp(ω0/ωp)2 (v f /c), and the corresponding maximum energy gain set a limit that
cannot be overcome by simply tuning v f slightly above the injection velocity, as further illus-
trated in Sec. 3.2.3.

To further improve our acceleration, we proposed a method to calculate the ideal plasma
density profile to keep the particle beam phase-locked (Sec. 3.3). By coupling the longitudi-
nal momentum equation to the local plasma frequency, we derived the exact tailored density
profile n(z) that enforces the synchronism condition vw(z) = v(z) throughout the entire inter-
action. The density profile thus acts as a continuous tuning mechanism to control the wake
phase velocity: it slows the wake when the witness is sub-relativistic and speeds it up again
as the witness approaches c. Crucially, the framework is formulated in terms that explicitly
depend on the witness mass, charge, injection energy, and the chosen wake bucket, making it
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directly transferable across different physical scenarios.

The model has been systematically validated through a series of OSIRIS simulations. First,
we showed that the predicted density profiles drive sustained acceleration of particles with
masses spanning from mµ/4 up to the pion mass, with the maximum Lorentz factor follow-
ing the analytic prediction across nearly an order of magnitude in mb (Sec. 3.4.1). Second,
we demonstrated that phase-locking is not restricted to the first wake bucket: injection into
secondary buckets requires milder density gradients and, as a consequence, preserves the ac-
celerating field more effectively, leading to higher final energies (Sec. 3.4.2). This feature is
particularly relevant for experimental scenarios in which the first bucket is contaminated by
self-injected plasma electrons. Third, we verified the robustness of the scheme against a broad
range of injection velocities: witnesses launched at v0/c = 0.5, 0.7, 0.9 all reach near-luminal
velocities while closely following the analytic predictions (Sec. 3.4.3). Together, these results
establish the phase-locking framework as a versatile and predictive design tool for plasma-
based acceleration of decaying particles.

Finally, we identified the absolute physical limit of this single-stage scheme. Even under
perfect phase-locking, a witness driven to v → c must eventually overtake a driver moving at
a finite focal velocity v f < c. By comparing the analytic witness trajectory with the prescribed
driver trajectory, we obtained an explicit estimate of the overtake time tover and, equivalently,
of the maximum useful acceleration length (Sec. 3.4.4). This sets a clear design target: v f and
the initial witness–driver offset must be jointly optimized so as to maximize the integrated
energy gain while keeping the witness within the accelerating phase up to tover.

Taken together, the results of this chapter provide a complete, predictive, theoretical, and
numerical framework for the single-stage acceleration of decaying, sub-relativistic particles.
The combination of velocity-controlled spatio-temporal drivers with tailored plasma density
profiles enables efficient trapping, sustained phase synchronism, and final energies that are
not accessible with either ingredient alone. Several questions remain open on the path to a full
experimental implementation, most notably the realization of the required density profiles in
the laboratory, the systematic inclusion of beam-loading and transverse emittance preserva-
tion in the optimized regime, and the coupling of the scheme to realistic muon, pion, and kaon
sources. These aspects, together with possible extensions to multi-stage architectures and to
alternative driver concepts, are natural avenues for future work and motivate the complemen-
tary proton-driven approach that will be discussed in the following chapters.
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Take–home messages

• High accelerating gradients are necessary to avoid decay losses. For an average
accelerating gradient Eacc the surviving fraction is

S ≃
(

γi
γ f

)νp

, νp ≡ mbc
qEaccτp

.

• Standard LWFA is too fast to trap sub-relativistic particles. With a quasi-luminal
wake (vϕ ≃ c), a beam injected with β0 < 1 rapidly slips out of the accelerating
phase before gaining substantial energy.

• Subluminal ST drivers trap particles, but are very limited by dephasing. For a
wake moving at the focal velocity v f < c, the accelerating-bucket length and dephas-
ing length scale as

ℓw ≃
λp

2
v f

c
, Ld ≃ 2

3
λp

(
ω0

ωp

)2 v f

c
(vb = v f at injection),

and acceleration terminates when the witness reaches vb > v f and overtakes the
wake.

• Single-stage energy gain requires phase-locking via a tailored density profile. Use
n(z) to make the wake velocity follow the particle velocity by solving the coupled
system

d
dz
[
γ(z)v(z)

]
= α0

|q|
e

me

mb

ωp0c
v f

√
n(z)
n0

, vw(z) = v f −
2πnwv2

f

ωp0

d
dz

√
n0

n(z)
,

with the locking condition vw(z) = v(z). The model was tested in PIC simulations
across different β0 (sub- to near-relativistic velocities), injection buckets nw, and dif-
ferent particles’ masses. The model proved to be versatile and predictive.

• The time the witness overtaking the driver defines the maximum acceleration time.
Acceleration cannot extend beyond the time when the witness reaches the driver
intensity maximum:

x(t) = x f (t), x(t) = x(0) + c
∫ t

0
β(t′) dt′, x f (t) = x f (0) +

∫ t

0
v f (t′) dt′,

(for constant v f : x(0)− x f (0) + c
∫ t

0 β dt′ − v f t = 0). This sets the maximum accelera-
tion time even under perfect phase-locking.



CHAPTER 4

BEAM QUALITY AND EXPERIMENTAL FEA-
SIBILITY

In the previous chapter, we established a robust framework for accelerating short-lived, sub-
relativistic particles using ST drivers. We demonstrated that by dynamically tailoring the
plasma density profile to match the accelerating beam’s inertia, it is possible to maintain
longitudinal phase-locking and achieve relativistic energies before significant decay occurs.
However, the phase-locking mechanism was validated using low-density witness beams to
isolate single-particle dynamics from collective effects. Although this established the theoreti-
cal validity of the subluminal trapping concept, for realistic applications, the accelerator must
handle significant charge that loads the wakefield. Therefore, this chapter shifts the focus from
longitudinal synchronism to the critical issues of beam quality preservation and beam loading
and beam quality preservation at high charge.

We begin by investigating the limits of beam loading in our subluminal acceleration scheme
(Sec . 4.1). When a witness bunch with a substantial charge is introduced, it drives its own
wakefield that superimposes on the driver field and modifies the wake structure. We char-
acterize this effect and identify the optimal loading regime, which flattens the on-axis accel-
erating field and minimizes the energy spread. We then examine the transverse dynamics of
the witness beam. (Sec. 4.2). The varying density n(z) required for longitudinal phase lock-
ing inevitably modulates the ion channel focusing force along the propagation direction. We
analytically demonstrate that because short-lived particles possess a mass much larger than
that of an electron (mp ≫ me), their betatron wavelength λβ is lengthened. This makes the
beam significantly less sensitive to density variations. Furthermore, PIC simulations confirm
that the normalized emittance ϵ̄n is preserved under optimal loading, whereas overloading
triggers wake disruption and irreversible emittance growth.

A dedicated transverse trapping analysis for muons, pions, and kaons (Sec . 4.3) confirms
that these species remain stably confined within the accelerating bubble throughout the entire
interaction, owing to their large inertia. Finally, we discuss the experimental feasibility of
tailored density profiles (Sec . 4.4) and propose two practical realizations, validated through
PIC simulations.

49
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4.1 BEAM LOADING EFFECTS

The introduction of a witness bunch with a substantial charge modifies the wakefield struc-
ture, a phenomenon known as beam loading [80]. This effect arises because the bunch induces
its own wakefield, which superimposes destructively on the accelerating field generated by
the driver, thereby flattening it. Ideal beam loading occurs when all bunch particles accelerate
with the same electric field, thereby minimizing the growth of the beam energy spread and
emittance. This is also the condition that maximizes the efficiency of the accelerator [22, 81].
The magnitude of the beam loading effect in the nonlinear blowout regime is governed by the
dimensionless parameter [82, 83]

Λ =
nb
n0

(kpσr)
2
, (4.1)

where nb is the peak bunch density, n0 the background plasma density, kp the plasma wavenum-
ber, and σr the transverse size of the beam. To explore the impact of beam loading in our sub-
luminal acceleration scheme, we then conducted a series of simulations varying the witness
beam density to achieve different values of Λ.
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FIGURE 4.1: Longitudinal electric field (Ez) lineouts for different beam loading regimes characterized by
the parameter Λ, evaluated for a short witness beam (σz ≃ λp/2, σr = 0.3 µm) at initial velocity 0.9c in
a plasma of density n0 = 4 · 1018 cm−3 (kp = 0.377 µm−1). The black line (Λ = 1.3 · 10−5, nb = 10−3n0)
represents the unloaded limit where the witness-beam charge is negligible. The red line (Λ = 0.13,
nb = 10 n0) corresponds to a moderate beam-loading scenario where the wakefield is modified by the
presence of the bunch. The blue line (Λ = 1.3, nb = 100 n0) illustrates the overloaded regime, where
excessive beam charge significantly distorts the accelerating structure and degrades the gradient.

Figure 4.1 illustrates the modification of the wakefield structure in our subluminal driver
configuration for three distinct loading regimes. We repeat the simulation of Fig. 3.7 in the
case of the initial velocity of 0.9c using a short witness beam of length σz ≃ λp/2 and trans-
verse size σr = 0.3 µm, driven by a flying-focus pulse with velocity v f = 0.97c, scanning the
beam density over three orders of magnitude (nb = 10−3n0, 10 n0, 100 n0) at fixed plasma
density n0 = 4 · 1018 cm−3. The black line (Λ ≈ 10−5) shows the unloaded wake, character-
ized by a sharp spike in the accelerating field Ez. At intermediate loading (red line, Λ = 0.13),
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TABLE 4.1: Trapping and accelerated charge fractions of the witness beam for the three beam-loading
regimes of Fig. 4.1. The beam-loading parameter is defined as Λ = (nb/n0)(kpσr)2. Q0 denotes the
initial bunch charge and Qtrap the absolute trapped charge. The Trapping column reports the charge
fraction confined within the accelerating bucket; the ≥ 0.97c, ≥ 0.98c, and ≥ 0.99c columns report the
charge fraction reaching at least the indicated longitudinal velocity. All fractions are normalized to Q0.

(nb/n0) Λ Q0 Trapping Qtrap ≥ 0.97 c ≥ 0.98 c ≥ 0.99 c

10−3 1.3 × 10−5 1.1 fC 88% 0.97 fC 87% 76% 32%
10 0.13 11 pC 100% 11 pC 100% 76% 50%
100 1.3 110 pC 50% 55 pC 45% 20% 14%

the superposition of the bunch’s self-field locally flattens the gradient, producing a region of
nearly uniform Ez across the bunch length. Finally, the blue line (Λ = 1.3) demonstrates the
overloaded regime, where the excessive charge creates a retarding field that distorts the wake
structure and degrades the accelerating gradient. The local flattening at Λ = 0.13 is partic-
ularly favorable for our scheme: by equalizing the field experienced by particles across the
bunch, it enlarges the longitudinal phase-space volume in which sub-relativistic, heavy par-
ticles can be simultaneously phase-locked. As we quantify below in Table 4.1, this translates
into a substantial improvement in trapping efficiency, beyond the standard benefit of reduced
energy spread. It is important to note that, in this subluminal configuration, beam loading also
perturbs the front of the wake. This effect is a unique feature of a subluminal wakefield and
is inaccessible in standard quasi-luminal wakes, where the witness cannot influence the field
ahead without violating causality.

Having established the qualitative impact of beam loading on the wakefield structure, we
now quantify the acceleration efficiency and trapping performance for realistic witness bunch
densities. In particular, we evaluate the fraction of the injected bunch that is successfully
trapped throughout the acceleration process. Table 3.1 summarizes the trapping and accelera-
tion statistics for the same three representative beam loading regimes presented in Section 4.1,
parameterized by the normalized parameter Λ. The results are derived from quasi-3D OSIRIS
simulations that track the phase-space evolution of the witness bunch. In the unloaded limit
(Λ ≈ 10−5, Q0 ≃ 1.1 fC), trapping is high (88%), but the acceleration quality is limited by the
steep longitudinal field gradient, which induces emittance growth. In contrast, the optimal
beam loading regime (Λ = 0.13, Q0 = 11 pC) achieves 100% trapping, corresponding to 11
pC of fully captured witness charge. In this regime, the witness beam’s self-field flattens the
accelerating gradient (as seen in Fig. 4.1), creating a larger effective volume of phase-space
where particles can be stably accelerated. As a result, 5.5 pC of the bunch reaches relativistic
velocities ≥ 0.99c.

In the overloaded regime (Λ = 1.3, Q0 = 110 pC), the excessive charge creates a strong
retarding field that effectively cancels the driver’s wakefield, reducing the depth of the accel-
erating region. Trapping drops to 50% (55 pC), and only 15 pC reaches ≥ 0.99c. This confirms
that beam loading can improve performance up to a critical charge limit Λ ∼ 1, beyond which
the acceleration mechanism collapses.
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4.2 TRANSVERSE DYNAMICS AND BEAM QUALITY PRESER-
VATION

While the primary goal of the tapered density profile is to maintain longitudinal phase lock-
ing, the variation of the plasma density n(z) inevitably affects the transverse dynamics of the
witness beam. To ensure that the accelerated beam remains suitable for applications (e.g., to-
mography or colliders), we must monitor its transverse quality, quantified by the normalized
emittance ϵn.

In the nonlinear blowout regime, plasma electrons are expelled from the optical axis, leav-
ing a uniform ion column. This ion channel creates a radial focusing force acting on the witness
beam, whose magnitude depends on the local plasma density n(z). For a witness particle of
charge q and longitudinal velocity vz, the radial Lorentz force at a distance r from the axis
reads Fr = q(Er − vzBθ). In the ideal blowout, the bubble interior contains only static ions, so
the azimuthal magnetic field is negligible compared to the radial electric field (Bθ ≪ Er/c),
and the radial force reduces to the purely electrostatic ion-column expression for any vz. For
a singly-charged negative witness (q = −e), valid for the species considered in this work (µ−,
π−, K−, e−), this gives

Fr = −
meω2

p(z)
2

r = − e2n(z)
2ϵ0

r, (4.2)

where ωp0 =
√

n0e2/(meε0) is the plasma frequency at the reference density n0, and ωp(z) =
ωp0

√
n(z)/n0 is its local value at position z along the tapered profile. The dynamics of a

witness particle with mass mp (e.g., a muon) and relativistic Lorentz factor γ(z) are governed
by the relativistic equation of motion:

d
dt
(γmp ṙ) = Fr. (4.3)

Assuming the adiabatic approximation where the variation of γ is slow compared to the oscil-
lation period (γ̇/γ ≪ ωβ), the equation reduces to that of a harmonic oscillator r̈ + ω2

βr = 0,
with a characteristic betatron frequency ωβ [84–86]

ωβ(z) =

√
−Fr

mpγr
=

ωp0
√

n(z)/n0√
2γ(z)

√
me

mp
, (4.4)

consequently, the spatial period of these oscillations, the betatron wavelength λβ ≈ 2πc/ωβ,
evolves as

λβ(z) ∝

√
γ(z)
n(z)

√
mp

me
. (4.5)

The theoretical framework highlights a specific challenge for our scheme. The injection
phase combines a low initial velocity (β ≪ 1) with a rapid density down-ramp. For an elec-
tron beam under the same conditions, this combination would pose a serious challenge. Set-
ting mp = me in Eq. 4.5, the betatron wavelength at low γ is only a few micrometers, compa-
rable to, or shorter than, the local density-gradient length set by the steep down-ramp. The
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matched envelope, σr ∝
√

γ/kβ, is therefore forced to track focusing variations that occur
within a single betatron period: the slow-evolution condition that protects the matched en-
velope (|k̇β/k2

β| ≪ 1) is violated, leading to envelope mismatch, emittance growth, and ulti-
mately particle loss.

However, the large rest mass of the witness particles introduces a decisive advantage In this
context. The large mass (mp ≫ me) significantly increases the betatron wavelength, effectively
counteracting the destabilizing effects of the low initial velocity (e.g. muons λβ,µ ≈ 14λβ,e).
This increased inertial stiffness implies that the beam responds much more slowly to changes
in the focusing force. Consequently, the heavy-particle beam remains robust against rapid den-
sity variations in the tapered profile, mitigating the risk of defocusing and preserving trans-
verse beam quality even during the critical injection phase.

To validate the qualitative hypothesis on beam quality conservation just presented, we an-
alyzed the evolution of the average normalized transverse emittance. This quantity is defined
as ϵ̄n = (ϵn,x + ϵn,y)/2, where ϵn,x and ϵn,y represent the normalized root-mean-square (RMS)
emittances in the horizontal and vertical planes, respectively. For the x-plane, this is given by:

ϵn,x =
√
⟨x2⟩⟨p2

x⟩ − ⟨x · px⟩2 (4.6)

where ⟨·⟩ denotes the statistical average over the particle distribution of the trapped beam, x
is the transverse position, and px is the transverse momentum normalized to mpc. An analo-
gous expression applies to the y-plane. Figure 4.2 presents the results from PIC simulations,
comparing the three beam loading presented in Table 3.1.
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FIGURE 4.2: Evolution of the normalized transverse emittance (ε̄n) of the trapped beam core as a function
of propagation distance z. The unloaded case (Λ ≈ 10−5, black) and the optimal beam loading case
(Λ = 0.13, red) show comparable emittance preservation, demonstrating that the flattened accelerating
fields do not degrade transverse quality, but instead slightly improve it. Conversely, the overloaded
regime (Λ = 1.3, blue) exhibits rapid emittance growth driven by severe wakefield distortion.

The evolution of the emittance reveals two distinct phases. In the initial phase (z < 0.3
mm), corresponding to the density down-ramp, emittance increases in both the unloaded and
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optimal cases. This behavior is expected in plasma-based injection schemes, where the beam
envelope must adapt to the rapidly varying focusing forces [86]. However, crucially for our
scheme, this growth is strictly contained.

The beam quality evolution was studied in the same three different beam loading regimes
investigated if Table 3.1 to show the role of beam loading in beam quality preservation. The
simulations show that for the optimal loading case (Λ = 0.13, red line), the emittance remains
comparable to the unloaded baseline (Λ ≈ 10−5, black line). This confirms that the optimal
loading regime achieves complete trapping while preserving the linearity of the transverse
focusing forces, as reflected in the emittance evolution shown in Fig. 4.2.

In contrast, the overloaded case (Λ = 1.3, blue line) exhibits rapid, continuous emittance
degradation. In this regime, the excessive beam charge severely distorts the wakefield struc-
ture, disrupting the linear focusing fields and causing irreversible loss of beam quality.

4.3 STUDY ON TRANSVERSE TRAPPING IN PRESENCE OF A

TAPERED DENSITY PROFILE

In this section, we derive the equation of radial motion for a generic massive particle and solve
it numerically to study the transverse trapping of particles injected at different radial positions.

Consider a witness particle of mass mp (e.g., a muon, pion, or kaon) being accelerated by
a longitudinal electric field Ez while subject to a linear transverse focusing force Fr, typical of
the blowout regime. The equations of motion are [87, 88]:

dp⃗
dt

= qEz êz −
meω2

p(z)
2

rêr (4.7)

where q is the particle charge, and ωp(z) = ωp0
√

n(z)/n0 is the local electron plasma fre-
quency. Projecting onto the longitudinal (z) and radial (r) axes, and assuming the paraxial
approximation (vr ≪ vz ≈ v), we obtain a coupled system. Under the paraxial and ultra-
relativistic approximations (vr ≪ vz → c), the longitudinal energy gain is governed by

dγ

dt
≈ qEz(z)

mpc
. (4.8)

For the radial direction, expanding the time derivative of the momentum pr = γmp ṙ:

d
dt
(γmp ṙ) = mp(γr̈ + γ̇ṙ) = Fr (4.9)

Substituting the focusing force expression Fr = −me
2 ω2

p(z)r, we arrive at the differential
equation describing the transverse oscillations for any particle species:

r̈ +
γ̇

γ
ṙ +

me

mp

ω2
p(z)
2γ

r = 0 (4.10)
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Equation (4.10) represents a harmonic oscillator with a time-dependent frequency and a
‘friction’ term γ̇

γ ṙ arising from relativistic mass increase (adiabatic damping). Crucially, the
stability depends explicitly on the mass ratio me/mp. Heavier particles experience a reduced
effective restoring force (scaled by me/mp), which leads to longer betatron wavelengths and
increased robustness against density variations compared to electrons.
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FIGURE 4.3: Transverse stability analysis of different sub-relativistic particles injected into the tailored
density profile. (a-d) Evolution of the theoretical plasma density n(z)/n0 (log scale) required for lon-
gitudinal phase-locking for electrons, muons, pions, and kaons, respectively. (e-h) Computed trans-
verse trajectories for the corresponding particle species. All particles are injected with a radial offset of
rb0 = 1.9 µm into the wakefield bubble with an initial radius of rb0 = 2.0 µm. The grey shaded regions
represent the plasma background evolution (rb(z) = rb0 · [n(z)/n0]

−1/2). Despite the proximity to the
injection wake’s border, the particles remain confined within the accelerating structure throughout the
entire propagation.

To investigate the transverse trapping capabilities of our tapered density profile, we numeri-
cally solved Equation (4.10) for different particle species (electrons, muons, pions, and kaons).
For each particle, we computed the specific tailored density profile n(z) required to main-
tain perfect phase-locking for each specific mass. All particles are injected with a radial offset
rb0 = 1.9 µm into a wakefield bubble of initial (when n(z = 0)/n0 = 1) radius Rb(0) = 2.0 µm.

Figure 4.3(a-d) shows the evolution of the plasma density n(z)/n0 (log scale) required for
the longitudinal phase-locking of each species. Figure 4.3(e-h) presents the corresponding
transverse trajectories. For the electron case [Fig. 4.3(a,e)], the rapid relativistic acceleration
dictates a steep density gradient to maintain synchronism, which results in a fast contrac-
tion of the wakefield bubble radius. Nevertheless, the particle remains successfully confined
within the accelerating structure. Conversely, heavier particles like muons, pions, and kaons
[Fig. 4.3(b-d, f-h)] accelerate more slowly due to their inertia. This requires a much more grad-
ual density variation, creating a slowly evolving accelerating channel that remains wide and
stable over significantly longer distances.
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These results highlight an important feature of our acceleration scheme. The density pro-
file required for phase locking is fundamentally different across species. Because electrons
have a significantly lower mass than muons, pions, and kaons, they experience rapid relativis-
tic acceleration and reach the velocity of the wake almost instantaneously. Thus, in this case,
the ideal density profile is steep and monotonically rising. In contrast, heavier particles like
muons, pions, and kaons accelerate more slowly due to their inertia, requiring a pronounced
initial density down-ramp to maintain phase-locking (Fig. 4.3, panels a–d). A down-ramp
weakens the ion channel focusing force, making this the most demanding regime for trans-
verse confinement. The fact that all three heavy species remain stably confined throughout
this down-ramp, as shown in panels (f–h), is a direct consequence of their large inertia, which
prevents the beam from responding to the rapid variation in focusing strength.

4.4 EXPERIMENTAL FEASIBILITY OF OUR TAPERED DENSITY

PROFILE

Controlled density variations have been successfully employed in plasma wakefield acceler-
ation experiments since the earliest demonstrations of the technique. At first, sharp density
transitions (down-ramps) were introduced to facilitate electron injection [89–91], formed by
utilizing the natural edges of gas jets or by placing a thin blade at the flow boundary to create
a localized shock [92]. Subsequently, longer-scale up-ramps were implemented to extend the
dephasing length and enhance energy gain [93–95], typically achieved through staged gas jets
with independent backing pressures or tilted nozzle geometries [96, 97]. These established
techniques demonstrate that both abrupt and gradual density variations can be reliably im-
plemented in laboratory settings.

For acceleration stages limited to the millimeter range, a piecewise-linear approximation
offers a viable option for experimentally realizing the tailored plasma density profile presented
in Sec . 3.3. From an experimental perspective, generating a multi-segment density profile with
precise piecewise-linear transitions remains an open challenge. A potential pathway to realize
such structures involves the use of custom-machined gas cells or variable-geometry nozzles,
which provide longitudinal control over the gas flow [94, 98]. While advanced plasma wake-
field experiments successfully employ these techniques to produce individual, controlled up-
ramps and down-ramps [90, 95], extending them to the complex tailoring required for this
scheme would demand dedicated target development and careful experimental characteriza-
tion.

In the previous Sections, we derived an ideal density profile n(z) capable of maintaining
phase synchronism throughout the acceleration process. In this section, we will briefly dis-
cuss the feasibility of the tailored density profiles presented in this thesis. We consider two
primary experimental approaches for density tailoring: supersonic gas jets and segmented
flow apertures.

To validate this approach and test the acceleration scheme’s tolerance to non-ideal experi-
mental conditions, we approximated the continuous theoretical curve using a discretized se-
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FIGURE 4.4: Validation of the experimental feasibility using a piecewise-linear density profile. (a) Com-
parison between the exact theoretical profile (‘ideal density (theory)’, blue) and a surrogate profile con-
structed from linear segments (‘approximated density’, orange dashed). The bottom panel shows the
relative density error. (b) Evolution of the maximum beam velocity βmax obtained from OSIRIS sim-
ulations employing the two density profiles shown in (a). The results using the approximated profile
(orange) closely track the ideal simulation (blue) and the ODE prediction (black dashed). The negligible
deviation ∆β confirms that the discretization of the density gradient does not impact the final energy
gain.

quence of five linear ramps. Figure 4.4 presents a direct comparison between the ideal physics
case and this discrete approximation. Figure 4.4(a) shows the density profiles, where the rel-
ative error introduced by the linear segments remains bounded below 10%. Crucially, Fig-
ure 4.4(b) demonstrates that this discretization does not compromise acceleration efficiency.

We performed full OSIRIS particle-in-cell (PIC) simulations for both density profiles. The
evolution of the maximum beam velocity βmax for the approximated profile (orange solid line)
closely tracks both the PIC simulation of the ideal density (blue solid line) and the theoretical
prediction derived from the ODE model (black dashed line). The velocity mismatch, defined
as ∆β = βapprox − βtheory, remains negligible (< 0.01), confirming the robustness of the phase-
locking mechanism against localized density deviations and manufacturing imperfections.

For higher energy gains, heavier particle masses, or very low initial velocities, the accel-
eration length extends to the centimeter scale. A profile spanning several centimeters and
exhibiting a non-monotonic shape cannot be produced by a single nozzle. A practical solu-
tion consists of combining two partially overlapping supersonic gas jets, whose superposition
reproduces both the down-ramp and the subsequent up-ramp of the theoretical profile. Fig-
ure 4.5 shows the comparison between the ideal ODE profile and the two-jet approximation,
constructed using the parameters listed in Table 4.2. The top panel shows that the superpo-
sition of the two Gaussian jets closely tracks the theoretical curve across the full stage, cor-
rectly capturing the entrance ramp, the low-density plateau, and the exit ramp. The bottom
panel confirms that the pointwise density error remains within 25% throughout the interac-
tion length. As shown in Figure 4.5(a), the total density resulting from the superposition of two
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TABLE 4.2: Parameters of the two Gaussian gas jets used to approximate the ideal tapered den-
sity profile. Lengths are derived using a reference density n0 = 5.0 × 1017 cm−3 (corresponding
to a plasma skin depth c/ωp ≃ 7.515 µm). Each jet is described by the function nj(z) = b +

A exp
[
−4 ln 2

(
(z − z0)/FWHM

)2
]
. The last column reports the normalized on-axis peak density.

Jet Center z0 [mm] FWHM [mm] σ [mm] Pedestal b [cm−3] Peak A [cm−3] A/n0

1 −0.98 2.48 1.05 2.0 × 1016 1.0 × 1018 2.00
2 21.49 4.67 1.98 2.0 × 1016 1.8 × 1018 3.60

Gaussian jets mimics the theoretical profile, capturing both the down-ramp and up-ramp tran-
sitions with a mismatch between the theoretical and approximated curve always below 25%.
Full kinetic validation of this cm-scale configuration was not performed due to computational

(a) Density approximation (gas jets) (b) Acceleration performance
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FIGURE 4.5: Experimental feasibility using a two-jet gas profile. (a) Comparison between the ideal ta-
pered density nODE(z) (blue) and an implementable profile (orange, dashed) constructed from two Gaus-
sian gas jets (parameters in Table 4.2). The top panel shows n(z) on a logarithmic scale; the bottom panel
shows the relative percentage error, defined as 100× (njets − nODE)/nODE. (b) Comparison of the energy
gain between the theoretical ODE prediction (dashed black), the PIC simulation using the ideal density
(blue), and the PIC simulation using the gas jet approximation (orange). The two-jet surrogate closely
reproduces the required profile and maintains the expected acceleration performance.

constraints. However, we tested the first 4 mm of acceleration.

The results, shown in Figure 4.5(b), confirm that the acceleration performance of the two-jet
profile closely follows the ODE prediction (presented in Sec . 3.3). This agreement validates the
effectiveness of the two-jet approximation in reproducing the key features of the ideal density
profile and achieving the expected acceleration performance.

4.5 CONCLUSIONS

In this chapter, we expanded upon the purely longitudinal, single-particle framework estab-
lished in Chapter 3 to address the critical physical and experimental challenges required for
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a functional accelerator: managing high-charge beam loading, preserving transverse beam
quality, and implementing the tailored density profiles in the laboratory. First, we demon-
strated that our subluminal phase-locking scheme successfully supports significant witness
bunch charges. By characterizing the wakefield under various beam-loading conditions, we
identified an optimal loading regime (Λ ≃ 0.13). In this regime, the superposition of the
bunch’s self-field flattens the accelerating gradient, effectively enlarging the stable phase-space
volume. This flattening allows for 100% charge trapping without disrupting the underlying
wakefield structure, whereas moving into an overloaded regime (Λ ∼ 1) severely degrades
both the gradient and the capture efficiency.

Crucially, we established that the transverse quality of the accelerated beam is preserved
under these optimal conditions. The tailored density down-ramp required to maintain longi-
tudinal phase-locking inherently weakens the ion channel focusing force, posing a severe risk
of envelope mismatch and emittance growth for standard electron beams. However, analytical
modeling and fully kinetic simulations revealed that heavier sub-relativistic particles (muons,
pions, and kaons) possess an intrinsic robustness against these rapid density variations. Their
large inertia substantially lengthens their betatron wavelength, acting as a stabilizing anchor
that prevents the beam from responding destructively to the shifting focusing forces. As a re-
sult, the normalized transverse emittance remains strictly contained, validating the scheme’s
ability to deliver high-quality beams.

Finally, we addressed the experimental feasibility of generating the required non-monotonic
density profiles. Recognizing that perfect continuous curves are theoretical idealizations, we
tested the robustness of the phase-locking mechanism against discrete approximations. For
millimeter-scale stages, a piecewise-linear surrogate profile maintained the relative density er-
ror below 10% and yielded a negligible velocity deviation (∆β < 0.01) compared to the ideal
case. For longer centimeter-scale stages, the superposition of two Gaussian gas jets success-
fully reproduced the essential down-ramp and up-ramp transitions. While constructing these
exact multi-segment geometries using custom-machined gas cells or variable-aperture nozzles
remains a demanding experimental challenge, our results prove that the underlying physics is
highly resilient to localized density errors, provided the global gradient trend is maintained.

Collectively, these findings confirm that the combination of subluminal spatio-temporal
drivers and tailored density profiles is not merely a theoretical curiosity, but a robust, load-
tolerant mechanism capable of delivering high-quality bunches of short-lived particles.
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Take–home messages

• Beam loading controls energy spread and maximum charge we can accelerate. In
blowout, the loading strength is controlled by

Λ =
nb
n0

(kpσr)
2.

In our subluminal stage, an intermediate regime (Λ ≃ 0.13) flattens Ez and max-
imizes performance (100% trapping; 50% reaching β ≥ 0.99c), while overloading
(Λ ∼ 1) collapses the structure (50% trapping; 14% reaching β ≥ 0.99c).

• The tapered density modifies focusing, but heavy particles are intrinsically robust.
The ion-channel focusing force scales with the local density,

Fr = −
meω2

p(z)
2

r, ωp(z) = ωp0

√
n(z)
n0

,

giving a betatron frequency

ωβ(z) =
ωp0√
2γ(z)

√
n(z)
n0

√
me

mp
, λβ ∝

√
γ(z)
n(z)

√
mp

me
.

Thus, for µ/π/K the large mp ≫me lengthens λβ and suppresses sensitivity to rapid
focusing changes in the down-ramp.

• Beam quality is preserved in the optimal-loading regime. We monitor transverse
quality through the normalized RMS emittance

ϵn,x =
√
⟨x2⟩⟨p2

x⟩ − ⟨x px⟩2, ϵ̄n = 1
2 (ϵn,x + ϵn,y).

PIC shows ϵ̄n remains comparable between the unloaded case and Λ ≃ 0.13, whereas
overloading (Λ ∼ 1) induces strong emittance growth via wake distortion.

• Transverse confinement in the taper follows a universal ODE with explicit mass
scaling. Under the paraxial approximation the radial motion is

r̈ +
γ̇

γ
ṙ +

me

mp

ω2
p(z)
2γ

r = 0,

and solving this with the species-specific phase-locking n(z) confirms stable con-
finement for electrons and even more robust trajectories for µ/π/K. The same
down-ramp that enables phase control also increases transverse acceptance through
Rb ∝ n−1/2 during injection.

• The required density tailoring is experimentally doable. A piecewise-linear surro-
gate keeps the density error bounded (below ∼10%) and reproduces the acceleration
(PIC: ∆β < 0.01 versus the ideal profile). For cm-scale stages, an implementable
two-jet surrogate can be built by superposition of two gas jets.



CHAPTER 5

CO-LIVING OF THE SELF-MODULATION AND

HOSING INSTABILITIES IN AWAKE

Plasma-based accelerators offer the potential to sustain accelerating gradients orders of mag-
nitude beyond those achievable with conventional RF technology. However, the achievable
acceleration distance, and thus the maximum energy gain per single acceleration stage, is
fundamentally constrained by the finite energy stored within the driver. In particle-driven
wakefield acceleration, this limit is dictated by driver depletion. As the drive beam excites the
wakefield, its kinetic energy is progressively depleted, transforming into both the field and the
plasma’s kinetic energy.

The AWAKE experiment at CERN addresses this limitation by employing a high-energy
proton bunch as the wakefield driver [99]. Proton beams currently available at CERN possess
sufficient stored energy to theoretically sustain GV/m-class wakefields over hundreds of meters
in a single plasma stage, thereby reducing the necessity for multi-stage acceleration. How-
ever, high-energy proton bunches, such as those from the Super Proton Synchrotron (SPS) at
CERN, which is used at AWAKE, have longitudinal sizes (σz ≈ 6 − 12 cm) that far exceed
the plasma wavelength at densities required for high-gradient acceleration. To achieve lon-
gitudinal resonance (λp ≈ σz) with a centimeter-scale bunch, the plasma density must be
drastically reduced. This, however, yields gradients that accelerate so slowly that they offer
no advantage over standard RF cavities. To circumvent this, we rely on the Self-Modulation
Instability (SMI) [100] to modulate the proton beam into a train of micro-bunches. This mech-
anism enables the beam to resonantly drive the wakefield while remaining in the high-density,
high-gradient regime.

The SMI is a transverse instability that micro-bunches the long proton beam at the plasma
frequency. The resulting micro-bunches act cooperatively to drive a robust wakefield capable
of accelerating witness electrons. However, while SMI is fundamental to the AWAKE concept,
it inevitably co-exists with a competing mode: the Hosing Instability (HI) [101]. HI manifests
itself as a slice-dependent transverse oscillation of the beam centroid. In contrast to SMI, which
modulates the beam envelope to excite the wake, HI enhances beam centroid displacements
that can lead to the breakup of the proton bunch. If uncontrolled, hosing can severely degrade
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the quality of the wakefield, reduce the overlap between the drive and witness beams, and
ultimately destroy the acceleration process. Scaling proton-driven wakefield acceleration re-
quires a precise understanding of how these two competing instabilities co-evolve. Sustaining
high-gradient wakefields over 10-100 meter-scale plasmas relies on saturating the SMI while
simultaneously suppressing the beam-disrupting transverse oscillations characteristic of the
HI. To study this interplay experimentally and better understand the development of the HI,
in the AWAKE experiment, the injected electron seed bunch can be intentionally misaligned,
thereby providing a seed to observe the HI growth under controlled initial conditions.

Section 5.1 summarizes the essential theoretical background on the transverse instabilities
relevant to proton-driven wakefield acceleration. Section 5.1.1 introduces the self-modulation
instability (SMI) and the distinction between noise-driven and seeded growth, while Sec. 5.1.2
reviews the hosing instability (HI) and the convective envelope scaling that we will later use
as a reference for the evolution of centroid observables. In Sec. 5.2, we then introduce the
AWAKE experimental set-up and the Run 2b program, with Sec. 5.2.1 discussing how con-
trolled seeding sets the transverse asymmetry and how SMI and HI can co-evolve in seeded
configurations, Sec. 5.2.2 describing the diagnostics and analysis observables used in this work
(in particular time-resolved streak-camera centroid tracking and effective-length scans), and
Sec. 5.2.3 presenting the plunger-scan streak-camera measurements of the seeded transverse
centroid evolution, including the centroid-displacement observable used for quantitative com-
parison. Section 5.3 then models the same seeded-misalignment scenario with the quasi-static
PIC code QUICKPIC. In particular, Sec. 5.3.1 summarizes the simulation set-up, Sec. 5.3.2 re-
produces the plunger-scan analysis in the simulations, and Sec. 5.3.3 examines the dependence
of the centroid growth on the electron-seed misalignment and relates it to the transverse wake-
field structure. Section 5.4 outlines possible future extensions of this work. The chapter closes
with a set of take-home messages summarizing the main conclusions.

5.1 PHYSICAL BACKGROUND: SMI AND HI IN AWAKE

This section provides an overview of the physical mechanisms underlying the self-modulation
instability (SMI) and the hosing instability (HI) in the context of the AWAKE experiment. Fig-
ure 5.1 illustrates the fundamental differences between these two regimes for a long particle
beam propagating in plasma. For each case, the plot shows the normalized proton-bunch den-
sity (grey scale) together with the transverse wakefield component in the plane of the panel,
Wi = Ei − cBj (with i, j = x, y and i ̸= j represented in red-blue scale). For the positively
charged proton beam, the red and blue regions across the axis correspond to alternating focus-
ing and defocusing phases. The green curve indicates the transverse centroid slice-by-slice as a
function of the longitudinal coordinate. In a self-modulation-dominated scenario (Fig. 5.1(a)),
the proton-bunch density remains symmetric with respect to the beam axis, keeping the cen-
troid close to zero. In contrast, in a case dominated by hosing (Fig. 5.1(b)), a clear centroid
oscillation develops alongside a transverse field and a density pattern that visibly breaks the
axial symmetry, driving the characteristic growth of the hosing.

We summarize the key theoretical concepts and characteristic signatures of both instabili-
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ties, setting the stage for the subsequent simulation and experimental analysis. In particular,
we highlight the differences between seeded and noise-driven scenarios, the role of initial con-
ditions (e.g. transverse offsets), and the expected interplay between longitudinal modulation
and transverse centroid dynamics.

FIGURE 5.1: Illustrative comparison between a self-modulation-dominated case (a) and a hosing-
dominated case (b) for the propagation of a long particle beam in plasma. The grey scale shows the
normalized proton-bunch density n/n0 (arb. units), while the red–blue scale shows the transverse wake-
field component in the plane of each panel (Wx in (a) and Wy in (b); red positive, blue negative). The
green curve indicates the slice-by-slice transverse centroid. In (a), the density and transverse-field struc-
ture remain symmetric with respect to the beam axis, and the centroid stays close to zero. In (b), a clear
centroid displacement develops together with a transverse-field and density pattern that breaks axial
symmetry, characteristic of hosing growth.

5.1.1 SELF-MODULATION INSTABILITY (SMI)

The fundamental mechanism driving SMI is the feedback established between transverse wake-
fields and the local bunch density. Initial perturbations, whether arising from noise or an
external seed, induce transverse wakefields that alternate between focusing and defocusing
phases with a periodicity set by the plasma wavelength, so that successive longitudinal slices
of the beam experience opposite transverse forces. This transverse motion modulates the local
charge density, which in turn reinforces the wakefield at the plasma frequency ωp [100]. As
the beam propagates, this positive feedback drives a longitudinal density modulation at ωp,
transforming the bunch into a train of microbunches separated by λp = 2πvϕ/ωp ≃ 2πc/ωp

that resonantly excite the plasma wave. For AWAKE, this microbunch train is a prerequisite
that allows a long proton driver to sustain large wakefields over extended distances.

A critical distinction exists between unseeded (driven by random fluctuations) and seeded
self-modulation. In the unseeded regime, the instability grows from intrinsic fluctuations
within the bunch and plasma, resulting in significant shot-to-shot variability in both the phase
and amplitude of the wakefields. Conversely, seeded SMI utilizes an externally controlled per-
turbation to impose a well-defined initial condition, thereby fixing the modulation phase and
ensuring reproducibility [102].

The simulations and analyses presented in this work rely on seeded configurations, treat-
ing seed parameters (such as offset, size, and timing) as control variables that govern both
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modulation growth and the beam’s transverse stability. For a weakly modulated beam slice at
co-moving position ξ (with ζ ≡ kpξ and ẑ ≡ kpL), the density modulation amplitude scales as

δnb/nb0 ∝
exp(Nsm)√

Nsm
, Nsm =

3
√

3
4

(
µ k̂β2 |ζ| ẑ2

)1/3
, (5.1)

where µ = 2I1(r0)K1(r0) accounts for finite beam radius and return-current effects (r0 = kprb)
and k̂β = (kb/kp)(2γ)−1/2 [103]. Using (kb/kp)2 = (nb0/n0)(me/Mb), Eq. (5.1) makes explicit
the scaling (up to O(1) profile factors)

Nsm ∝
[
(nb0/n0)γ

−1 k3
p|ξ|L2

]1/3
. (5.2)

5.1.2 HOSING INSTABILITY (HI)

In a standard beam-plasma interaction, the Hosing Instability (HI) can arise from random fluc-
tuations in the beam centroid or plasma density, resulting in unpredictable transverse oscilla-
tions of the bunch centroid. However, in seeded SMI configurations, the interplay between
longitudinal modulation and transverse dynamics changes significantly. While introducing
a seed to trigger SMI tends to control the wake phase, any asymmetry in the seed as for ex-
ample, a transverse offset between the seed and the proton bunch, may introduce a preferred
transverse direction. If, say, the seed is injected with a vertical offset ∆y relative to the proton
axis (with ∆x = 0), the seeded wakefield is itself vertically displaced, and centroid oscillations
of the proton bunch develop predominantly in the y–z plane, while the orthogonal x–z plane
remains comparatively symmetric. Moreover, the resulting behavior may not always resemble
a clean periodic centroid oscillation along the bunch: depending on the configuration, the cen-
troid evolution can instead appear as a progressive, monotonic drift of successive longitudinal
slices away from the beam axis.

In the overdense, long-beam regime relevant to proton-driven PWFA, the transverse hosing
instability is convective. The centroid displacement does not grow as a simple exponential
with a constant rate, but instead follows an asymptotic envelope [103]. The growth rate of
this envelope is set by the competition between the focusing action of the plasma wakefields,
which the beam resists through its own transverse stiffness, and the self-consistent coupling
between beam centroid motion and wake centroid motion. The beam’s transverse stiffness in
this regime is characterized by the betatron wavenumber

kb =

√
nb0e2

ϵ0mbc2 , (5.3)

which sets the natural transverse oscillation scale of the beam particles inside the plasma wake.

For a weakly tilted beam slice at co-moving position ξ, an analogous analysis yields a
centroid amplitude that grows as

|xc| ∝
exp(Nh)√

Nh
, Nh =

3
√

3
4

(
µ k̂β2 |ζ| ẑ2

)1/3
, (5.4)
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with the same definitions of µ, k̂β, ζ, and ẑ as in Sec. 5.1.1 [103]. Equation (5.4) has the same
functional form as the SMI exponent Nsm of Eq. (5.1) and therefore obeys the same scaling,

Nh ∝
[
(nb0/n0)γ

−1 k3
p|ξ|L2

]1/3
, (5.5)

up to O(1) numerical prefactors. The coincidence of the two exponents is a central result of the
coupled-mode analysis [103]: in the overdense regime, SMI and hosing grow at comparable
rates. The qualitative distinction between the two instabilities therefore lies in the transverse
mode structure they excite—a symmetric density modulation for SMI versus an antisymmetric
centroid displacement for hosing.

5.2 THE RUN 2B OF AWAKE EXPERIMENT

In AWAKE Run 1, 400 GeV SPS proton bunches propagated through a 10 m rubidium plasma
column. Triggered by a relativistic ionization front, the proton bunch self-modulated into
microbunches at the plasma period, and externally injected electrons were accelerated to the
multi-GeV level. These results established seeded self-modulation (SM) as a viable method to
transform a long proton bunch into an efficient resonant wakefield driver.

The AWAKE plasma source is a rubidium vapor cell of nominal length Lp = 10 m, heated
to a uniform temperature so that the rubidium vapor density, and hence the plasma density
once the vapor is ionized, is set by the saturated vapor pressure and is uniform along the cell
to better than 0.2% [104, 105]. Rubidium is chosen for its low first ionization potential, which
allows full single ionization of the vapor by a co-propagating short laser pulse of moderate
intensity, and for its relatively heavy ion mass, which limits ion motion on the timescale of the
proton bunch transit [106]. The same laser pulse provides the relativistic ionization front that
defines the start of the plasma column seen by the trailing proton bunch.

AWAKE Run 2 is designed to move from proof-of-principle to a scalable accelerator con-
cept: (i) produce a reproducible, saturated self-modulated proton driver (the self-modulator),
(ii) demonstrate controlled capture/acceleration of an externally injected electron bunch while
preserving beam quality, and (iii) prepare the technology for longer plasmas by separating
self-modulation from acceleration and by developing plasma sources and injection systems
scalable beyond the 10 m class. In parallel, Run 2 enables dedicated studies of the physics of
seeded self-modulation and its interplay with transverse instabilities, which are crucial for un-
derstanding the limitations and optimization of the AWAKE concept. In particular, the use of
upgraded plasma sources with controlled density profiles and the ability to vary the effective
plasma length provide unique opportunities to probe the growth of modulation and hosing
signatures as a function of propagation distance.

5.2.1 ELECTRON BUNCH SEEDING OF SELF-MODULATION AND HOSING

As discussed in the previous sections, the long SPS proton driver used in the AWAKE exper-
iment relies on SMI to transform into a resonant microbunch train [11, 99, 100]. In AWAKE
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Run 2, this process can be seeded by a short electron bunch [102]. Figure 5.2 summarizes the
conceptual layout, highlighting the distinction between (a) seeded SMI and (b) seeded hosing.
In both scenarios, the interaction is initiated by a short electron bunch injected ahead of the
long proton driver at the plasma entrance. The beam and plasma parameters utilized in this
work correspond to the long-bunch, overdense regime, a parameter space where both SMI and
hosing naturally co-develop [103, 107]

FIGURE 5.2: Experimental setup of seeding self-modulation and hosing instability. Sketch of the set-up,
not to scale.

As the electron seed bunch propagates through the preformed plasma ahead of the pro-
ton driver, it excites an initial wakefield with a well defined phase. This wakefield acts as
a controlled initial condition for the SMI feedback loop described in Sec. 5.1.1, replacing the
random fluctuations that would otherwise set the modulation phase shot to shot. The result is
a reproducible microbunch train of periodicity λp, as illustrated in Fig. 5.2 (a), and ultimately
the controlled electron injection and acceleration demonstrated in Run 1 [11, 102].

Compared to the ionisation front seeding used in Run 1, an electron bunch seed has the ad-
ditional advantage that it can in principle enforce a more uniform onset of modulation along
the driver, mitigating the phase slippage associated with an initially unmodulated bunch head
in a preformed plasma. In AWAKE, hosing can be deliberately seeded by introducing a con-
trolled transverse offset between the seed electron bunch trajectory and the proton-bunch axis.
The proton slices then experience a coherent ξ-dependent transverse kick that initiates centroid
motion predominantly in the plane of the imposed misalignment, as sketched in Fig. 5.2 (b).

Run 2 explicitly exploits the electron bunch as a tunable seed: by varying the seed charge,
timing, and transverse alignment relative to the proton bunch, one can control the initial wake-
field amplitude, the onset of seeded self-modulation, and the strength of the initial transverse
asymmetry responsible for seeded hosing [102, 108, 109]. This thesis focuses on the seeded
regime where the electron bunch provides reproducible initial conditions for SMI, while an
intentional transverse misalignment is used to excite hosing in a controlled manner. This ap-
proach enables quantitative comparisons between diagnostics and simulations based on ex-
perimentally accessible observables described in Sec. 5.2.

A key novelty of the Run 2b campaign analysed in this chapter is the ability to vary the
effective plasma length L using the plunger system, while keeping the proton bunch, the seed
electron bunch, and the rubidium vapour conditions fixed. Previous AWAKE measurements
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gave access to the fully developed hosing instability at the end of the plasma column. The
plunger scan extends this to a series of shorter effective lengths, so that the development of the
instability can be followed along the propagation of the beam in plasma rather than observed
only in its saturated state.

The parameters of the experimental set-up investigated in this Chapter have been summa-
rized in Tab. 5.1.

TABLE 5.1: Experimental Parameters of AWAKE Run 2B for seeded hosing studies.

Group Parameter Value
Proton bunch
Population Np 2 × 1011

Charge (from Npe) Qp 17.1 nC
Energy Ep 400 GeV
Bunch length (rms) σz,p 4.35 cm
Transverse size (rms) σ⊥,p 0.2 mm

Seeding electron bunch
Population Ne 109

Charge (from Nee) Qe ≈ 0.16 nC
Energy Ee 19 MeV
Bunch length (rms) σz,e 0.580 mm
Transverse size (rms) σ⊥,e 0.470 mm
Longitudinal distance t = 0 ∆x1 22 cm

Plasma and diagnostics
Plasma density n0 2 × 1014 cm−3

Plasma length Lp 10.3 m
Plasma radius rp ∼ 1.5 mm
Distance to detector ∆xD 3.5 m

5.2.2 AWAKE RUN 2B DIAGNOSTICS USED IN THIS WORK

A summary of the components of the AWAKE experiment is shown in Fig. 5.3. To experi-
mentally study wakefield-driven dynamics, this thesis relies primarily on two key diagnostic:
time-resolved streak-camera imaging and the ability to vary the effective plasma length [109].
The streak camera system images optical transition radiation emitted by the proton bunch as it
crosses a screen located downstream of the plasma. The incoming light is swept across the de-
tector, so that arrival time is mapped onto a spatial coordinate. The result is a single shot, time
resolved image in which one axis encodes the longitudinal position along the bunch, z ≡ ct,
and the other a transverse coordinate at the screen.
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FIGURE 5.3: AWAKE Run 2b experimental setup and diagnostics.

In Run 2b, two streak cameras image the same screen along orthogonal transverse axes,
so that one camera produces an (x, t) projection and the other a (y, t) projection of the proton
bunch on a shot by shot basis. This dual view capability is essential for hosing studies. A
seeded transverse offset breaks the axial symmetry preferentially in one plane, and the cen-
troid excursion is expected to develop predominantly along the misalignment direction while
the orthogonal plane remains comparatively symmetric. Having both projections available
allows us to verify this directly, by checking that the centroid grows in the seeded plane and
not in the perpendicular one, rather than inferring it from a single view. While Run 2b retains
time-integrated imaging of defocused protons to offer a complementary handle on transverse
wakefield strength via downstream halo distributions [110, 111], the streak camera remains
the most direct diagnostic of the longitudinal development of the proton bunch [112].

Furthermore, a crucial capability added during Run 2b is the use of plungers in the plasma
source to vary the effective plasma length under identical upstream conditions [109]. Plungers
are movable rods that can be inserted radially into the rubidium vapour column at chosen
longitudinal positions, locally disrupting the vapour density and thereby preventing plasma
formation downstream of the insertion point. By selecting the position of the plunger, the ef-
fective interaction length L can be set on a shot to shot basis, while the proton bunch, the seed-
ing electron bunch, and the upstream plasma conditions are kept fixed. The resulting plunger
scans allow the evolution of the beam to be probed as a function of propagation distance in
plasma, rather than relying on a single fixed interaction length.

However, a significant interpretation caveat is that streak-camera images are recorded on
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a screen located downstream of the plasma after a finite drift in vacuum. Consequently, the
measured transverse distribution is not necessarily identical to the distribution at the plasma
exit because the drift maps angular components into real space. This vacuum drift effect must
be accounted for when comparing experimental data to simulations, which naturally provide
particle distributions at the plasma exit [113], a topic discussed in further detail in Sec. 5.3.

5.2.3 EXPERIMENTAL RESULTS OF HOSING INSTABILITY EVOLUTION

As mentioned in Sec. 5.2, a key capability introduced in Run 2b is to vary the effective plasma
interaction length using movable plungers, without altering the upstream beam configura-
tion. This allows to repeat the same seeded configuration at different lengths L and measure
how an experimentally accessible observable evolves with propagation distance in plasma.
In the seeded-misalignment configuration considered here, the electron bunch is intentionally
injected with a transverse offset with respect to the proton-bunch axis, providing a controlled
seed for a hosing, as described in Sec. 5.2.1.

Figure 5.4 shows one of the plunger scan to study hosing growth measured with the streak-
camera system in the AWAKE Run 2b. In this case, an electron beam was misaligned by 0.56
mm with respect to the proton bunch axis (for other parameters see Tab. 5.1). To construct this
dataset, multiple (typically 10) single-shot streak-camera images were recorded at each plasma
length L, and averaged. The images focus on the transverse region of interest containing the
proton bunch. The vertical streak axis provides a time-resolved projection of the beam density.
Throughout this chapter, we express this axis as a longitudinal coordinate along the bunch,
z ≡ ct (equivalently, a co-moving coordinate ξ up to a constant offset), while the other axis
corresponds to the transverse coordinate in the measurement plane (here denoted y).

Superimposed on each panel of Fig. 5.4 is the centroid trajectory of the reconstructed slice,
yc(z) (red line). This metric is derived using a slice-wise centre-of-mass estimator applied to
thin longitudinal bins along the streak axis. As the proton bunch propagates in plasma, the
slices in the defocusing phase of the wakefield are pushed outward and form a diffuse, low
intensity halo of protons at large transverse distance from the bunch core. A centre of mass
computed over the full transverse extent of the streak camera image would be biased by this
halo, because even a small fraction of charge at large |y| contributes a large lever arm to the
average. To avoid this bias, the centroid is computed only within a transverse window around
the bunch core, whose width is increased with the effective plasma length L to follow the
broadening of the core as the instability develops.

Two qualitative trends are evident from Fig. 5.4. At short effective lengths, the centroid
remains close to the reference axis over most of the bunch, consistent with an early stage of
transverse asymmetry growth. As L increases, the centroid develops a progressively larger
slice-to-slice excursion, indicating the growth of a hosing-like transverse displacement in the
seeded configuration. Because the streak images are recorded on a screen downstream of
the plasma, the observed distributions can include the effect of transport in vacuum. Con-
sequently, the measured centroid excursion should be interpreted as an experimentally ac-
cessible proxy for transverse wake-driven dynamics rather than as a direct measurement of
wakefields (Sec. 5.2.2). In Sec. 5.3, we will further explore this point showing that even the
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FIGURE 5.4: Plunger-scan visualisation of the seeded transverse centroid dynamics in AWAKE Run 2b.
Each panel shows the mean streak-camera image of the proton bunch at the plasma exit for a given
plasma length (labels in metres), after shot-to-shot alignment using the timing marker (not shown) and
restricting to the proton-beam region of interest. The vertical axis ζ is the longitudinal coordinate along
the bunch, obtained from the time resolved sweep of the streak camera, and the horizontal axis y is the
transverse coordinate at the screen in the plane of the imposed seed misalignment. The red markers
overlay the transverse centroid extracted slice-by-slice along the time-resolved axis using a centre-of-
mass estimator within a length-dependent window. The progressive increase of the centroid excursion
with plasma length provides a direct experimental handle on the growth of the hosing-like transverse
displacement when the instability is seeded by an intentionally misaligned electron bunch.

free-streamed particles still can give us hints on the instability development.

To compare the plunger scan measurements with the convective hosing envelope derived
in Sec. 5.1.2, we proceed as follows. For each effective plasma length L, we form a (y, z) density
projection of the proton bunch and reconstruct the slice centroid trajectory yc(z) via a centre-
of-mass estimate in thin longitudinal bins (red traces in Fig. 5.6). In Fig. 5.5, we can see that as L
increases, the centroid trajectory develops a progressively larger slice-to-slice misplacement, in
good alignment with growth of a hosing-like transverse asymmetry in a seeded configuration
as self-modulation develops.

Two caveats should be kept in mind when reading Fig. 5.5. First, the convective envelope of
Eq. (5.5) is obtained from a linearised analysis of the coupled centroid and envelope equations
in the overdense long beam regime, in the asymptotic limit of large Nh [103]. Both ends of
the plasma length range probed by the plunger scan sit at the edge of this regime. At the
smallest values of L the argument Nh is not yet large enough for the asymptotic envelope to
be accurate, and at the largest values of L the streak images of Fig. 5.4 already show a fully
developed microbunch train, indicating that the self modulation has saturated and that the
linear assumption underlying the coupled mode analysis no longer strictly holds. The fit in
Fig. 5.5 should therefore be read as a consistency check on the functional form of the convective
envelope rather than as a quantitative validation of the linear growth rate.

Second, the streak camera sits at a fixed position ∆xD = 3.5 m downstream of the nom-
inal plasma exit, so when the plunger reduces L the vacuum drift between the plasma exit
and the screen increases by the same amount. During this drift, the transverse momentum
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acquired inside the plasma is converted into additional spatial displacement, and the centroid
amplitude at the screen is in general larger than the amplitude at the plasma exit by a factor
that depends on L. This effect cannot be removed from the experimental data alone, since the
diagnostic only sees the centroid after the drift. Both points are addressed quantitatively in
Sec. 5.3, where the QuickPIC simulations give access to the centroid both at the plasma exit
and after ballistic transport to the diagnostic plane.

FIGURE 5.5: Centroid displacement extracted from the plunger scan streak camera data, in the seeded
misalignment configuration, as a function of the effective plasma length L. Black circles show the mean
of the slice resolved centroid envelope |yc(ζ)| averaged over the full longitudinal extent of the proton
bunch. Grey squares show the root mean square of the slice centroid yc(ζ) over the same range, which
is less sensitive to the sign of the displacement. The red curve is a one parameter fit of the convective
hosing envelope of Eq. (5.4), |yc| ∝ exp(Nh)/

√
Nh with Nh = AL2/3, to the mean envelope points.

5.3 SIMULATIONS USING THE QUASI-STATIC CODE QUICK-
PIC

In this section, we use the quasi-static PIC code QuickPIC [36] to model the AWAKE configu-
ration in which the HI is intentionally seeded by injecting an electron bunch with a transverse
offset with respect to the proton driver. Carrying out such studies with a standard fully elec-
tromagnetic PIC code (e.g. OSIRIS) is computationally demanding in the AWAKE parameter
regime: the driver is a long proton bunch propagating through metre-scale plasma, and in
the seeded-misalignment scenario considered here the electron bunch can be displaced lon-
gitudinally by up to 22 mm from the proton beam, which further increases the longitudinal
extent required for the simulation domain. A commonly adopted workaround is to replace the
proton driver with lighter particles to accelerate the instability’s growth and shorten the sim-
ulated propagation distance; however, the resulting HI dynamics are not strictly equivalent to
the proton-driven case.

Here, we aim to quantify the HI growth for a proton driver, to isolate the role of the vac-
uum propagation up to the streak camera, which the experiment cannot do, and to follow
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the centroid evolution in a regime where the linear assumptions underlying Eq. (5.5) can be
checked directly. For these reasons, we adopt the quasi-static approach of QuickPIC intro-
duced in Sec . 1.4.2, which exploits the separation between the fast plasma response and the
slow beam evolution to enable three-dimensional simulations over the relevant propagation
lengths at a much lower cost than a fully electromagnetic PIC code. Since HI corresponds to a
symmetry-breaking transverse mode, its onset and subsequent evolution cannot be captured
in two-dimensional (axisymmetric) simulations and require fully three-dimensional modeling.

5.3.1 SIMULATION SETUP

We now summarize the simulation setup to reproduce the experimental results presented in
Sec . 5.2. Table 5.2 summarises the baseline parameters used in the QuickPIC simulations of
the seeded SMI-HI configuration.

At the entrance of the plasma (t = 0), the electron bunch is injected with a longitudinal de-
lay ∆z = 16 cm with respect to the proton bunch and with a transverse offset ∆z = 0.56 mm,

TABLE 5.2: Baseline parameters for the AWAKE SMI–HI simulations performed with QuickPIC.

Group Parameter Value
Proton driver
Population Np 1.07 × 1011

Energy Ep 400 GeV
RMS length σz,p 4.35 cm
RMS radius σ⊥,p 0.2 mm

Seeding electron bunch
Population Ne 109

Energy Ee 19 MeV
RMS length σz,e 0.580 mm
RMS radius σ⊥,e 0.470 mm
Longitudinal delay at t = 0 ∆x1 16 cm
Transverse offset at t = 0 ∆x2 0.56 mm

Plasma and diagnostics
Plasma density n0 1014 cm−3

Plasma radius rp 22 mm
Plasma length (max.) Lp 10.3 m
Distance to detector ∆xD 3.5 m

Numerical set-up
Moving window on
Simulation box [mm] z ∈ [0, 226], x ∈ [−22, 22], y ∈ [−22, 22]
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which seeds the symmetry-breaking hosing mode in the plane of misalignment. In the exper-
iment, the real longitudinal delay is of 22 cm. A longitudinal-offset scan was performed to
assess the impact of enlarging the simulation domain. Within the range of offsets explored,
no significant change in the wakefield structure was observed that would justify the increased
computational cost associated with a larger transverse box.

The plasma is modeled as a uniform column, and we consider propagation lengths up to
Lp = 10.3 m to match the longest effective plasma lengths of the plunger scans. To enable
a direct comparison with the streak-camera measurements at the plasma exit, the simulated
proton phase space is additionally transported through a vacuum drift of ∆xD = 3.5 m (free
streaming) to the detector plane. All simulations are performed in a moving window.

5.3.2 CENTROID GROWTH VERSUS EFFECTIVE PLASMA LENGTH IN SIMU-
LATION

To facilitate a rigorous comparison between the experimental plunger-scan measurements and
our numerical model, we applied a post-processing workflow to the simulation data that mir-
rors the experimental analysis. Specifically, for each effective plasma length L, we generated
a (y, z) (plane of the misalignment) density projection of the proton bunch and reconstructed
the slice centroid trajectory yc(z) using a centre-of-mass estimator within narrow longitudinal
bins (indicated by the red traces in Fig. 5.6). Qualitatively, as L increases, the centroid tra-
jectory exhibits progressively larger slice-to-slice displacements, capturing the characteristic
growth of a hosing-like transverse asymmetry in the seeded configuration.

As with the streak-camera measurements, the interpretation of plunger-scan data must ac-
count for the beam transport downstream of the plasma. Because the diagnostics are located
at a fixed position, the transverse structure observed at the screen differs from the distribution
at the plasma exit: each particle’s position at the screen is determined by both its initial trans-
verse position and its transverse momentum at the exit, since these latter map into additional
displacements during the drift. Consequently, when benchmarking against numerical models,
it is essential to distinguish between (i) the distribution at the end of the interaction length and
(ii) the propagated distribution at the measurement screen. In the comparisons that follow, we
address this by explicitly modeling the ballistic transport to the diagnostic plane to ensure a
rigorous one-to-one comparison.

A critical aspect of the plunger-scan geometry is that the plunger scan is the fixed position
of the diagnostic plane. Consequently, any reduction in effective plasma length results in a
corresponding increase in the vacuum drift distance. To faithfully model this, we propagate
the simulated particles ballistically from the plasma exit to the common observation plane at
L = 10.3 m via the transformation yobs = yexit + (py/pz)∆L (see bottom row of Fig. 5.6). This
free-streaming step is critical, as the drift converts transverse momentum into spatial displace-
ment, effectively amplifying the apparent modulation and centroid excursion recorded by the
streak camera.

Furthermore, to compare plunger-scan measurements to theory and to simulations, it is
useful to reduce the centroid trajectory xc(ξ) to a single scalar observable for each plasma
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FIGURE 5.6: Simulated proton-bunch density projections in the (y, z) plane for a seeded-misalignment
configuration at different effective plasma lengths (panel labels). Greyscale shows the particle-density
histogram, and the red curve is the reconstructed transverse centroid yc(z) obtained from a centre-of-
mass estimate in thin longitudinal bins. Top row: distributions at the end of the plasma (i.e. at the
selected effective length). Bottom row: the same particles ballistically propagated through vacuum until
the streak camera position.

length. From the slice centroids extracted as in the bottom row of Fig. 5.6, we define a centroid-
displacement metric (∆yc)L as the typical centroid deviation from the global bunch centre.
Figure 5.5 shows the centroid displacement metric (∆yc)L as a function of the effective plasma
length L, evaluated both at the plasma exit (black circles) and after free streaming the simu-
lated particles through the residual vacuum drift to the streak camera position (grey squares).
The red curve is the convective r

5.3.3 DEPENDENCE ON THE SEEDING-BEAM MISALIGNMENT

To assess how the initial misalignment of the external seed influences the transverse dynam-
ics, we performed a parameter scan using QuickPIC, varying the electron-bunch offset ∆y
while maintaining all other beam and plasma parameters constant. For each configuration,
we tracked the proton-bunch transverse centroid yc as a function of the propagation coordi-
nate z.

Figure 5.8 compares the resulting centroid trajectories for offsets spanning three orders
of magnitude. For very small offsets, the centroid excursion remains weak, implying the
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FIGURE 5.7: Centroid-displacement metric extracted from the simulation data plunger-scan (seeded-
misalignment configuration) as a function of effective plasma length L. Black circles are evaluated at the
plasma exit, grey squares after free streaming to the streak camera position. Each point is the mean of
the slice resolved centroid envelope |yc(ζ)| along the bunch, and the bar is its standard deviation along
ζ. The red and blue dashed curves are fits of the convective hosing envelope of Eq. (5.4) to the plasma
exit and streak camera points respectively, with fitted growth coefficients A reported in the legend.

FIGURE 5.8: QuickPIC simulation of the transverse centroid evolution in a seeded-hosing configuration,
where the hosing seed is provided by injecting an electron bunch with an initial transverse offset ∆y
relative to the proton-bunch axis. The plot shows the proton-bunch centroid yc(z) as a function of propa-
gation coordinate z, for the set of offsets indicated in the legend. All coordinates are expressed in plasma
units (c/ωp), and all parameters other than the seed offset are kept fixed across the scan.

seed is insufficient to drive a coherent dipole component of the wakefield before intrinsic
self-modulation dominates. Intermediate offsets, however, yield the largest coherent oscil-
lations, indicating efficient coupling of the misaligned seed to the transverse dipole wake.
Finally, for very large offsets, the centroid response decreases again, suggesting a reduced ef-
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(a)

(b)

FIGURE 5.9: QuickPIC simulations of the seeded-hosing response to varying electron-bunch transverse
offset ∆y relative to the proton-bunch axis. (a) Transverse centroid evolution yc(z) of the proton bunch
as a function of propagation coordinate z, for the set of offsets indicated in the legend. The maximum
centroid misalignment reached during propagation is extracted for each offset value. (b) Black curve,
transverse lineout of the wakefield component Wy ≡ Ey − cBx along the y axis at the longitudinal posi-
tion of the proton bunch axis of symmetry and at propagation coordinate z = 3 m (left axis), showing the
dipole structure of the seed driven wakefield in the plane of the imposed misalignment. Coloured stars,
maximum centroid displacement yc from panel (a) for the offsets indicated in the legend, plotted at the
corresponding ∆y position along the horizontal axis (right axis). All coordinates are expressed in plasma
units (c/ωp), and all parameters other than the seed offset are kept fixed across the scan.

fective coupling as the seed perturbs the wake too far off-axis relative to the proton bunch core.
These trends align with theoretical expectations: the seeded dipole component must be strong
enough to dominate early dynamics, but sufficiently overlapped with the driver to exert a net
transverse force [103].

To gain further physical insight, we examine how the proton beam has evolved after 3 m of
propagation in plasma and compare the centroid locations across the offset scan (Fig. 5.9 (a)).
We then overlay the transverse lineout of the wakefield component Wy ≡ Ey − cBx, taken at
the slice where the centroid is evaluated, together with the centroid positions extracted for



5.4. Conclusions and Future Directions 77

the different ∆y cases (Fig. 5.9 (b)). Wy is the transverse force per unit charge that a proton
experiences in the misalignment plane, so its sign and amplitude as a function of y encode
the dipole structure of the seeded wakefield. For each seed offset ∆y, the maximum centroid
displacement yc reached during propagation falls on the value of Wy at that position, sup-
porting the interpretation that the observed non monotonic dependence on ∆y reflects how
efficiently the imposed seed establishes the dipole wake experienced by the proton bunch. In
other words, the misalignment scan provides an indirect measure of transverse wake symme-
try breaking. Intermediate offsets maximise the effective dipole drive, whereas very small or
very large offsets reduce the coherent transverse forcing and therefore the centroid excursion.

5.4 CONCLUSIONS AND FUTURE DIRECTIONS

The results presented in this chapter establish a controlled framework, both experimental and
numerical, to study the seeded co-evolution of self-modulation and hosing in AWAKE. Sev-
eral natural extensions follow from this work, spanning theoretical modeling, experimental
diagnostics, and simulation campaigns.

A first natural direction concerns the theoretical description of the centroid envelope. The
convective envelope of Eq. (5.5) describes the centroid growth at the plasma exit, but the
streak camera measures the bunch after a vacuum drift ∆xD that itself depends on the ef-
fective plasma length L. The QuickPIC simulations of Sec . 5.3 reveal a systematic difference
between the growth coefficients fitted at the plasma exit (A = 0.76 m−2/3) and at the screen
(A = 0.56 m−2/3), highlighting the role of ballistic transport. A natural next step is to extend
the linear analysis of Ref. [103] to include free-streaming after the plasma, deriving a closed-
form prediction for the centroid envelope at a fixed downstream plane as a function of L. Such
a model would allow the streak-camera data to be used as a calibrated probe of the in-plasma
centroid, rather than as a proxy.

On the experimental side, the plunger-scan analysis of Sec . 5.2.3 relies on the streak camera
as the primary diagnostic of seeded HI growth. The Run 2b setup (Fig. 5.3) also includes the
halo camera, which images defocused protons and carries information about the transverse
wakefield amplitude rather than the centroid [110, 114]. Cross-correlating halo radius and
streak centroid across the same plunger scan would provide an independent handle on the
SMI–HI co-evolution and a direct test of the coupled-mode prediction that both instabilities
grow with comparable rates.

Together, these possible directions would turn the controlled seeded-misalignment config-
uration introduced in this chapter into a quantitative platform for studying the co-evolution
of SMI and HI in AWAKE. This work could bridge the linear-coupled-mode predictions, the
Run 2b diagnostics, and the requirements for stable single-stage proton-driven acceleration.
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Take–home messages

• For resonant wakefield AWAKE we need self-modulation instability. With σz,p ≫
λp, the proton driver must self-modulate into microbunches at λp to drive a resonant
wake. Electron-bunch seeding fixes the modulation phase and improves shot-to-shot
reproducibility.

• A controlled transverse seed makes HI develope in the misalignment plane. A
transverse offset between the seed electron bunch and the proton axis introduces a
dipole wake component and seeds a hosing-like centroid evolution while SMI devel-
ops.

• In the overdense long-bunch regime, HI is convective. The centroid amplitude fol-
lows the convective envelope

|xc| ∝
exp(Nh)√

Nh
, Nh =

3
√

3
4

(
µ k̂ 2

β |ζ| ẑ 2
)1/3

,

implying (up to O(1) profile factors)

Nh ∝
[
(nb0/n0) γ−1 k3

p |ξ| L2
]1/3

.

This is the reference scaling used to interpret the measured/simulated centroid
growth with effective plasma length.

• A single scalar observable enables a clean simulation-experiment comparison.
From streak-camera (or simulated) (y, z) projections, reconstruct the slice centroid
yc(z) with a centre-of-mass estimator in thin longitudinal bins, and reduce it to a
length-dependent metric ⟨|∆yc|⟩L for direct comparison to the convective model.

• Simulations of plunger scans must account for vacuum propagation. Because the
diagnostic screen is at a fixed location, the downstream vacuum drift inherently
varies with the effective plasma length L. As demonstrated by comparing the beam
profiles at the plasma exit to those at the detector plane, this ballistic transport is
critical. It converts transverse momentum into spatial displacement, significantly
amplifying the measured centroid excursion. The trend of the instability growth is
still conserved.



CHAPTER 6

CONCLUSIONS

Plasma wakefield acceleration offers ultra-high gradients and the prospect of compact accel-
erators, yet translating this promise into robust, single-stage energy gain is limited by two
recurring constraints: driver evolution (specifically depletion and self-consistent reshaping)
and the loss of synchronism between the accelerating phase and the witness beam. This thesis
addresses these limitations along two complementary directions. First, we explored driver
engineering in laser-driven wakefield acceleration using velocity-controlled spatio-temporal
(ST) pulses, in which the intensity peak propagates at a prescribed focal velocity. Second,
we studied long-distance acceleration with high-energy proton drivers in the context of the
AWAKE experiment, where wakefield formation relies on self-modulation and is intrinsically
coupled to transverse instabilities such as hosing.

To enable the study of velocity-controlled spatio-temporal (ST) pulses, we first established
a robust numerical framework detailed in Chapter 2. Because subluminal ST drivers re-
quire broad spectral support, large-angle propagation components, and exhibit an intrinsic
envelope-focus slippage, conventional paraxial envelope models are insufficient. To address
this, we utilized a Maxwell-consistent spectral initialization in the particle-in-cell code OSIRIS,
identifying explicit geometric criteria to mitigate unphysical spatial replicas induced by dis-
crete Fourier sampling. Furthermore, we derived analytical scaling laws to match the pulse di-
mensions to the plasma response, ensuring resonant wakefield excitation. Finally, to overcome
the severe computational constraints imposed by the substantial transverse expansion of the
pulse and its focus-envelope slippage, we implemented a continuous wall-injection scheme.
This approach dynamically supplies the required angular spectrum at the transverse bound-
aries, preserving the correct interaction physics while substantially reducing the necessary
transverse domain size and overall computational cost.

Building upon this numerical foundation, a central outcome of this work is that controlling
the wake’s phase velocity provides a practical route to accelerate particles that are not initially
ultra-relativistic. We have shown that flying focus pulses combined with carefully tailored
density profiles can accelerate initially subrelativistic decaying particles (e.g., muons, pions,
and kaons) to relativistic energies over remarkably short distances. We have developed a
model to calculate the ideal plasma profile by matching the wake’s velocity to the beam’s
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evolving speed. Our results were validated through numerical simulations, resulting in an
excellent agreement in predicting the beam energy gain. Because the scheme operates with
few-joule drivers, exploring plasma-based acceleration of decaying particles is within reach
and represents an application of plasma acceleration that might not have an analog in standard
RF accelerators. This approach may serve as a rapid booster stage for decaying particles in
muon-collider designs or as a compact source of high-energy pions, kaons, and muons for
neutrino physics [72], opening a range of scientific and societal applications. The scheme’s
versatility could enable its application to improve electron acceleration in plasma wakefields
and to isotope separation.

Beyond longitudinal phase control, we assess the preservation of beam quality and the ex-
perimental feasibility of the required density profiles. We demonstrate that optimized beam
loading is a critical ingredient for simultaneously maximizing energy-transfer efficiency and
maintaining beam quality: by injecting an optimal witness charge, the accelerating field can
be flattened, minimizing energy spread without compromising wake stability. Furthermore,
we analyze transverse dynamics within the tapered density to ensure that the aggressive gra-
dients required for phase-locking do not compromise transverse confinement. Finally, we
bridge theory and experiment by showing that the ideal theoretical density profiles can be ef-
fectively approximated using realistic multi-jet gas configurations, reproducing the essential
phase-locking behavior with minimal deviation.

The second major contribution of this thesis is a quantitative study of the co-development
of the self-modulation instability and transverse hosing in proton-driven wakefield accelera-
tors. In the AWAKE experiment, the long proton bunch must microbunch at the plasma wave-
length to resonantly excite a wake; however, this process is intrinsically sensitive to symmetry-
breaking perturbations. Using Run 2B diagnostics with a seeded misalignment, we establish
a robust centroid-based observable extracted from time-resolved images to characterize the
growth of transverse motion during plunger scans (varying plasma length). Crucially, we
demonstrate that accurately benchmarking simulations against experiment requires account-
ing for post-plasma ballistic drift, in which free-streaming converts transverse momentum into
amplified spatial displacements at the detector. Complementary quasi-static QuickPIC simu-
lations reproduce the experimental conditions, confirming that SMI and hosing can coexist
under controlled seeding, with centroid dynamics strictly governed by the plane and ampli-
tude of the initial perturbation

Taken together, the results of this thesis emphasize that extending single-stage plasma ac-
celeration is not achieved by a single fix, but rather by achieving a better control of the evolution
of the driver-wake-witness system. In the laser-driven case, this control is achieved through
spatio-temporal engineering of the driver and density tailoring of the plasma to actively man-
age phase dynamics. In the proton-driven case, it is achieved by seeding and diagnosing the
instabilities that enable wake formation, while quantifying and constraining the transverse dy-
namics that can disrupt stable acceleration. These two threads converge on a common theme:
phase-space control-both longitudinal and transverse-is a decisive ingredient that turns high
gradient into usable, high-quality energy gain.



APPENDIX A

MACHINE-LEARNING SURROGATES IN PIC
CODES

This appendix briefly summarises a work brought on in parallel to the main PhD focus of the-
sis that resulted in two publications [115, 116]. Both works address a common computational
challenge in particle-in-cell (PIC) simulations: the evaluation and sampling of probabilistic
micro-physics (e.g., collisional or QED processes) inside Monte-Carlo (MC) modules. The
central idea is to use compact neural-network (NN) surrogates to replace expensive analyti-
cal expressions or memory-heavy look-up tables, while maintaining the accuracy needed for
production-scale simulations. The first work [115] demonstrates the workflow to integrate
NNs in run-time into PIC codes, using the Compton Scattering cross section as a proof of
concept. The second work [116] applies this approach to the Bethe-Heitler pair production
process, showing that NN surrogates can achieve comparable accuracy to traditional methods
while significantly reducing memory requirements. These results suggest that NN surrogates
could be a powerful tool for enhancing the efficiency and practicality of MC modules in PIC
simulations, enabling more complex and realistic modeling of plasma processes.

A.1 WORKFLOW AND INITIAL COMPTON SCATTERING PROOF

OF CONCEPT

In this work. [115], we developed and demonstrated for the first time a workflow to integrate
NNs in run-time into PIC codes. The workflow is designed to be modular and flexible, al-
lowing for the training of NN models to be performed in Python, whereas the inference is
performed at run time inside the PIC code, which is typically written in Fortran. The motiva-
tion is that ML development (data handling, training, validation) is most efficient in Python,
whereas large-scale PIC simulations rely on highly optimised Fortran kernels. To bridge these
ecosystems, the workflow exports the trained NN parameters and loads them at run time in
the PIC code.

As a proof of concept, the NN surrogate was employed to replace the Compton Scattering
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Data-set generation

Python environment

1) Load and pre-process data-set

2) Build and train NN using Keras

3) Export NN parameters to text file

Production PIC simulation

1) Import NN parameters from file

2) Build NN using neural-fortran


3) Infer

PIC simulation output and/or

Analytical formula and/or

Numerical calculation

FKB

FIGURE A.1: Schematic workflow to integrate neural-network surrogates in a Fortran PIC code: (i) data-
set generation (from existing PIC routines), (ii) training in a Python/Keras environment, (iii) export of
NN parameters, and (iv) run-time import and inference inside the PIC simulation.

cross section calculation. Training data were generated from controlled PIC runs by logging
the analytical probability along with the relevant particle inputs, and the NN was trained
to reproduce this target over the range of interest. The resulting NN-based approach accu-
rately reproduced the photon spectra obtained with the conventional algorithm and showed
a slightly faster run-time.

A.2 NEURAL-NETWORK SAMPLING OF BETHE-HEITLER PAIR

PRODUCTION IN PIC CODES

In this second work [116], a continuation of the one presented in App. A.1, we applied neural
networks to improve the practicality of Monte-Carlo implementations of the Bethe-Heitler
electron-positron pair-production process in PIC codes. Standard MC modules often rely on
pre-computed tables for total and differential cross-sections. However, these tables become
rapidly impractical as models grow in complexity and dimensionality. The approach replaces
(a) the total Bethe-Heitler cross-section and (b) the inverse cumulative distribution function
used to sample the emitted positron energy by compact dense neural networks.
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FIGURE A.2: Example validation of NN-based sampling of Bethe-Heitler pair production in a
production-like simulation: final positron spectrum comparing the standard look-up-table approach and
the neural-network approach. The agreement illustrates that NN sampling can reproduce the reference
spectra while using a much smaller model memory wise.

The NN models were trained over a wide parameter range relevant to laser-plasma appli-
cations, covering multiple atomic numbers and photon energies. A key result is that the NN
surrogates can reach an accuracy comparable to the table approach (Fig. A.2) while reducing
the memory footprint by around two orders of magnitude, possibly facilitating the introduc-
tion of more sophisticated cross-section models in future MC modules. The implementation
was validated in an idealised benchmark (mono-energetic photons incident on a solid target)
and in a representative production-like laser-foil interaction simulation, showing that positron
spectra obtained with NN sampling closely match the table-based reference.
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