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Resumo

Nessa tese de doutoramento estudamos a convergéncia aos estados estacionarios de
sistemas de particulas interagentes com fronteira aberta. A tese € dividida em duas
partes, sendo a primeira um estudo quantitativo dessa convergéncia quando o sistema
esta em equilibrio e a segunda, um estudo qualitativo dessa convergéncia quando o
sistema esta fora do equilibrio.

No caso de modelos com presenca de dinamica de Glauber em equilibrio, estu-
damos o tempo necessario para que a distribuicdo do processo esteja proxima da
distribuicao estacionaria na métrica de variagao total, obtendo resultados bem finos.
Além disso, mostramos que essa convergéncia é abrupta e que pode ser descrita
através de um perfil Gaussiano. Para explicarmos nossa abordagem, utilizamos o
processo de exclusdo em contato com reservatorios.

No caso de sistemas fora do equilibrio, estudamos os seus estados estacionarios e
provamos um Teorema Central do Limite para o seu campo de flutuacdes. Como esse
resultado ja € conhecido para o processo de exclusao com reservatorios, utilizamos
como exemplo um modelo de reagdo-difusdo d-dimensional, sendo o resultado valido
para dimensdes menores que quatro. A nossa grande contribuicdo vem do fato de
gue o método funciona para modelos dirigidos por equacgodes diferenciais parciais nao
lineares. Além disso, € a primeira vez em que se obtém este tipo de resultado em um
modelo de dimensao alta.

Ambos os problemas sao abordados com o método da entropia relativa de Yau, o
qgual combinamos com uma desigualdade log-Sobolev bastante geral e que é valida
para medidas produto do tipo Bernoulli associadas a perfis definidos em cubos ou
toros d-dimensionais. Essa desigualdade, que pode ser considerada a nossa maior
ferramenta em ambos os problemas solucionados, possui uma prova que pode ser
adaptada para modelos gradientes com fronteira aberta gerais, em qualquer dimensao.
Utilizando a forca da desigualdade log-Sobolev mencionada, € possivel obter cotas
superiores bem precisas para as entropias relativas entre algumas medidas de proba-
bilidade e assim provar os resultados supracitados.

Palavras-chave: Convergéncia fina, desigualdade de Yau, entropia rela-
tiva, tempos de mistura, teorema central do limite.
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Abstract

In this PhD thesis we study the convergence to stationary states of interacting particle
systems with open boundary. The thesis is divided into two parts, being the first one a
quantitative study of that convergence when the system is in equilibrium and the sec-
ond one, a qualitative study of that convergence when the system is out of equilibrium.

In the case of models with the presence of Glauber dynamics in equilibrium, we
study the time required so that the distribution of the process is close to the stationary
one in total variation distance, obtaining very precise results. Furthermore, we show
that this convergence is abrupt and that it can be described by a Gaussian profile. In
order to explain our approach, we use the exclusion process in contact with reservoirs.

In the case of a non-equilibrium system, we study its stationary states and prove a
Central Limit Theorem for its fluctuation field. Since this result is already known for the
exclusion process in contact with reservoirs, we use a d-dimensional reaction-diffusion
model as an example, being the result valid for dimensions smaller than four. Our great
contribution comes from the fact that the method works for models that are driven by
non-linear partial differential equations. Moreover, this is the first time that one obtains
this kind of result from a high-dimensional model.

Both problems are approached with Yau’s relative entropy method, which we com-
bine with a very general logarithmic-Sobolev inequality that is valid for Bernoulli product
measures associated with profiles defined on d-dimensional cubes or tori. This inequal-
ity, which may be considered our strongest tool in both solved problems, has a proof
that can be adapted to general gradient models with open boundary, in any dimension.
Using the strength of the above logarithmic-Sobolev inequality, it is possible to obtain
very sharp upper bounds on the relative entropy between some probability measures
and thus to prove the aforementioned results.

Keywords: Central limit theorem, mixing times, relative entropy, sharp con-
vergence, Yau'’s inequality.
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Chapter 1

Introduction

Understanding the convergence to stationary states of interacting particle systems with
Glauber dynamics has called a lot of attention of researchers of probability theory in
the last decades. Depending on the action of the boundary dynamics, the process can
be either in or out of equilibrium. Namely, the process is said to be out of equilibrium if
there exists a non-null current driving the particles in some direction.

One of the most famous particle systems with Glauber dynamics is the simple ex-
clusion process in contact with reservoirs, see for instance [1, 6, 7, 8, 9] and [14].
The dynamics of this system consists of: particles performing nearest-neighbor ran-
dom walks on the discrete interval (a path graph) of length n» — 1, with the exclusion
rule which forbids more than one particle at the same vertex; and Glauber dynamics
at the end-vertices of the discrete interval. This Glauber dynamics creates a particle
at a boundary vertex x € {1,n — 1} with rate ¢, € (0,1) if that vertex is empty, and it
annihilates a particle at = with rate 1 —c, if it is occupied. The Glauber dynamics can be
seen as the action of reservoirs on the left and on the right of the graph. When ¢, = p
for every = € {1,n — 1} the process is said to be in equilibrium, otherwise it is out of
equilibrium.

The simple exclusion process in contact with reservoirs in equilibrium has the Ber-
noulli product measure with parameter p as its unique stationary measure, that is,
if at each vertex one tosses a coin with probability p for heads and puts a particle
in that vertex if and only if that coin lands heads up, then these actions induce the
above measure which is invariant under the action of the infinitesimal generator of
the particle system. Although it is simple to understand the stationary measure of this
process in equilibrium, it is difficult to understand how fast the distribution of the process
converges to the stationary one. In [8], the authors studied this problem and they
obtained a sharp result for the case where there is only one reservoir in the system,
for instance at the right boundary vertex. In the first part of this thesis, we study the
equilibrium scenario, with both reservoirs, for any p € (0,1). We start the process from
probability measures that are associated with profiles defined on the open unit interval
and we show that there exists a sequence of times ¢,, and windows w,, (with w,,/t, — 0
as n — oo) for which the total variation distance between the distribution of the process
at time ¢,, + bw,, and the stationary one converges to a Gaussian profile that depends
only on b. Furthermore, we show that depending on the choice of the initial profile, the
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times ¢, may change.

The idea of the proof is very simple to understand. It is well known that the hydrody-
namic behavior of the simple exclusion process in contact with reservoirs in equilibrium
is driven by the unique solution of the heat equation with Dirichlet boundary conditions
that has value p at the boundary of the unit interval. Thus, instead of computing the
aforementioned total variation distance, we replace the distribution of the process at
time t by the Bernoulli product measure associated with the solution of this partial
differential equation. This replacement makes sense due to the law known as the con-
servation of local equilibrium [13, Chp. 9] and it has a cost. To make this idea work, we
have to show that the relative entropy between the replaced and substitute measures
converges to zero for small order n-dependent times, as n — oo. We prove that by
using Yau'’s relative entropy method [19] which we briefly explain below.

Yau’s relative entropy inequality allows one to upper bound the time derivative of the
relative entropy between the law of the process at time ¢ and a reference measure u by
two terms: the first involves the carré du champ operator and the second one involves
correlations. The first term is negative and therefore it can be simply discarded from
the inequality. However, if we do so we may lose the possibility of sharply bound the
relative entropy. In order to take advantage of this term, we prove a very general
logarithmic-Sobolev inequality which allows replacing this term by a negative multiple
of the relative entropy. Thus, using the integrating factor and sharp estimates on the
correlations, we obtain a very sharp bound on the relative entropy.

The second part of this thesis is devoted to qualitatively understanding the non-
equilibrium stationary states of particle systems with Glauber dynamics. However,
since this has already been done for the simple exclusion process in contact with
reservoirs (see [14]), we illustrate our method with the d-dimensional reaction-diffusion
model studied in [11], with d < 3. In this model, particles perform nearest-neighbor
random walks of rate n?, with the exclusion rule, on the d-dimensional discrete torus
(representing the diffusion), while Glauber dynamics occurs at every vertex of the dis-
crete torus with rate 1 (representing the reactions).

The strategy used in this second problem is also based on Yau’s relative entropy
method: the particle system chosen for our study depends on a parameter A > 0
where the case A\ = 0 treats the equilibrium scenario. Let p be the unique real solu-
tion of p = (1 — p)(1 + Adp?). Starting from the Bernoulli product measure associated
with the stationary profile, which in this case is the constant profile equal to p, and
combining an adaptation of the Sobolev logarithmic inequality mentioned in the first
problem with Yau’s inequality, we obtain an upper bound on the relative entropy be-
tween the distribution of the process at time ¢ and the initial probability measure itself,
independent of time, provided A belongs to a sufficiently small interval [0, A*]. Since the
distribution of the process, which is irreducible, converges to the stationary probability
measure, which is unknown, and the estimate obtained for the relative entropy does not
depend on time, we obtain an estimate for the relative entropy between the stationary
probability measure and the Bernoulli product measure associated with the stationary
profile.

The estimate mentioned above immediately implies a result known as the hydro-
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static limit, which is a kind of Law of Large Numbers. Using this upper bound obtained
for the entropy, we prove a result known as the Boltzmann-Gibbs Principle, which al-
lows us to deal with functionals that present long-range correlations. After we prove
these results, we show that, starting from the stationary states, the density fluctuation
field (observable of great interest in this area of knowledge) converges to a Gaussian
random variable with a very interesting variance — A kind of Central Limit Theorem.
The idea developed here to prove this type of result, which as said above is known for
the simple exclusion process, contributes significantly to the development of the area
due to the fact that it is applicable to particle systems driven by non-linear partial dif-
ferential equations, and also because it works for high-dimensional models, which had
not been rigorously proven in the literature yet.

Although it is possible that the main result remains valid for larger values of A,
there are examples in real life where the solution of a problem in a non-equilibrium
environment may change depending on how far it is from equilibrium. Let us consider
an analogy. Assume first that a sailor sails a small boat on a lake and he wants to
go from a point A to a point B. Clearly, the simplest and fastest way to do that is to
follow the line that passes through A and B. Now let us change the situation to a very
large river (for instance the Tejo). There are small waves in the river but the solution
for the sailor remains the same. Last, let us consider the sailor with his boat on the
sea. Depending on the hight of the tide and of the waves, the sailor must perform zig-
zags so that he does not confront the breaking waves. This is a well known strategy
which is used even in sailing championships. The example of the lake suggests a
process in equilibrium, since there are no currents in the space. In the case of the
river, the process is out of equilibrium because there exists a current in the river, but
this current is not too strong. When we replace the river by the sea, the process can
be so perturbed that if the sailor uses the same strategy, he may sink the boat. In this
analogy, the relative entropy method represents the boat.

All in all, the thesis is dived into two parts that are placed in Chapters 2 and 3,
respectively. In Chapter 2 we do a quantitative analysis of the convergence to station-
ary states of particle systems with Glauber dynamics in equilibrium, where we use the
simple exclusion process in contact with reservoirs as an example. In Chapter 3, we
do a qualitative analysis of the stationary states of non-equilibrium particle systems
with Glauber dynamics. Our main tool is a logarithmic-Sobolev inequality, which when
combined with Yau'’s relative entropy inequality, implies very sharp upper bounds on
the relative entropy of these Markov processes, as long as they start from adequate
probability measures. The study of the speed of convergence of non-equilibrium parti-
cle systems to their stationary states remains open and we pretend to do it in a future
work.






Chapter 2

Sharp convergence to equilibrium

In this chapter we introduce a method developed to prove the abrupt convergence,
from one to zero, of the total variation distance between the law of an interacting par-
ticle system and its stationary measure. The idea relies on the conservation of local
equilibrium [13, Chapter 9] and on Yau’s relative entropy method [19]. We explain our
method using the symmetric simple exclusion process (SSEP) in contact with reser-
VOirs.

2.1 SSEP with reservoirs

Let n € {2,3,...,} be a scaling parameter. Let A, := {1,...,n — 1} be the discrete
interval with n — 1 points. We will call the set {1,n — 1} the boundary of A,. We give
to A, a graph structure by taking F,, := {{z,z + 1} ; x € {1,...,n — 2}} as the edge
setin G, = (A,, E,). We call the vertex set A, the bulk and we say that x,y € A, are
neighbors if {x,y} € E,. In that case we write z ~ y.

Let us define Q, := {0,1}*». The elements n = {n(x) ; = € A,} of Q, are called
configurations of particles. We say that a vertex = € A, is occupied by a particle
(resp. empty) in configuration n € Q,, if n(x) = 1 (resp. n(z) = 0). Given a configuration
n € Q, and two vertices x,y € A,, we denote by n™¥ the configuration of particles
obtained from »n by exchanging the occupations at x and y, that is,

n(x) i 2=y,
7 (z) =4 ny) it ==z,
n(z) if z#x,y.

Given a configuration n € €,, and a vertex = € A,,, we denote by n” the configuration of
particles obtained from 7 by changing the value of n(z) to 1 — n(z), that is,

(L) — 1 —n(z) if 2=z,
) { n(z) if z# .

5



Given a function f: Q, - Randz,y € A, let vV, , f, V. f : 2, — R be defined as

Veyfm)=f0"™Y) = f(n), Vauf(n)=f0")— f(n) (2.1.1)

for any n € Q,,.
The SSEP with reservoir densities « and S is the continuous-time Markov chain
{m: ; t > 0} with state space (2,,, generated by the operator £,, given by

Sufn) =12 S Vaaitf ) 412 S (ea(l = 1(x)) + (1 — e0)(x)) T F ()

ze{l,n—1}

for any function f : Q, — Randany n € Q,, where¢; = aand ¢, ; = Sfora, g € (0,1).

The dynamics generated by £,, can be informally described as follows: in the bulk,
particles perform nearest-neighbor random walks with rate n? under the exclusion rule
which forbids more than one particle at any vertex and at any time. At the boundary,
the Glauber dynamics injects (resp. annihilates) particles independently at each empty
(resp. occupied) vertex z in {1,n — 1} with rate ¢,n? (resp. (1 — ¢,)n?). The factor n?
speeds up time so that the process is observed in a diffusive time scale.

2.1.1 Stationary measure

For each function u : A, — [0,1], let V. the Bernoulli product measure in €, with
density u(+), that is,

vy = T {n@)u(z) + (1 =n(2))(1 - u(2))}

Z’eAn

for any n € ,,. Notice that if the values of u belong to the open interval (0, 1), then the
measures v, , have full support.

Since the process {7, ; t > 0} is irreducible, it has a unique stationary measure.
When o« and g are equal (let us differ this case writing p := a = (), the reservoirs
induce a null current in the bulk. In this case, the process is said to be in equilibrium
and the Bernoulli product measure vy, associated with the constant function equal to
p, is the stationary one. From now on, we fix a parameter p € (0,1) and we deal with
the SSEP with reservoir density p. Observe that the process {7, ; ¢ > 0} depends on
n and p. In order to simplify the notation, we do not make this dependence explicit in
the notation. The same observation applies to the dependence in p of £,,, as well as to
various other objects we define later.

2.1.2 Initial measure and law of the process

For each function w : [0,1] — [0,1], let u™ : A, — [0, 1] be defined by u"(z) := u(%) for
every z € A,,. Foreg € (0, min{p,1—p}|and x > 0, letU., . be the family of differentiable
functions « : [0, 1] — [0, 1] such that:



* g0 <u(q) <1—¢gforevery g €10,1];

+ u(0) = (1) = p;
* |W/(q)] < & for every q € [0, 1].

Fix g € (0,min{p,1 — p}] and x > 0 and let uy € U.,,. We call u, a profile and
we call the measures {u”n ;n € {2,3,...}} the profile measures. From now on, we
consider the process {7, ; t > 0} with |n|t|al distribution v n . In order to simplify the
notation, let us define v := v} ).

Let D([0, 00),2,) be the space of cadlag trajectories in €2,,. We denote by P, the
probability measure in D(]0, c0), €2,,) induced by the Markov process {n; ; t > 0} with
initial measure 1;7. We denote by E,» the expectation with respect to .. We denote
the law of 7, with respect to P,» by u;'.

2.1.3 Sharp convergence

The distance to equilibrium of the process {7; ; t > 0} with initial measure v} is defined
as

Dy (t;vy) = [l — vy l|lrv,

where || — v|7v stands for the total variation distance between the probability mea-
sures p and v in €2, that is,

e = vllrv = Z () = v(m)| = max |u(A) — v(A)] (2.1.2)

WGQn

Let us introduce the Fourier coefficients of the initial profile u,. For u, : [0, 1] — [0, 1]
and ¢ € N, define

o(ug) == V2 / uo(q) — p) sin(rlq)dq. (2.1.3)
Let us define the Gaussian profile G : R — [0, 1] by

G(m) := [N(m,1) = N(0, D)llzv, (2.1.4)
for any m € R.

The goal of this chapter is to prove the following result:

Theorem 2.1.1. Let u, : [0, 1] — [0, 1] be differentiable. Assume that uy(0) = ue(1) = p
and that uo(q) € (0,1) for every q € [0,1]. Let ¢y € N be the smallest integer such that
e, (ug) # 0. Forevery b € R,

lim Dn(ﬁlogn—k 2Zgb 1/3) = Q(Ve_b),

n—o0



In order to explain this result, let us recall the Gauss error function

1 R
erf(¢) = — | e Tdt. (2.1.5)
N
By Theorem 2.1.1 and Proposition A.1.1, at times t"(b) := ﬁ logn + ﬁb the dis-
tance to equilibrium of the SSEP with reservoir density p converges, as n — oo, to the
Gaussian profile

G(ye ) = erf (728\;) :
Thus, we can see that G(ve~") converges to one as b — —oo, and to zero as b — +oo.
Observe that the parameter b is inside the parcel of small order in ¢"(b), and that we
are passing the parameter b to the limit just after we pass n — oo. This shows that the
distance to equilibrium converges sharply (or abruptly) from one to zero at times ¢,,(b)
with a window of order w,, = 1. More rigorously, for any ¢ € (0, 1) there exists b > 0
such that
limsup D,,(t"(b); vy) < e

n—oo

and
liminf D, (t"(=b); ) > 1 —e.

n—o0

2.2 The strategy

In this section we explain the strategy that we use to prove Theorem 2.1.1. We start
recalling the definition of relative entropy. Indeed, let v be a probability measure in €,
and let f be a density with respect to v. The relative entropy of f with respect to v is
defined as

1) = [ Flog fiv

Relative entropy and total variation are related by Pinsker’s inequality:

Proposition 2.2.1. (Pinsker’s inequality) Let ;. and v be two probability measures in
Q,. Let f be the Radon-Nikodym derivative of ;. with respect to v. It holds that

2l = vy < HS).

Proof. This proof can be found in [13, page 341], with a small modification. From
(2.1.2),

= vl = 5 3 vl fn) ~ 11

IS

Thus, applying the elementary inequality 3(a — 1)? < (2a + 4)(aloga — a + 1), which is

8



valid for any a > 0, we obtain

—Z —\_QIZv(n)ﬂf n) + 4y f(n)log f(n) — f(n) + 1.

neQy, nen

Last, by Cauchy-Schwarz’s inequality, we bound the last expression from above by

1/2 12
% (Z(zf(n) +4)u(77>> (Z (f(n)log f(n) — f(n) + 1),/(7,)) — ‘/75 H,(f).

neEQn nefly
]
We say that a probability measure v in Q, is a reference measure if v(n) > 0 for

every n € (),. Let v be a reference measure, which may depend on time, and let f;* be
the Radon-Nikodym derivative of ' with respect to v. By the triangle’s inequality,

Hll(ft”) .

; (2.2.1)

|Dn(t; ) = lv =) lov| < [l = vllov <
Therefore, if we are able to find some reference measures v} for which H,, (f;")"/?
converges to 0 faster than D,,(¢; 1), then the proof of Theorem 2.1.1 is reduced to the
computation of the distance [|v)* — 7} |rv.
Now we explain our choice for the reference measures vj. Recall that we fixed
constants ¢y € (0,min{p,1 — p}], x > 0 and a profile v, € U, .. Foreach ¢t > 0 let us
define uj : {0,1,...,n} — [0,1] as

ey | Bl it we
e p if ze{0,n}.

By Dynkin’s formula (Lemma B.2.1), we see that {u} ; t > 0} is the unique solution of
the boundary-value problem

Lup(z) = Apu(z) for t > 0and z € A,
up(x) =p for t > 0and x € {0,n}, (2.2.2)
ug(z) =up(2)  for z € A,.

Above, A, stands for the discrete Laplacian operator defined on functions f :
{0,1,...,n} > Ras

A, f () :nQ(f(a:—l—l) + f(x—1) —2f(:v))

forany z € A,,.

Let us define ' := v,n(). The property known as conservation of local equilib-
rium [13, Chp. 9] states that for any fixed ¢ > 0, the measures ' and v;* are close as
n — oo, if observed on an subset of A,, of fixed size. Therefore, it is reasonable to
use the measures {v}* ; t > 0} as the reference measures to be plugged into (2.2.1).
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Observe, however, that this conservation of local equilibrium is too weak to be useful in
our situation: first, it only holds over a finite time interval (while we need to go to times
of order logn), and second, it only holds on a finite spatial interval (we need to go to
the whole bulk A,,). In Section 2.5 we prove the following bound on the aforementioned
relative entropy:

Theorem 2.2.2. Let ¢, € (0,min{p,1 — p}] and v > 0 be given. Let uy, € U.,, and
let f* be the Radon-Nikodym derivative of the measure .} with respect to v;'. Define
H,(t) := H,»(f]'). There exist constants Cy = Cy(<o, k), do = do(c0, &) > 0 Such that

H,(t) < Coe !
foreveryn € {2,3,...}, every up € U., . and every t > 0.

A version of this estimate was obtained in [12] in the context of non-equilibrium
fluctuations from the hydrodynamic limit. Our contribution is the exponential decay as
a function of ¢.

Using Theorem 2.2.2, we show that the relative entropy in (2.2.1) converges to zero
in times of order log n. To accomplish our goal, we still need to identify the time window
at which the convergence, in total variation, of 7 to &7 happens. Indeed, in Section 2.6
we prove the following result:

Theorem 2.2.3. Letu, : [0,1] — [0, 1] be a differentiable function. Assume that u(0) =
uo(1) = p and that ug(xz) € (0,1) for every x € [0,1]. Let ¢, be the smallest positive

integer such that (2.1.3) is non-null. Recall that  := lew(oll - pop everyb € R,

v/ p(1=p)

. b
lim HV” —v H = e ).
n—00 275@2 log ”+ﬁ PiTV g(f}/ )

0 0

Foreach x > 0,n € {2,3,...} and g, € (0,min{p, 1 — p}], let U  be the class of
functions u : A,, — [0, 1] such that:

* u(x) € [gg,1 —go] forany z € A,;
s nu(z+1) —u(x)| < kforany z € {1,...,n— 2}.

Now let T',, be the carré du champ operator associated to £,,: for every f : Q,, — R,
I.f = £.f>—2f&,.f. The following inequality, which we prove in Section 2.3, is the
main ingredient of the proof of Theorem 2.2.2:

Theorem 2.2.4 (Logarithmic Sobolev inequality for inhomogeneous product measures).
Letp € (0,1), g9 € (0,min{p, 1 —p}| and x > 0 be fixed. There exists a positive constant
Ko = Ko(p,eo, k) such that

]' n
H, (f) < o Lo/ fdvy (2.2.3)
for every u € U . and every density f with respect to V(-

10



Estimates of this kind are known in the literature as log-Sobolev inequalities. The
log-Sobolev constant K is defined as the largest constant K that satisfies (2.2.3).
Theorem 2.2.4 shows that K4 is uniformly bounded in n.

2.3 The log-Sobolev inequality

In this section we prove Theorem 2.2.4. First we prove a simpler version of that
log-Sobolev inequality, from which Theorem 2.2.4 follows by comparison of quadratic
forms.

Fix v > 0. Recall (2.1.1). Foreach f: Q, - Rand each z € {1,...,n — 2}, letus
define

D.(f) = / (Vo f () *dv

Dywir(f) i= / (Vomsn f ()2

_7

D(f): D1 ) + ZDI er1(f (2.3.1)

We prove the following:

Theorem 2.3.1. Let v,k > 0 and &y € (0, 3

,3)- There exists a positive constant K =
K(eo, k,7y) such that

2

Hy () < Z=D(/F) (2.3.2)

for every u € U, and every density f with respect to v, .
To prove Theorem 2.3.1, we need the following result:

Lemma 2.3.2 (Comparison of quadratic forms). There exists a finite constant C' =
C(eo, k,y) such that foreveryn € {2,3,...}, everyl € {2,...,n—1},every f: Q, = R
and everyu € U"

K,eQ’

Dy(f) < CnD(f).

Proof. Observe that foreach z € {2,...,n — 1},
Vol (1) = Vaeorwf(0) + Vaorof (077571 + Veoa f ("),
Using the inequality
(@a+b+c)* <2(1+B)(a® +0°) + (1 + 5)c?

which is valid for every a, b, c € R and any g > 0, we obtain



Now we perform some changes of variables. Indeed,

- - V;z' ((nz—l)w—l,x) .
/ (Vemraf (7)) ) = / (Vomsanf ) =i
ON
L . V;L. (nx—l,x> .
/(Vx_lf(nx L ))2dl/u() :/(vx—1f<77))2()n—dyu()
Vu(.)(n)
Observe that the Jacobian factors satisfy
V;z(')((nmfl)mfl,x) - i .
Vg(.)(n) €0 ’
n r—1,x
—Vu(.)n(ﬁ ) <1+a,
Vu(.)(n)
where a = —-. Therefore,
2(1 + 1
D0 < D+ (14 5) 1+ D) (2.3.3)

The idea now is to use this estimate to transport D,(f) to the boundary. Using (2.3.3)
successively for z =/, ..., 2 we conclude that

/-1

3 [(1 + %) (1+ a)]glxD%ﬁl(f) + [(1 + %) (14 a)}

=1

L

Dy(f) D)

IN

2(1+P)
€0

IN

[(1 + %) (1+ a)rl (2(15—2?6) 625 Duwra(f) + Dl(f))

< [(1 + %)(1 + a)rlmax{z(lg—j:m, %}D(f)

Taking 5 = n — 1 and using the bound (1 + a)® < e we obtain the estimate

Di(f) < mamac { 2, %}e“"“D(f)-

The lemma follows from the fact that an = 5. O
0

Proof of Theorem 2.3.1. We use the Yau’s martingale method [16]. We follow the ap-
proach underlined in [18, Chapter 3]. In what follows, all conditional expectations are
taken with respect to v ,. For every u > 0, define ¢(u) := ulogu. The key observation
is that for every f : 2, — R and every c-algebra G, if g = E[f|G] and h = f/g, then

ety = [ elar,+ [ ewary, (2.3.4)
Furthermore, since v, is a product measure, we can use this relation to recursively

12



estimate the log-Sobolev constant K 5. Foreach ¢ € {2,...,n — 1} let

Go=o(n(x);xze{l,...,0})

be the o-algebra generated by the first ¢ coordinates of the configuration n. Let us
define

-1
= ZDx,r—H(f) + %Dl(f)
x=1

and

Dé
KE - KK(’YNL:Ot ) lnf (\/?l )
fiu fgo dV
where the infimum runs over all densities f with respect to Vit which are measurable
with respect to G, and all profiles v € U, . The reader must not confuse the quadratic
operators D, and D*. Observe that K5 = K,,_1(g0, K, 7).

Fixu € U2 . Let f be a density with respect to Vit that is measurable with respect

to G,—,. Define g : {0,1} — R as g(0) := E[f|n(n — 1) = 0] for each § € {0,1}. Let

”‘2 be the law ofg (n(z);x €{1,...,n—2}) and let 19”‘1 be the law of n(n — 1) with
respect to v . Observe that f can be thought asa functlon of (£,0).

By (2.3.4),

[ttty = [etaarie,+ [ ( [o(ZE50) v )o@,

Observe that for each ¢ € {O 1}, the function ¢ — fe) is G,_o-measurable and it is a

density with respect to v, ,. From the definition of K,

f 578 n—2 ]' n—2
/ w(ﬁ)% (@) £ DT,

Therefore, we have that

[ty < [ o) + =—0m).

Notice that ﬁq’j(‘,)l is a Bernoulli law of parameter u(n —1). By [15, Lemma 2] (first proven
in [5, Example 3.1]), there exists a constant B independent of £ and u(n — 1) such that

2
[ et < 25(voD) - Voi0) -
Let X and Y be non-negative random variables. By Cauchy-Schwarz inequality

(VEX] - VEI])* <E[(VX - VY)?].
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Taking X (&) = f(&,1) and Y (§) = f(&,0), we see that

(VoD - Vo) < [ (VFED - VIE0) vi(de) = Das (V).

Using Lemma 2.3.2 with / = n — 1, we see that

[ty <2BD (V) + 2D
)PV,

< (2B
o ( Cn * Kn—2

Therefore, by definition of K,,_;, we have

1 ~ 1
<C
Kn—l sone Kn—2

for some finite constant C' = C(ey, k, ). Iterating this strategy, we conclude the proof.
O

We finally prove Theorem 2.2.4:

Proof of Theorem 2.2.4. By Proposition B.1.1, forany f: Q, — R,
n—2 )
/andvﬁ(.) =0’ Dopri(f)+0°) / (p(1 =n(x)) + (1 = p)n(x)) (Vaf (n) dvyy.
z=1 ze{l,n—1}

Therefore, for v = min{p, 1 — p},

n*D(f) < / Lo fdvy

forevery n € {2,3,...} and every f : Q, — R. Theorem 2.2.4 follows from this bounds
and Theorem 2.3.1, with Ky(p, €9, k) = K (g9, k, min{p, 1 — p}). O

2.4 Estimates on the solution of the discrete heat equa-
tion

Before we estimate the relative entropy and compute the total variation distance be-

tween the profile measures, we collect and prove various facts about solutions of (2.2.2).

Using discrete Fourier series, (2.2.2) can be solved in terms of trigonometric functions:
forne{2,3,...}and ¢ € {1,...,n— 1}, define 9} : A, = Ras

o (z) == v/2sin (=)

n
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for every x € A, and define

Ay =2n(1— cos (Z£)) = 4n*sin® ().
Observe that A, ¢} (z) = =A@} (x) forevery z € A, thatis, forany ¢ € {1,...,n—1} ¢}
is an eigenfunction of the discrete Laplacian operator associated with the eigenvalue
—\7. The solution {u}(z);x € A,,,t > 0} has the following representation:

n—1
up(x) = p+ Y cre Mol (x) (2.4.1)
(=1
for every x € A, and every t > 0, where
1
¢ = ci(u) = — Y (uo(x) = p)gf (). L € {1,...,n— 1}
xEAn

are the Fourier coefficients of uy — p.

Our first lemma gives a very useful estimate on the eigenvalues —\}. Below we use
the notation f,, ~ g, if lim, . f./g, = 1.

Lemma 2.4.1. For eachn € {2,3,---} and each (y,¢ € {1,...n — 1} such that {, <
min{/, 7},

AP0

>

Mg Ao
Proof. Observe that as n — oo, A} ~ 72(* for ¢ = o(y/n). Therefore, in fact the ratio
on the left-hand side of the inequality in the lemma approaches % The point on this
lemma is that the estimate is uniform in ¢y, ¢ and n. Let us consider f(z) := 1 — cosx
and fix zo € (0, 7]. Thus, f'(z) = sinxz > sinz, for every z € [z, 7 — z¢]. Integrating in
x, we see that

f(x) = f(wo) + (& — wo) sin o,

from where

( ) T +( )< sin g 1 )
—(r—x)=—+(@—2)| —————— — —
f(zo) 1 — coszg 0 To %\1 = cos To o

for every z, € (0,7] and every x € [z, ™ — x¢]. Therefore, the lemma will be proved if
we show that

—— >0, (2.4.2)

because we can take 2o = 22 and = = Z£. Observe that
n n

sinx
1— cosoxo = cot (%)

Therefore, the difference on the left-hand side of (2.4.2) is asymptotically equivalent to
% for zo < 1 and it is decreasing in zy. For zy = 7, the difference on the left-hand side

15



of (2.4.2) is equal to 1 — 2 > 0. Hence, the lemma is proved. O
The following lemma is useful whenever we need a rough estimate on \}:
Lemma 2.4.2. Forevery 6 > 0,
1 —cosf > 16%(1 — 567). (2.4.3)

In particular, forevery ( € {1,...,n — 1},

Xp > (1 - 28 (2.4.4)

12n2

and foreveryn € {2,3,...},

N> (1 - ) > 7% (1 - o) > 2 (2.4.5)

Proof. Let us define F': [0, +00) — R as
F(0) =1—cosf—16%(1 — L6°).

Let us denote the k-th derivative of F by F*). Computing the first six derivatives of F
we obtain

FO(0) = sinf + %9(92 —6), FOO) =L (1 cos0) , FO(0) = 0— sino

FP@)=1-cosh, FO@) =sinf and FO () = cos¥.

Since F'(6) = 0 if and only if z = 0, since F*)(0) = 0 for every k € {1,...,5} and since
F®)(0) > 0, 0 = 0 is a global minimizer. Therefore, for any § > 0

F(0) > F(0) =0,

which implies (2.4.3). Inequality (2.4.4) follows from (2.4.3) and from the definition of
A7. Inequality (2.4.5) follows from (2.4.4) and from the facts that n > 2 and 7%/(48) <
1/4. O

Our next estimate establishes the exponential decay of the /..-norm of the discrete
gradient of u}:

Lemma 2.4.3. Foreveryn € {2,3,...}, everyuy : A,, — [0,1], every z € A,, and every
t > L log 2, the solution of (2.2.2) satisfies

A7
n|uf(z + 1) — uf(z)| < 8me M. (2.4.6)
Proof. Observe that |c}| < 2 for every ¢ € {1,...,n — 1}. Thus, using the bound

|sinz — siny| < |z — y|,
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which is valid for every =,y € R, we see that

n—1 n—1
nlup (z +1) — ()] <Y 2ne ! sin (22) — sin (TEE) | <N “omte N (2.4.7)

(=1 =1
From Lemma 2.4.1,

—)\"t

—ATt S\ 2me
227766 ¢ <227T€6 m

Putting this estimate into (2.4.7), we obtain the estimate

=Tt
n\ut (l‘ + ]. - Ut ‘ < Z27Tf€_>\"ﬁ ~ (ﬂ-—)\nt)z (248)

Last, observe that for every ¢ > ;- log 2, the denominator of this expression is bounded
below by 1 1» Which proves the Iemma. O

Remark 2.4.4. Observe that in this lemma we are not assuming any condition on the
Lipschitz constant of uy. Therefore, a /ower bound on the time t at which (2.4.6) holds
is needed. In particular the restrictiont > log 2 is sharp up to a constant.

Remark 2.4.5. Being more careful on the computations, it is possible to replace \} by
w2, at the cost of taking n large enough andt < n?. Since we only need an exponential
decay in this lemma, we did not pursue a more refined bound.

Define ¢, : [0,1] — R as y,(z) = /2sin(nlx) for every = € [0,1]. Observe that
e (x) = ¢(£). Observe as well that the Fourier coefficients ¢} are Riemann sums of
the Fourier coefficients of wg, c,(up), in the continuous interval. We have the following
lemma:
Lemma2.4.6. Letx > 0 and/(, € {2,3....}. There exists a constant C = C(k, {y) such
that o

| (u0) — colug)| < —

foreveryn € {{o+ 1,60 +2,...}, everyt e {1,...,0y} and every v : [0,1] — [0,1] such
that uo(0) = ug(1) = p and ||| < k.

Proof. Let f : [0,1] — R be a differentiable function satisfying f(0) = f(1) = 0. Thus,

R [

VAN
——
3
L
3\\
E
s
S
13
SN—"
~~
s
QL
<
——
N
=
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=
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=
=
=
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By the mean-value Theorem, the right-hand side of the above equation is bounded
from above by

n—1 IT'H x 1/n
10 [ o= 1r e [ i
x=1""n
Therefore, )
1 20 /|l oo
‘— > f(E) —/ f(z)dz| < 21/ e (2.4.9)
n 0 n

TEA,

The lemma follows by computing the derivatives of the functions 2(ug(x) — p)ge(x) for

0 < ty. O

Remark 2.4.7. The error in (2.4.9) is bounded by % if f is twice differentiable, but
we do not need that precision here.

Our next lemma derives the asymptotic behaviour of »}' on the relevant time window:

Lemma 2.4.8. Let ¢, € N and let u, : [0,1] — [0, 1] be differentiable, such that u,(0) =
uo(1) = p and such that c,(ug) = 0 forevery ¢ € {1,...,¢, — 1}. For every B > 0,

lim sup sup ‘\/ﬁ(u?n(b) () = p) — coo(uo)e "y (x)]| =0,

=00 |p|<B z€AR

where

1
t"(b) :== o logn + )\—nb.
f() EO

Proof. The idea is to divide the sum in (2.4.1) into two parts:

Lo n—1
Valup(z) = p = g (uo)e o' gp ()| < VoY | (uo) — couo)| +v/m Y 2eN
/=1

(=lp+1
By Lemma 2.4.6,

/_Zeo C(llv'llo, €o)
2n Cn(uo) — Cp\Ug S —_— .
/=1 } ‘ E( )| \/ﬁ

By Lemma 2.4.1,

_\n
Moti,,  2y/me Mot

n—1 o)
N Z 2e Mt < vn Z 2¢” T+l

At

(=lo+1 t=to+1 L —e "ot

Observe that .
lo+1 1 2
Jm A (1+%)
0

. )\TL

Therefore, there exists ng = no(¢y) such that =2+ > 1+ % for every n > ny. Observe
)

that the function s — —~— is decreasing in s. Therefore, for every b € [-B, B],

l—e—s

2y/me TRElEE 98 o(B)
_(1+% ($logn—B) — nﬁ(l B 6723) > nﬁ .

vn Z 2 M) <

0=0ly+1 I—e
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The numerical value of the constant C(B) is not really important, the decay in n is what
we need. Observing that \/_e "®) = ¢=b the lemma is proved. O

2.5 The relative entropy method

The goal of this section is to prove Theorem 2.2.2. The proof relies in the so-called
Yau’s relative entropy method, introduced in [19].

Let us recall the definition of the carré du champ operator, placed just above Theo-
rem 2.2.4. Let us use the Bernoulli product measure v as a reference measure in €2,,.
Recall the reference measures v;' = v,»( defined after (2.2.2). Let ¥ : Q, — [0, 00)
be the Radon-Nikodym derivative of v;* with respect to 77, that is, 1} (n) = Zf;—% for
every n € ,. Let £ , be the adjoint of £,, with respect to 1;*. The action of £; , over a
function g : ©2,, — R is given by

n—2 y (7]
2 :prrl t
- -1 < vi'(n)

S ((/)77(3?) + (1= p)(1 = () glr) AU

ze{l,n—1}

:r:,erl)

8

for every n € Q.
Now we invoke Yau’s relative entropy inequality:

Proposition 2.5.1 (Yau’s inequality). Foreacht > 0, let ;' be the law of n, with respect
toP,» and let fi* be the Radon-Nikodym derivative of ;i with respect to v;*. Recall that
H,(t) := H,»(f]'). We have that

S0 < - [TaVTra + [ £, - alogur)dv
where 1 is the constant function equal to 1.

Proof. This proof can be found in [12, Lemma A.1] in a more general scenario. Let
£ . be the adjoint of £,, with respect to the reference measure v;*. The forward Fokker-
Planck equation asserts that

d * n n
E(ftn@/)?) = ’gn,t(ft ¢t)
forany ¢ > 0, from where
d ., 1 . en
%ft = w_?(gn,t(ft ¢t) ft dt ¢t>
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Therefore, rewriting H,(t) as [ f!*log f{"/)'dv}, we see that

(D) = / (1+ 1o f1)(85, (1 07) — £t v
s [ grios g v,
— [ fresog ravy — [ gy Sog vty
Now, since a(logb — loga) < 2v/a(v/b — \/a), we obtain

fmLalog f1'(n) = > (0, &) fi(m) (log (&) — log f7'(n))

EEQ,

< 2 OV (V) = Vi)

£EQn

for any n € Q,,, where r(n, £) stands for the jump rate from configuration , to £. More-

over, since 2y/a(vb — /a) = —(v/b — v/a)? + b — a, we conclude that
2r(n, VI ) (VI =TI () = —r(n, &) (VIF©) = I ) +r (0, &) (F1(€) = £ ().
Therefore, 2 \/fi' £,\/f' = —T\/f* + £, fI'. Hence, we obtain that

G0 <~ [To/Tay+ [ (2ufr - 12 5 1os0r ),

which implies the desired inequality due to the fact that [ £, f/'dv; = [ £ 1 frdvp. O

Now that we know Yau’s inequality, observe that

o W) | )
wt<n>—H(n<x> 2 - >>—). (2.5.2)

.TEAn

Using this expression and (2.5.1), it is possible to compute £; ;1 — 9;log 1y, explicitly.
Indeed, for each = € A,,, let us define

n(z) — ui(x)
ug (2)(1 — uy ()

Observe that w, also depends on ¢. In order to compact notation, we will not include
this dependence in w,. We have

Wy 1=

o1t = 3 ate+ 1)1 ) (LU 1)t 3 o) () 1 )
z€A, t €A, ¢
02 Y (@) -z + 1))(%(’;;) ~1) 42 Y (- n)(a —p)”;f((f)) )
TEA, xEOA,



LEEAn

0t 3 @)=z + 1)(%

:BGAn

Fr 3 @) - (- g ()

xE@An Ut (x)

pn 3 L (4 i) — (1 — up())).

2€0A, 1 —up(z)

=n’ > nz+1)(1 - n(x)) (Zggi>i11;(§tt—<xu:r(3§ 1>
)
1)

(z+ DA — ()
(@)(1 = u(z +1)

Observe that the above identity can be rewritten as

o, 10) = o’ Z u”g S (u (@)1~ e+ 1)) ~ e+ 1)1 — ()

(1= uf (@) = up (@) (1 = wj(z + 1))

1—ut m+1)))<u
)

z; ( 1—u?évx)) (p - /) t(w))
=% G

£ (z)
n(e +1)(1 - n(x)) mwu—n@+1»)
up e+

1)
D1 —u(z)  up(z)(l—up(z+1))

(s @)1 = (4 1)) = o+ 1)1 = wf(2)
( n(x 1= n(x) ) <p(1 —uMz)) — (1 — p)u{‘(az))

up(e) 1= uf ()

+ n? Z
r€OA,
_ 2 n(
- %\: (u ( ) uf(x)(1—uf(z+1))
+ n? Z (
€O\,

)

T D ne) e D)LY (o)

i u
+1)(1 — up( t

(0 1) (),

Since u}(x) = p for any = € 0A,, we have

2 ( 1—Z;fx)>> - ZEQS:Z%Z%)))) (ui(@) = ui (@ +1)).

€A,

n(e+)(1-n()) _ _ n(z)(1-n(z+1)) i inati
The next step is to rewrite - —i=r75 — @ i—ur ey a5 @ linear combination of 1,

Way Wer1 AN WyWy 1. Indeed assume that

n@+1)QA—n) 9@ -n+1))
up(z+ D1 —ui(z)) (@)1 —uf(z+1))

for some a,b,c,d € R. Taking the expectation of the above identity with respect to v},
we see that o = 0. Evaluating this identity at n(xz) = 1 and n(z + 1) = u’(z + 1) (which
is equivalent to taking expectations with respect to Bern(1)xBern(u}(x))), we see that
b = —1. Similarly, evaluating the identity at n(z + 1) = 1 and n(x) = u}(z), we see that

=a+ bw; + cwzi1 + dwewy g
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¢ = 1. Last, evaluating the identity at n(x) = n(z + 1) = 1, we obtain that

d 1 1
_ =0,
G+l w@  ae il

from which we conclude that d = «}(x 4+ 1) — u}’(z). Hence,
S Am) =12 3 (et = wo + (0 (0 + 1) = 67 (0) o ) (w0 (2) = i (@ + 1)),
$€An

Summing the above expression by parts and using the fact that u}'(z) = p for any
xr € JA,,, we conclude that

) = 3 A (eea(e) — 30 2 (e + 1) — uf () ", (25.3)
TEA, =1
Now observe that
Slogui(n) = 5 3 (n(e)log(2uf (@) + (1 — n(w)) log(2(1 — uf (x)))
(o) 1w\ d
-2 (o~ 1) e
d

= 2 waggi )

Since Lu}(z) = (A,u})(z) for any € A,, we conclude that

n—2

£ 1 = Oy logyf = — Z n®(uj(z+1) — u?(x))wawa.

r=1

Observe that integrating a function that depends on 7, with respect to f/'dv;" is
equivalent to taking expectations with respect to the law P,». Therefore,

n—2

LH,(t) < —/Fn\/f_t"dl/;1 - ZnQ (uf(z+1) — uf(x))2EV3 [wawyt1]. (2.5.4)

r=1

We see that it would be good to have an estimate for E,; [w,w.1]. We recall that the
expression inside the previous expectation depends on ¢. The following proposition
follows from [14, Lemma 4.1 and Proposition 4.4]:

Proposition 2.5.2. Foreveryn € {2.3,...}, every profileu € U., .., every z € A\,,_, and
everyt >0,

4k(2 +
By [wptns] | < M
e2n
and
n|u(z + 1) — uf(z)| < k. (2.5.5)
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We are finally ready to prove Theorem 2.2.2.

Proof of Theorem 2.2.2. By Proposition 2.5.2 and (2.5.4), we have

4 p(t /fﬂﬁ{d M ) 2+@ (2.5.6)
By Theorem 2.2.4,
LH,(t) < —KoH,(t) + %3(5—{&').
Thus, by Gréonwall’'s Lemma we conclude that
4k3(2 + K)

H,(t) < (2.5.7)

K()Eg
for every ¢ > 0, which means that H,(¢) is uniformly bounded in ¢ by a constant that
only depends on p, ¢, and «.

In order to show that H,(t) decays to 0 in ¢, we need to take advantage of the
presence of the discrete gradient n(uf'(x + 1) — ui(x)) in the expression for £ 1 —
O log . By Lemma 2.4.3,

n|uf(z + 1) — up(z)| < 8re M

foreveryn € {2,3,...}, every x € A, and every ¢t > < log2 Therefore, for t > ti :=
%log 2, |

4H,(t) < —KoH,(t) + -
)

dt

Assume that 2\7 > K. Integrating last inequality between ¢} and tj + t and using
(2.5.7) to estimate H,(ty), we conclude that

432+ k) 287%k(2+ k) ) Kot
e~ ot

H (1" +1) < (
( ns ) - KQ&% (2)\? — Ko)é'g

If 2\7 < K, the estimate holds with exponential factor e=2*1. If 2\" = K, the estimate
holds with exponential factor e~} =9* for any § > 0. By Lemma 2.4.2, A} > T°. Taking
to = % log 2, in each case Theorem 2.2.2 is proved. O

2.6 Total variation distance between profile measures

We finally prove Theorem 2.2.3.
Proof of Theorem 2.2.3. By definition,
n —n 1 n =—n
Hyt _VpHTV:§ |wt —].’de.
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Recall that ¥} has an explicit formula, see (2.5.2). Observe that )] can be rewritten in
the form

Uy = exp ( > (ap (@) (. —p) — b?(l’)))

rEA,
for
a} (w) = log "Ll — Jog 1)
and
by (x) = —plog “E2 — (1 — p) log 41,
The sum

> a (@) (. — p)

€A,

can be understood as a triangular array of independent, centered random variables,
and in particular it should converge, after a suitable renormalization, to a Gaussian
random variable.

Let us define
1/2

sti=(p(1=p) Y al(@)?) ",

zEA,

n 1 n
Xy = s Z ay' (z) (1 — p),
t

TEA,

b= b(x).

€A,

With these notations, we have that

it = exp{sp Xi' — b},

and the analysis of ||v; — 77'[|rv reduces to the analysis of si, X;* and b;. Recall that
we are interested in the behavior of these quantities for ¢t = ﬁ logn + WQLE% In order
to simplify notation, from now on we fix B > 0 and we will take

t=1t"(b) :=

with b € [~ B, B]. Here and below we denote by R}"(z) an error term that goes to 0 as
n — oo, uniformly in x € A,, and b € [—B, B]. The index i serves to indicate the places
at which the error term changes. By Lemma 2.4.8,

W () = p+ (e (o)™ () + B ().
By Taylor’s formula, log(1 + z) = x — 2?/2 + O(x3). Therefore,

1 ( ce, (uo)e ™oy ()
Vn p(1—p)

24
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Now we can compute s}

Since

LA,

z€A,

is a Riemann sum of the integral 2 fol sin?(rlyx)dz, which is equal to 1, we see that

2b

n\2 CgO(UO)Qe_ n,4
sp) = ——"——+ R,
(s) p(1—p) '
from where

}Cgo Ug ‘e
S et

Vo= -

In order to compute b}, we need to go one step further in Taylor’s expansion of log(1+z).
More precisely,

lim sup

n
t
=0 pc[-B,B]

3

log(l+z) =z — 2% + % + O(z%).

Proceeding as before we see that

1 ey (u0) e >} (x)? 5 ) Cro(ug)*e ™ 6
bn _ 0 + R’n, T — 0 + an ,
: n§:< 2p(1— p) (@) 20(1—p) "

TEA,

and in particular we see that b and 1(s}")? have the same limit as n — oc.

Recall that we want to obtain the limit as n — oo of
1
3 / | exp {s;X]' —b}'} — l‘dup. (2.6.2)

Up to here, we have proved the convergence of s} and b}. By Lyapounov’s criterion
with fourth moment condition (Theorem A.2.1 with § = 2), X}* converges in law to a
standard Gaussian law if

n%oo 4 Z / p)4dljp =0.

zEA,

Observe that [(n, — p)*dv, = p(1 — p)(1 — 3p + 3p*). The actual value of this integral is
not relevant; it is onIy relevant that it is constant in n,  and ¢. Since s} has a non-zero
limit, we only need to prove that

nlggo Z at(z)* = 0.

zeA,

From (2.6.1), we see that there exists a finite constant C' = C(uo, ¢y, B) such that
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la}(x)| < % forevery n € {2,3,...}, every z € A, and every b € [ B, B]. Therefore,

> ey <

€A,

and Lyapounov’s condition is satisfied. Therefore, by the Central Limit Theorem (The-

orem A.2.1) and the above estimates, s} X;" — by’ converges in law to ye X — 4%,

where v = \C/‘% and X has a standard Gaussian law. Since the exponential func-

tion is not bounded, one needs an additional argument in order to prove that (2.6.2)
converges. A sufficient condition so that the integral (2.6.2) converges to

2,—2b

LE[Je X2 ]

is that the sequence {e***"';n € {2,3,...}} is uniformly integrable. Since L?-boundedness
implies uniform integrability (see [2, Theorem 25.12]) for p > 1, it is enough to show
that [ eP'*¢dv, is uniformly bounded for some p > 1. From Hoeffding’s Lemma
(Lemma A.3.1), forany p > 1

/eps?xt"dup < exp{ Z p*a)(z)? } <exp {:C?p°}.
€A,
Therefore, for any b € R,

lim 1 |77Z)t 1|dl/p = %E[levebx %7267217 B 1H _ g(ve—b%

TL‘)OO

which proves the theorem. ]
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Chapter 3

Central limit theorem for
non-equilibrium stationary states

In this chapter we perform a qualitative analysis of the stationary states of an example
of what is known in the literature as a reaction-diffusion model [4]. Although there are
some similar, or even matching, definitions, the notation in this chapter is independent
of the one introduced in Chapter 2.

3.1 Reaction-diffusion model

Let T¢ = (V,, E,) be the d-dimensional discrete torus. The vertex set of this graph can
be represented by V,, = Z/nZ and if we denote by e; the i-th vector of the canonical
basis of R?, then the edges in E, are the pairs xzy such that y = z + ¢; for some
i € {1,...,d}. Abusing notation, from now on we will often write T¢ for its vertex set V.

Let , = {0,1}™ be the set of functions 7 : T¢ — {0,1}. We will call an element
n € Q, a configuration of particles, meaning that vertices with value 1 are occupied
by a particle and that vertices with value 0 are empty. There are two types of inter-
actions in the reaction-diffusion model: the symmetric simple exclusion dynamics and
the Glauber dynamics. The exclusion dynamics just flip edges of the graph with rate
1, exchanging the occupation numbers of adjacent vertices. This makes particles per-
form nearest-neighbor random walks with the exclusion rule, which forbids a vertex to
be occupied by more than one particle. The Glauber dynamics creates a particle in an
empty vertex = € T¢ with rate ¢/ () = 1+ A Z?Zl n(z—e;)n(z+e;), where X > 0 is fixed,
and annihilates a particle in an occupied vertex = with rate ¢, () = 1. The infinitesimal
generator of this reaction-diffusion model is given by

S.f(n) = n2Lf(n) + £ f (), (3.1.1)

where

£ f(n) = i (£t = yon)

3
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and

et () = 3 (1= n(@)et () +n@)e; ) (Fr7) = £ ()

z€TY

onany f : 2, — R. Above n™¥ stands for the configuration obtained from » after
exchanging the occupation numbers of vertices = and y, and n* stands for the configu-
ration obtained from 7 after changing the occupation number of vertex . Namely,

n(z), ifz=uy;
Y (z) =S nly), ifz=u;
n(z), ifz#{z,y}

nx(z): 1 —n(x), ?fZ:[E;
n(z), if 2 £ x.

and

3.1.1 Law of the process

Let 1, be a probability measure on Q,,. We will denote by {n;;¢ > 0} the continuous-
time Markov process with generator £, and initial measure u,,. We will denote by S;
the semigroup associated with £,,. Let D([0, 71, €2,,) be the path space of cadlag trajec-
tories with values in €2,,, known as the Skorohod space. Given a probability measure
e € €,, we denote by P, the probability measure on D([0,77,€,) induced by the
initial measure y,, and the Markov process {n;; t > 0}. We denote by E,, denote the
expectation with respect to P,,,. We also use the notation 7. to represent elements of
the Skorohod space D([0,7],2,), that is, the time trajectories of the reaction-diffusion
model. This notation 7. should not be confused with the notation n for elements of
Q,. Given any other probability measure p and a random variable X we will use the
notation x(X) for the expectation of X with respect to p.

3.1.2 Non-equilibrium scenario

Now we will discuss a little about the difficulties of the model. Given a function v : T¢ —
0, 1], the Bernoulli product measure v,,(., associated with the profile u is defined on €,
by

v ) = [T {n@u(@) + 1 = @)1 - u(@))}.

z€TE

When « is constant equal to p, we will write v, instead of v,. Let p € (0,1) and let us
define

F(o) = [ £, = [ {000 0) = n0)cq (o) b (3.1.2)
In the above definition, the vertex 0 can be replaced by any other vertex.
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The exclusion dynamics is already reversible with respect to the measures v,
€ [0,1]. If A were zero then we would obtain a completely reversible dynamics with
respect to the measure v, ,. In this case the process is said to be in equilibrium and the
Bernoulli product measure with parameter 1/2 is stationary, that is, [ £, f(n)dvis = 0
for every f: Q, — R. In particular, F'(1/2) = 0. In the non-equilibrium scenario, that is,
A > 0, we still can find p € (0, 1) that satisfies F'(p) = 0. Indeed, a simple computation
shows that p is given by
p=(1—p)(1+ Xdp?). (3.1.3)

Let ©(p) = (1 — p)(1 + Adp?). Since ©(1) = 0, ©(0) = 1 and O is continuous, the
Intermediate Value Theorem asserts that there exists p € (0, 1) such that ©(p) = p. On
the other hand, v, is not the stationary measure of the process: it can be checked, for
instance, that

/1: )) dv, # 0.

3.2 Density fluctuation field

Let the inner product in L2(T¢) be given by (f, g) = [r. f(u)g(u)du. For each k € Z¢ let
Y : T — C be defined by

Yp(x) = e2mkix (3.2.1)

for any = € T¢. The family {¢; k € Z¢} forms an orthonormal basis of L?(T¢). For each
bounded function f : T¢ — R, let f : Z¢ — C be the Fourier coefficient of f of order k,
that is,

k) = {foe) -

For each f € C*°(T%) and each m € R let us define
1/2
1f [l = <Z|f YL+ k)™ ) ,
kEZ

where |k| := (k? +--- + k2)Y/2. Observe that ||f|,. < oo for each m € R because
f € C>=(T4). The Sobolev space H,, is defined as the closure of C>(T%) with respect
to the norm || f|| -

The density fluctuation field is defined on functions G' € H,(T¢), by

Xp(@) = 3 )~ & (%), 822)

n
z€TY

By duality, (3.2.2) defines a process { X"*(G);t > 0} with values in H_(T?) for any
k > d/2 (see [12, comments after Proposition C.5]).
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3.2.1 Review of some results in the literature
The main result in [11], where the authors consider this same model, is the following:

Theorem 3.2.1. Let G € H,.(TY), k > d/2. Let us fix a time horizon [0,T], T > 0.
Assume that n, has law v,. For any d < 3, the sequence {X]'(G);n € N} converges,
with respect to the .J,-Skorohod topology on the Sobolev space D([0,T], H_.(T?)), to
the unique solution of the Ornstein-Uhlenbeck equation

dX,(G) = (A — (p)) X,(G)dt + dWi(G)

where dW,(G) denotes space-time white noise with quadratic variation

2t (X(PIVEIEacea, + PICIEa(r))

®(p) := —F'(p) =2+ A\p*d — 2\x(p)d > 0. (8.2.3)

In particular, for G € H,(T?), the sequence {XI"(G);n € N} is tight in the J,-Skorohod
topology of D([0, T],R) and if X.(G) is a limit point, then the processes

M,(G) = X4(G) — Xo(G) — /t X, (AG + (2xx(p)d — 2 — \p°d) G) ds
and

NU(G) 1= (MG = 2t (X(OIVGIEapa) + PG )

are mean-zero martingales with respect to the filtration F, :== 0{X(g) : s < tandg €
Hy (T},

The main ingredient to prove Theorem 3.2.1 is the following result:
Theorem 3.2.2. Let p € (0,1) be given by (3.1.3). Let f, denote the Radon-Nikodym
derivative of the measure v, S, with respect to the measure v,. Let H(t) = [ f.log fidv,

be the relative entropy of f, with respect to the measure v,. Thus, there exists a positive
constant such that

H(t) < Ctngy(n), (3.2.4)
where
n, ifd=1,
ga(n) = S logn, ifd=2;
1, ifd > 3.

3.2.2 Improvement on the entropy bound

In Lemma 3.3.5 we state an improvement in the upper bound on the relative entropy
H(t) in Theorem 3.2.2. More precisely, we will remove the multiplicative factor ¢ on the
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right-hand side of (3.2.4). This allows us to pass the inequality to the limit when ¢t — oo
with fixed n. Our aim is to prove the following result:

Theorem 3.2.3. Letp € (0, 1) be given by (3.1.3) and let i, be the stationary measure
of the process {n;;t > 0}. Let f denote the Radon-Nikodym derivative of the measure
ur with respect to the measure v, and let H(u"|v,) = [ flog fdv, be the relative
entropy of f with respect to the measure v,. There exist positive constants \*,C such
that for any \ < \*,

H(pv,) < O An2gq(n).

3.2.3 Hydrostatic limit

The hydrodynamic limit of the process {n;t > 0} was also proven in [11]. Itis a
consequence of Theorem 3.2.2 and it states the following:

Theorem 3.2.4 (Hydrodynamic limit). Let p, be the strong solution of the reaction-
diffusion equation

{%pt(q) = Api(a) + Flpi(g) ,qeT?, (3.2.5)

po(q) = f(q) ,q €T

Forany s > 0,anyt >0 and any H € C (T?),

Jim Py (77' ; ’% Z m(z) H (%) - /Td pe(u) H (u) du) > 5) = 0.

z€Td

The hydrodynamic limit above can be seen as a law of large numbers with respect to
the law of the process starting from the measure vy(.,,). Below we use Theorem 3.2.3
to prove the same kind of result, but now starting from the stationary measure, the
hydrostatic limit:

Corollary 3.2.5 (Hydrostatic limit). Let p € (0,1) be given by (3.1.3). There exists
A\* > 0 such that forany A < \*, any § > 0, anyt > 0 and any H € C (T9),

. n . 1 T B
Jim i, (”’)W EZW”*I)H(;) o |, H ()l >5) =0

Proof. Fix 6 > 0,t € [0,T] and H € C (T¢) and let us define the random variable

Aig = % Z m(x) H (%) —p | H(u)du (3.2.6)

z€Td T
and the event A; sy := {n; |Awu| > 6}
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By Corollary B.3.2, we have

log 2+ H (pg, | vp)
n (A < S5 p
:uss( t,5,H) - ]Og (1 + 1/Vp (At,é,H))

Our goal is to show that there exists a positive constant C' = C () such that for any
sufficiently large n € N we have v, (4,54) < e ™. Thus,

log2 + H (u3, | v,)
C'nd '

:u?s (At,57H) <

Assuming Theorem 3.2.3 we have H (u7, | v,) < C' An?2g,(n) from which we can con-
clude the proof. Indeed, let us define

1 T
Biw:=— > (m(x)—p)H <ﬁ>
z€Td
and
P T
Crmg = — H<E>—p TdH(u)du.

x€TY

Thus,

Vy (At,é,H> =V, (At,H > 5) + Vy (At,—H > (5)
=V (BnH + Ct,H > (5) + Vp (Bt’fH + thH > 5) .

Since ;s H (%) converges to [, H (u) du, for sufficiently large n we have

J )
—5 < Ciu < 3
Therefore, v, (A1) < v, (Biw > 60/2) + v, (By,—g > d/2). Moreover, by Chebyshev’s

exponential inequality and since v, is a product measure, for any a > 0 we have

v, (Bup > 0/2) < e /2y, [e2Bun] = ¢=23/2 [ H exp {aigﬁ) (m(z) — p)}]

= [ v [exp {a[i# (e () — p)}]
=% exp {log [T v |exp {aiﬁ) (mi() = p)} }
— ~9/2 oy { Z log v, | exp {af’.;g%) (ne(z) — p)} }
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Now, by Hoeffding’s Lemma (Lemma A.3.1), we conclude that

2 2 2 5
—as/2 a x . a 2 a
vy (Apsn) < 2¢7% exp{—nm > (%) }exp{mHm+log2—7}.

z€Td
1% H €eX —n + 10
ol t,0, p 16 HH||2 g

Hence, there exists a constant C' = C' (9) such that for any sufficiently large n we have

_ d
vy (Arsm) <e n?,

3.2.4 Gaussian limit for the density fluctuation field

The goal of Section 3 is to prove that under the non-equilibrium stationary states, which
are unknown, the fluctuation field converges to a Gaussian field:

Theorem 3.2.6. Letd < 3. Let \* > 0 be sufficiently small. Let A € [0, \*]. Letp € (0,1)
be given by (3.1.3). Let H € H,(T%), k > d/2. Let X"(H) := XJ(H) be the initial
density fluctuation field defined in (3.2.2) starting from .. Foreacht > 0 let T,H be
the solution of the Fokker-Planck equation

{%TtH = AT,H — &(p)T,H, (3.2.7)

ToH = H.

Recall that x(p) = p(1 — p). The sequence {X™(H);n € N} converges to a mean-zero
Gaussian field X (H) in H_(T¢), k > d/2, with variance given by

E[X()P] =2x0) | IVEHdr+20 [ |BH [ odr (328
0 0

x(0) (I + (25 = 22000 ) [T rr)

Remark 3.2.7. The assumption d < 3 comes from the fact that the upper bound ob-
tained for relative entropy in Theorem 3.2.3 becomes weaker as d increases. Thus,
some of the estimates obtained in Section 3.5 are not strong enough to conclude the
result in higher dimensions. This is better explained further ahead.
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Remark 3.2.8. In order to see that the integral in (3.2.8) is finite, observe that

GITH ey =2 [ (GHE@) (TH@)do =2 [ (BH@)(A - ()T ())ds

=2 [ (VEH(@)Pde —200) | (B
< =20 (p) | TLH |72 (70
Thus, foranyt > 0
T H | p2gpay < || HI| 2 raye” . (3.2.9)

From the linearity of the equation (3.2.7), VI,H = T,V H. Thus, by (3.2.8), we
conclude that the right-hand side of (3.2.9) is bounded from above by
x(p) HVHHi?(Td) +p ||H||i2(1rd)
®(p)

While it is simple to obtain an upper bound on the L?(T%)-norm of T, H, we need to
do some more effort when considering its L°°(T¢)-norm:

2 (X(0) IV H oy + 9 1 H 22r) / g
0

Proposition 3.2.9. For anyt > “22 we have

472

ITiH [loo < 57| H|oce™ """,

In particular, there exists a positive constant ¢, such that || T, H ||, < ¢, for anyt > 0.

Proof. Recall the Fourier coefficients H (k) of the function H with respect to the ba-
sis {¢Yy; k € Z¢} defined in the beginning of Section 3.2. Foreach k € Z% let \, =
—47?|k|? and observe that Ty, (x) = vy (v)e-Ae+20)! for every z € T?. Since H(z) =

> kezd ﬁ(k)wk(x) we have

TH ()| = | Y Hk)Tib(x)| = | > H(k)py(x)e et
kezd kezd
< Z‘ ‘ ~(kt2(P)t
kezd

Since H(k) < ||H| -, we have

d
T, H ()| < [|Hl|o e Z eTATR | H || oo e~ 2P (Z e47r2£2t> .
ke ez,
Moreover, since (2 > |¢| for every ¢ € Z we obtain

d d
_ = _4n2 ¢ _ 26_47r2t
TH ()] < [[Hllow e 0" (H?Z(e 4 t)) = 1Hlloo e (”m -

/=1
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Using the inequality (1 — e~*)~! < 2 for any a > log 2 we conclude that for any = € T¢
T, H ()] < 5% H|oo e

for every t > 1022 O

472 "

3.3 Relative entropy method

In this section we prove Theorem 3.2.3. As in Chapter 2, the main ingredient on the
entropy estimate is a log-Sobolev inequality.

3.3.1 Logarithmic-Sobolev inequality

Let A, := {0,...,n — 1} be the path of length n. Let p : A,, — (0,1). Let S, = {0, 1}~
and let v, be the Bernoulli product measure in S,, of parameter p.
Fixy>0.Forf:S, —Randz,y e A,, let us define

DAﬂ:{/UMﬂ—fWD%%7

quw:/kﬂww—fm»%%

n2

k—2
DH(f) =% Dawna(f) + 5 D Dulf),
=0
and D(f) := D"(f). First, we prove the following:

Lemma 3.3.1 (Comparison of quadratic forms). There exists a positive constant C =
C'(p) such that for any function f : S,, — R

D,—1(f) < CnD(f).
Proof. Foreach f: S, - Rand z,y € A, define V,.,f,V.f : S, — R as
Vayf(n) = f(n™) = f(n),
Vaf(n) = f(n") — f(n)

for any n € S,,. For =,y we have that
Vo f () = Vay f() + Vy (1Y) + Vo f (n7)).
Using the inequality
(a+b+c)* <2(1+ B)(a® +0°) + (1 + ),
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valid for any a,b,c € R, 5 > 0, we see that
D7) <20+ 8) [ [(Tauf)* + (Tua (7))
+(143) [ (s v,

Performing some changes of variables, we see that

((n2)v)

[ et ) vytan) = [ (o )25,

/ (Vo f (™)) dv, < / (Y, f)””(”x’y)dyp.

Vp(n)
Since v, in invariant under transpositions, the Jacobian factors satisfy

M 1 V(™) _
vo(n) =, h vo(n) - 3.3.1)

We conclude that

Now let us choose z = n — 1 and § = n. Let us sum the above inequality over all
y # n — 1 and divide both sides by n — 1. We obtain

Therefore, the proof is complete once we show that

Z Dp_1,4(f) <Cn Z Dy wi1(f)-

Indeed, for each z,y € A, let us define (z,y) on := n™¥. Observe that for any = > y,
n™¥ can be rewritten as

(x—1,z)o(x—2,x—1)o- - -o(y+1,y+2)o(y, y+1)o(y+1,y+2)o- - -o(x—2,x—1)o(x—1, x)on.

Thus, there exists a finite sequence &, ..., &, with m < 2(z — y), such that & = 7,
&m =mn™Y and forany 2 < k < m we have & = (¢, + 1) o &_, for some ¢. Therefore,

we can write
—1

FO™) = fn) = 3 (f(Eerr) — (&)

1

3

B
Il
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By Cauchy-Schwarz inequality, for any « > y we obtain that

Dwuvz/kﬂm%—fm»%wxm>Sm§i/kﬂaﬂ>—ﬂ@»%mm> (3.3.2)

=m§;/M@m—ﬂmeﬁ$)m&u (3.33)

Moreover, since v, in invariant under transpositions, v,(n) = v,(&) for every k €
{1,...,m — 1}. Hence,

DMMSmEQ/W@m—ﬂmYM%w (3.3.4)
k=1

< D). 335)

]

Observe that although the statements of Lemma 2.3.2 and Lemma 3.3.1 are similar,
their proofs are different because they use the dynamics of the system to move parti-
cles. Once the comparison of quadratic forms are done, we can prove a log-Sobolev
inequality for a reaction-diffusion model on S,,, following the same recipe given in the
proof of Theorem 2.3.1:

Theorem 3.3.2. There exists a finite constant K = K (v, p) such that

/ flog fdv, < %nQD (ﬁ) (3.3.6)

for any density f with respect tov,.

Now prove the validity of the result for the process evolving on the d-dimensional
tori:

Theorem 3.3.3 (Log-Sobolev inequality). Let v be a probability measure on (), and
define ©(f,v) = [I'fdv where T is the carré du champ operator associated with £,
given by

PR =n® 30 (F0re) = fm) + 32 el (F0) = f)* (337)

3
8
m
=

3K

for any function f : Q,, — R. Letp € (0,1) be given by (3.1.3). There exists a positive
constant K5, independent of n (but depending on p), such that

/flog fdv, < KLLSZD (\/?, Vp)

for any density f with respecttov,.
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Proof. For eachn € Nlet G; = (V4, E;) be such that V; = {0,1...,n — 1} and E;, =
{{z,z+1(mod n)}; = € V;}. Notice that G, and T} are isomorphic. By comparison of
Dirichlet forms, Theorem 3.3.2 gives a logarithmic-Sobolev inequality for the generator
of the exclusion process on G with Glauber dynamics of density v/n at all vertices,
and the measure v,,.

Now, for each d > 2 let us consider n copies of G, = (Vy, E,;), which we label as
G, = (Vi E),i€{0,...,n—1}. The vertex set V} and the edge set £’ are defined
by

Vii=UrVe and By = U E.

We will let the process evolve in each of the graphs G, ,, independently. By [5,
Lemma 3.2] and since the resulting process on GG, can be seen as a product chain of
the one on G4, the inverse of log-Sobolev constant associated with the quadratic form
9 (-,v,) is or order 1. In order to obtain the tori in this graph construction, for each
vertex v € V, let v denote its copy at /. Define

E;lk = {{vi?vi—i-l(mod n)}; = Vd—l}-

The graph G, = (V,, E;UE?) is now a torus. The result follows from the fact that adding
more edges can only decrease the log-Sobolev constant of the process. O

3.3.2 Entropy estimate
Let u: T¢ — [g9,1 — o] for some g, € (0, 1/2]. Assume that
nju(x + e;) —u(x)| < K

forany x € T and any i € {1,...,d}.

Let O~ = {x € Z% z; < O0foranyi € {1,...,d}} be the non-positive orthant and let
A C O be finite. Note that A is projected into T¢ when n is sufficiently large.

Now, for each = € T¢ let us define

x(u(x))

which is well-defined because ¢, > 0. Moreover, define

wia+A) = [Jwl@+y)

yeA

and, for each i € {1,...,d} and each G : T¢ — R define

Vin, G, A) = > w(r+ Aw(x + e;)G(x) (3.3.8)

zeTd
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For any density f with respect to v, define H (f|1/u(.)) = [ flog fdvy,.). With the
above notation, the following replacement lemma was proven in [12, Lemma 3.1]:

Lemma 3.3.4 (Static Replacement). There exists a finite constant C' = (=9, A) such
that for any G : T¢ — R, any density f with respect to v,, and any 6 > 0,

/Vi(n, G, A) fdvy() < 5n2/i: > (VI - \/f(n)>2dvu<->

=1 zeTd

* @ (161l + G115 (H (flaey) +n*galn)

Using the log-Sobolev inequality and Lemma 3.3.4, we are able to prove the follow-
ing result:

Lemma 3.3.5. Letp € (0,1) be given by (3.1.3). Let f, be the Radon-Nikodym deriva-
tive of v, S, with respect to the measure v,. Let H(t) := H(fi|v,). Then, there exist
positive constants \*, C' such that for any A < \* and anyt > 0 we have

H(t) < Can*2 gy(n).
Proof. Let ¢» be the Radon-Nikodym derivative of v, with respect to the measure v, 5.

Let f, denote the Radon-Nikodym derivative of v,S; with respect to v, and let H(t) =
H(f:,v,). By Yau's entropy inequality (Proposition 2.5.1),

%H(t} < -9 <\/ﬁ, I/p> +/ (2;‘1 - %¢> fedvy,

where £; stands for the adjoint of £,, with respect to v,. After a very long, but elemen-
tary computation (similar to the one done in (2.5.3)), we can see that for any density f
with respect to v, we have

[ (sin-G0) ran- | X oo (o) S (3:39)
SR [ 3 w@) Y wlo ) fa,
3 ’ d
N A<><([/))>) / Y wla) Zw(m —ej)w(z +¢;) fdu,

Therefore, since F(p) = 0 and f = f, we obtain that
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%H(t) <-® (\/ﬁ up)
+ 2 (x /ZZw w(z +e;) frdv,

=1 zeTd

/ZZ w(x — ej)w(x +e;) frdy,.

Jj=1 zeTd

Now, by Lemma 3.3.4, there exists a positive constant C' such that for any § > 0

/ZZ w(z + €;) frdv,
=1 zeTd
/ZZ w(zr — ej)w(x +e;) frdv,

Jj=1 zeTd

is bounded from above by

won [ ZZ (VG2 = V) vy + 2 (H0) + 0= ga(m)

=1 zeTd

Thus, since n? [ >0, 3, cpa <\/ft(77x7x+ei) — \/ft(n)>2 dv, <D (V. v,) we obtain

d CA
ZH(®) < =(1=20)D (VFiv,) + = (H(E) + 0’2 gu(n))
Let us use the main ingredient of this proof. By Theorem 3.3.3, for any § < A1,

C;ZtH( ) ((1 — )\5)KL5 — %) H(t) + %ndQ gd(n)

Let us choose our parameter 6. We will take one such that the function f(§) := (1 —
M) Krs — C\/¢ is positive. Since f(§) > 0 if and only if the polynomial p(4) := 6 —
A\"1§ + C/K s is negative and since the discriminant of p(§) equals A2 — 4C/K g, our
choice on § is possible only if A < \/K¢/(4C) =: A* (this forces our assumption that A
is small enough). Moreover, since the roots of p(§) are A='+/(2A)~2 — C/K s and we
had required that 6 < A~!, we must choose some ¢* € ()\—1 — /(2N 2= C/Kys, A—1>.
Therefore,

d CA
dtH< ) < —f(6")H(t) + ?nd_Q ga(n).
Finally, by Gronwall’s inequality, we conclude the Lemma. O

Observe that Theorem 3.2.3 follows from Lemma 3.3.5.
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Proof of Theorem 3.2.3. By [13, Proposition 8.1], the entropy is lower semicontinuous.
Therefore, by Lemma 3.3.5 we see that

H(u2|v,) <limsup H(t) < CAn®2 ga(n).

t—o00

3.4 Estimates of some functionals

In this section we use the entropy bound of Theorem 3.2.3 to estimate some function-
als.

Proposition 3.4.1. There exist positive constants \* and C* = C*(\*) such that for any
A € [0,\*], any function G € C1>(R* x T4), any t > 0 and any sufficiently large n we
have

<C* nd/Q’l\/gd(n)HGtHLz(Td).

By, [‘# Z (no(x) — p)G (%) ’

x€TY

Proof. By the entropy inequality (Proposition B.3.1), for any v > 0 we have

< Hly)
v

+ %log/exp {7 ’# Z (m0(x) — p)Gt <%> } dP%(-)'

z€TY

By, [n% > () = )G (2) |

z€TY

Moreover, by Theorem 3.2.3, we can bound the right-hand side of the above inequality
by

Cand2gq(n) 1 1 T
— + ;log/exp y ‘Wx%;d(%(x) —p)Gy (E) ‘ dP,,. (3.4.1)

Since el*l < e + ¢=* and

1 1 1
lim sup — log(b,, + ¢,) = max {lim sup — log b,, , lim sup — log cn} ,
n

n—oo 1 n—oo 1 n—00

we can remove the absolute value on the right-hand side of (3.4.1), obtaining
Cxn?2gy(n) 1 0% x
Now, by Hoeffding’s Lemma (Lemma A.3.1), the previous expression is bounded
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from above by

+—-N¢
d t
i 8n z€Td

Can?2gq(n) = v : (sv> ‘

Since n=? 3=, cpa G7(x/n) converges to [|Gy||7. 14, for sufficiently large n we have

1 T

— G? (—) < 2/|Gy|I1? .

nd% t n) — H tHL2(’]1‘d)
Therefore,

CAn®2g4(n) HGtH%2(Td)
< + .
y 4

E,y, {ni/ > (m) = )G (2) |

z€TY

The proof finishes taking v = n¥>~*\/ga(n) /|| G¢|| 12 (re)- O

Proposition 3.4.2. Let G € C1>°(R* xT4). Assume that there exists a positive constant
co such that

t
/0 Gl s < co

for every t > 0. There exist positive constants \* and C* = C*(c¢,) such that for any
A€ [0,A*], anyt € [0,T], any a € R and any sufficiently large n, we have

Epu, [\ / t %xezwws(x) )G, (T ds|

<O (4 1) nT1 % /ga(n).

Proof. By Jensen’s inequality and Fubini’s Theorem

By, [’ /Ot % > (ns(x) = p)Gs <%> dS‘] < /Ot By, {

z€TY

% > (nsx) = p)Gs (%) q ds.

zeTd

Let v > 0. By the entropy inequality (Proposition B.3.1), the right-hand side above is
bounded from above by

/Ot [M + %log / exp {nl > n(2) = )G () } dyp] ds  (3.4.3)

z€T4

n

Moreover, since el*! < e* 4+ e~* and

1 1 1
lim sup — log(b, + ¢,,) = max {lim sup — log b, , lim sup — log cn} ,

n—00 n—oo T n—00
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the expression (3.4.3) is not larger than

oL / og | exp{ (,(x) = )G (%)}dvpds

By Theorem 3.2.3 and Hoeffding’s Lemma (Lemma A.3.1), the above expression is
bounded from above by

Chtni=2g, 2
~ 8n2a / Z G

x€Td

T‘i

Taking v = +/ga(n)/n'~* and since n=?3", . G3(x/n) converges to |G, 172 (za)> W
conclude that there exists C* = C*(¢y) > 0 such that for any sufficiently Iarge n, we
have

< O* (4 1) nT % /ga(n).
€Td

s || [ e w5

3.4.1 Boltzmann-Gibbs principle

Now we prove the so-called Boltzmann-Gibbs principle:

Theorem 3.4.3 (Boltzmann-Gibbs principle). Let G € C1*°(R* x T¢). Assume that
there exists a positive constant ¢y, independent of t, such that

|Glloo < co foranyt > 0.

Recall the definition of V;(n,G,A) given in (3.3.8). There exist positive constants
X, C = C(cy) such that foranyt > 0, anyi € {1,...,d}, any A C O~ and any A\ < X\*,
we have

t 1 _
ENQS |:‘ /0 W‘/Z(ns,GmA)dSH S C(t + 1) nd/2 ZQd(n)-

Proof. We will prove that

,u," U / d/2 nsuGsaA>dS

from where the proof ends. As we will see, the factor A will be needed to show that
the argument only works when this parameter is small enough. Indeed, by the entropy

} < ONt +1)n??72 g4(n)
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inequality (Proposition B.3.1), for any v > 0, and Jensen’s inequality we have

FA H (47 |v,)
By, “/0 W%(US,GS,A)ds} < —

1 DY
+§10g/exp {7‘/0 WVi(nS,GS,A)ds

Therefore, by Theorem 3.2.3, for any A small enough, we have

t
A
B || [ Vit G A1

b,

] < OA n?2gq(n)
N Y

1 D
—i—;log/exp {7‘/0 W%(US,GS,A)dS

From now we ignore the first parcel on the right-hand side of the above inequality and
we deal with the second one. Since el*l < ¢* + ¢~ and

} dP,, .

(3.4.4)

1
lim sup — log(b + ¢,) = max {hm sup — log b,, , lim sup — log cn} ,

n—oo 1 n—oo 1 n—oo 1

the second parcel is bounded from above by

1 A
alog/exp{/ Z/QV(HS,GS,A)dS}d]P’
0

Moreover, by the Feynman-Kac'’s formula (Lemma B.4.1), we can bound the previous
expression from above by

/Otsl}p{—%@ (\/?,W}) +/ d)\/QV(U,GS,A)dep 217/(2,’:11—6%¢>fd;/p}d8

where the supremum runs over all densities f with respect to ,. Now recall the identity
(3.3.9). Thus, we can rewrite the expression inside the above supremum as

-2 (Vi)
—|—/‘L/ Usz,A)dep /Z Z w(z + €;) fdv, (3.4.5)

=1 g’]l‘d

/Z Y waw(z - ej)w(z +¢;) f dv,. (3.4.6)

QIYP J=1 zeTd

We will choose v = Ln%?, for some L > 0, so that all the integrals in the sum
of (3.4.5) and (3.4.6) have the same order. Recall that there exists ¢, > 0 such that
|Gslleo < o for any s > 0. Applying Lemma 3.3.4 to these integrals and using the fact

44



that

nQ/i: Z (\/f(n:r,m+ei) - \/f(n)>2d1/p <9 (\/?, Vp) ;

i=1 zeTd

we conclude that there exists a constant C' such that (3.4.5) has the upper bound

1 pY)
_Lnd/QQ (\/?’ V”) + Lnd/2/D (ﬁ’ Vp)
CA
tS5Than (H (flv,) + 1'% ga(n))

for any 6 > 0. Invoking Theorem 3.3.3, which is the key ingredient in this proof (as in
the entropy estimate), we can bound the previous expression from above by

1 AS CA
N (Lnd/2 T Ini? 5LKL5nd/2)© (ﬁ ””)

CA
+ 5—Lnd/2_2 gd(n) (347)
Finally, let us choose constants L and ¢ such that the function r(L,6) := — —

2 — éLKiznd/g becomes strictly positive. Thus, we can discard the term in (3.4.7)

involving © (\/7, up). Finding such constants is possible because we can take \ suffi-
ciently small. Therefore, the sum in (3.4.7) is bounded from above by CAn®%2 g4(n).
Plugging the above estimates in (3.4.4) we get

DY
E,n, U/ W%(US,GS,A)ds} <CA(t+1) nd/2_2gd(n).
0

3.5 Central limit theorem

In this section we finally prove Theorem 3.2.6. Our approach relies on the semigroup
method.

3.5.1 Some Dynkin’s martingales

For each z € T¢, each i € {1,...,d} and each G : TY — R let us define the discrete
derivative on direction e; by

i T\ T+ e; B z
V"G(E)_R(G( n ) G(n))
Similarly, for each z € T¢ and each G : T¢ — R, the discrete Laplacian is the operator
given by

d

86 () =y (6 (TH) re () 26 (7).

=1
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Let 77, := n(x) — p. An elementary computation shows that for any n € Q,,
d
L7, = AT, — Q4+ M), + M (0) Y (e, + T
i=1

ﬁm—eiﬁm—ﬁ—ei - )‘pZﬁx (ﬁx—ei + ﬁx—l—ei) A Zﬁz—eiﬁxﬁm—l—ei'

i=1 i=1

S
N~—
—

Thus, for any G : T¢ — R we have

£,X"(G) = X”(A G) + X" (2Ax(p)d — 2 — Ap*d)G)

)5 5 (w6 (2) - wie(120))

x€TY i=1

A1 — S
- <nd/2p) Z G (%) ;nw—einw—kei

z€Td

-2 ZZ( (=) + (xzei))mﬁm

.Ier =1

’I’Ld/2 Z ZG( )nx elnmna}—‘rel

z€Td =1

Recall (3.2.3). Let us fix a time horizon [0, 7], 7 > 0. By Dynkin’s formula (Lemma B.2.1),
for any function G € C4>([0, 7] x T¢), any 7 > 0 and any ¢ € [0, 7], the process

MEL(G) s = XP(Go) - X3(Ga) ~ [ t ((a-20)+ ) x2(60) s 35.1)
- [@ -3 Xz as 852)

- [l Yo —pé (vie.(£) + w6 (=) )as - @53
/ a2 Z (1=p) Zj: (ns(z — ;) — p) (ns(z + &) — p) G, (%) ds (3.5.4)
DY pzd; o)) o)) (6 (2) 6. (222 Y

o (3.5.5)

/ — 7 Z (@ — e;) — p) (ns(@) — p) (ns(x + €;) — p) Gy (%) ds (3.5.6)

is @ mean-zero martingale with respect to the natural filtration and its quadratic variation
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is given by
(M"(G)),,, = / - Z (V56 () (e ) = ma(a))? ds

(1= n@etn) + ) (1)} (64 (3)) ds

n

+
o\ﬁ
3&' —_
——

From now on we consider the process {n;;t € [0, 7]} starting from the stationary
measure p”,. For each H € C>(TY) let {T;H;t € [0,7]} be the solution of (3.2.7).
Replacing G; by T._,H in (3.5.1), we conclude that

X[ (T, H) == M} (H) + X} (T H) (3.5.7)
+ / t (A, — A) X™(T,_,H))ds (3.5.8)
0
+ /Ot %&’g (ns(x) — p) zd: (v;TT_SH (%) YT H (” — 6)) ds  (3.5.9)
z€Td i=1

/ ) %T:d (1 - i —ei) —p) (ns(x + ;) — p) T s H (%) ds (3.5.10)
/ nd/2§pg p) (ns(x +¢€;) — p) (Tr—sH<%>+TT_5H (I—;ei))ds

(3.5.11)

/ WZ n(w =€) = p) () = p) (o + &) = p) Ty H (=) ds,  (3.5.12)

z€Td

where M} (H) is a mean-zero martingale with quadratic variation given by

/ndZZ (Voo (2)) Ono e —m(e)ds (3543)

/ nd Z (1 = ns())e; (ns) +ns<x)c;(ns>} (THH (%))st.
h (3.5.14)

In what follows, we use Proposition 3.4.2 and Theorem 3.4.3 to estimate some function-
als. In order the verify that these functionals satisfy the hypotheses of these results,
recall (3.2.9) and Proposition 3.2.9, and observe that for any smooth function H we
have
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! ! - T—S§ ||H”L2 T4 — T— — T
/ | Ty o H || 12 reyds < HH“L?(Td)/ e 2)(T=5) g — Q)—() (e (p)(r—t) _ —2(p) )
0 0 (p)

< HH”L?(W)‘
(p)

Moreover, we use the notation f,, = O(g,) if there exists a positive constant C' such
that f, < Cg,. Sometimes we write the sequence g, depending on time, inside the
notation, because we want to consider sequences of time which converge to oo as
n — OQ.

By Proposition 3.4.2, Theorem 3.4.3 and since F(p) = 0, for any ¢ € [0, 7] and any
d < 3 we have

d

(MP(H)),, = /0 t 2>;<dp) z ; (ViT,-. (%))2 ds (3.5.15)
+ /Ot %zezw (THH (%))st Lo (%) . (3.5.16)

We remark that the above error is estimated in the L*(P,. )-norm. Thus, using Taylor’s

n
88

expansion on 7._,H and the fact that logn < n, we obtain

t t t
M) =20 [ VT ey s+ 20 [ 1T ds 40 (2
0 0

which, after the change of variables 7 — s — r, becomes

T T t
W), =20 [ IV 20 [T dr 40 (2)
T—1 T—t1

(3.5.17)
3.5.2 Convergence to the Gaussian field
Proof of Theorem 3.2.6. First, observe that, by Proposition 3.4.2,

n
EE}

(1) the L'(P,. )-norm of the sum of (3.5.8) and (3.5.9) is of order © (tnd/2_2 gd(n)).
Furthemore, by Theorem 3.4.3,

(2) the L'(P,» )-norm of the sum of (3.5.10), (3.5.11) and (3.5.12) is of order

n
SSs

O (tn??72 g4(n)).
Last, but not least, by inequality (3.2.9) and Proposition 3.4.1,

(3) the L'(P,, )-norm of the term X (TH) in (3.5.7) is of order

n
EE}

0, (nd/Q—l 9a(n) e-z@(p)7>_
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From the identity (3.5.7) and from the three observations above made, for any = > 0,
and any H € C>=(T¢)

o (75 n e%(pﬁ) Cifd=1,
By, [|X7(H) = M7 (H)]] = O (252 4 \flogne2*07)  ifd=2  (3.5.18)

@) (Tﬂd/2_2 + pd/2-1 6_24’(”)7) , ifd > 3.

Let us set 7, = logn. Since the process {n;t > 0} starts from the stationary
measure u", X*(H) and X7(H) have the same law, for any H € H,(T?) and any ¢ > 0.
In particular, the fluctuation field has the same law as the limit of X (H) as n — oo,
provided this limit exists. Moreover, by (3.5.18) and since lim,_,, ®(p) = 2, we can find
A* small enough so that

lim E,» [| X2 (H)— M} _(H)|] =0 (3.5.19)

TnsT;
n—00 notn

for any d < 3.

Remark 3.5.1. Notice that we can find \* such that the second parcel in the error of
(3.5.18) converges to zero for any d < 10. The first parcel is what makes us restrict to
d < 4.

By (3.5.19), we are left to show that M7 _ (H) converges to the Gaussian field
stated in Theorem 3.2.6. To do so, let us fix some ¢, > 0 and let us construct the
sequence of martingales {N;".(H);t € [0, %]} which we define by

M?T(H) = M:'l—to—‘,-tT( ) M:} to, T( )

From the definition of A’.(H) and by (3.5.17) we have

By, [ (M2, (H) = N3 ()] = B, [(ME_, ()] = By, [(MO(ED), ]
:2X(P)/ ”VTTHHiQ(’H‘d) dr+20/ ||TTH‘|iQ(Td) dr—i—(’)(%)
to to
T 9 2 T
<2 [ IV H o+ |TH g dr+ 0 (7
to

* T
<2 [ IVTH g + [T H ey e + 0 (7).

to

Thus, from (3.2.9) and the linearity of the equation (3.2.7), we have

By, (M2 () = A2 ()] < 20 (I9H s, + [H1Esnn) [ e 0mar+0 (2)

to

P < 2 2 ) —23(p)to (7')
= — H H P o(-).
o(p) 1A\ ||L2(’]1‘d) + | ||L2(’]I‘d) ¢ + 0
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Therefore,

lim_lim B,y |(M?

T, T
to—00 N—00 nytn

(H) - /\/;’SJH(H))ﬂ ~ 0. (3.5.20)

Now we claim that {N}. (H);t € [0,t,]} converges to a mean-zero Gaussian martin-
gale {N;(H);t € [0,to]} with quadratic variation

to to
(N(H)), = 2x(p) / IV T H |2 ey dr + 20 / T H |7 (7a) dr. (3.5.21)
to—t to—t

Hence, by (3.5.20) we conclude that M7 _ (H) converges, as n — oo, to the limit of
N, (H) as ty — oo, which is a Gaussian random variable with variance

2v(p) / IVTH s ey dr + 2 / T gy -
0 0

Finally, we prove the aforementioned claim. We will use Theorem B.5.1 for the
sequence of martingales {N;", (H);t € [0,%o]} so we need to verify each of its three hy-
potheses. Indeed, from (3.5.17) and the definition of N} (H ), the process {N}", (H);t €
[0,t0]}, has quadratic variation given by

<Nn(H)>t - <Mn(H)>Tn—t0+t,Tn - <Mn(H)>

Tn—1t0,Tn

to to
~20(p) [ IVTH ey ds +20 |
t

o—t to—t

2 Tn
I3 H 2y dr + O ().

which clearly converges to (N(H)), for any ¢ € [0,,]. This proves the third hypothe-
sis of Theorem B.5.1. Furthermore, the explicit form of the quadratic variation of the
martingale directly implies that it has continuous trajectories in time, proving the first
hypothesis of Theorem B.5.1. To see that the second, and last, hypothesis of the the-
orem holds, observe that

N (H) = N (H)| = (M3 (H) = M3 iy 6 (H)]

8,Tn Tn—to+s,T
= | X (T~ H) = X2 (T, oy H)]

being the last equality true due to the fact that the integrals in (3.5.8), (3.5.9), (3.5.10),
(8.5.11) and (3.5.12) are finite. Thus, since T, _,H : T¢ — [0, 1] is continuous,

E#QS sup "/\/:97?7'” (H) - '/\/’snf,fn (H) |]

SE[O,to]
1 . i
= e | s | {@) =) Tt () = 0 (2) = ) Tryios (;)}]
SE0  zemd

SE[O,to}

1 T .
<t | s ot () ot ()|



€Td
1 x
= ——=E,» | sup E ns(x) —ns—(x)) Ty, _sH | — ) 3.5.22
nd/2= |:s€[0,t0] xer( ) @) <n> :| ( )

Now observe that in an infinitesimal time only one update occurs and it changes the
occupations of a configuration in either one vertex (in case of a reaction update) or two
vertices (in case of an exclusion update). In the first case, there exists y € T¢ such that

0s(y) # ns—(y), ns(x) = ns— () for all = # y and

> (e = n @) T ()| = | (0ly) = me-(0) T (2| =

n
z€Td

()]
n

In the second case, there exist y, z € T¢ such that n,(y) = n,_(2) = 1, n,(2) = n,_(y) =
0, ns(z) = n,_(z) forall z € T\ {y, 2} and

> (n(x) = ne—()) Tr, o H (%) - ‘(1 —0) Ty, H (%) +(0—1)T, _H (%)‘

z€TY
() 1 ()]
n

n

is uniformly bounded in n. Therefore,

In any case ‘erw{ (ns(z) = ne—(x)) Tr, o H (£)

by (3.5.22)
lim By, MWMQW%W?Aqua
n—00 h s€[0,t0] ’ ’
Hence, we can apply Theorem B.5.1 and conclude the claim. O
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Chapter 4

Conclusion and future directions

In Chapter 2 we developed a method to study the time that a particle systems takes to
have its law close to equilibrium. We illustrate the strategy with the diagram depicted
in Figure 4.1:

Log-Sobolev
inequality
P \ Y
Correlations Relative En-
N .
estimate tropy estimate

A

Gradient de-
cay of uy — p

—

Fourier Analysis

Y

2 -
[ L*([0, 1])-norm ]—>[ Sharp convergence ]
of u} —p

Figure 4.1: Diagram of tasks to prove sharp convergence to equilibrium of particle
systems with Glauber dynamics.

Heuristic arguments suggest that in a bidimensional version of this model (as the
one depicted in Figure 4.2) the correlations in Proposition 2.5.2 should be of order
O (&), These estimates could be done as in [14] or one could avoid them with the
static replacement stated in Lemma 3.3.4. If one proves that, then, following the recipe
given in the above diagram, one can obtain a sharp convergence result as the one
stated in Theorem 2.1.1.
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Figure 4.2: Exclusion process on the unit square in contact with reservoirs of density p
in all four boundary sides.

The above method can be applied to other models. Due to the non-linearity of the
hydrodynamic equation, it would be a personal challenge to do it for the porous-media
model in contact with reservoirs [3] and we leave it for a future work. Another problem
is to study the non-equilibrium case.

In Chapter 3 we proved a central limit theorem for the fluctuation field of a reaction-
diffusion model that is out of equilibrium depending on a parameter A > 0. More
precisely, the larger A is, further the process is from the equilibrium states. The strategy,
which we illustrate with the diagram depicted in Figure 4.3, works when A is small
enough. An interesting problem would be to understand what happens when X is large.

Log-Sobolev. | Relative En- ——| Hydrostatic Limit
inequality tropy estimate
>< l [ Central Limit
. Boltzmann-
[ Static Replacement —— Gibbs Principle —> Theorem for.the
/ \ | fluctuation field

Figure 4.3: Diagram of tasks to prove hydrostatic limit and stationary fluctuations for
particle systems with Glauber dynamics.
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Appendix A

Some results for sub-Gaussian
random variables

A.1 Comparison of Gaussian densities

Proposition A.1.1. Let X be a standard Gaussian random variable, that is, X ~
N(0,1). Recall the Gauss error function in (2.1.5). For any m > 0 we have

G(m) = %EH@’”X"@Q - 1H = erf(%) :

Proof. Let us recall that the probability density function f,,, of a Gaussian random vari-
able with mean m and variance 1 is defined as
1

—(z—m)?
fm(z) = Nors (emm/2,

Observe that

Therefore, we aim to compute the area between the red curve and the blue curve in
Figure A.1.
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Figure A.1: Red curve representing the probability density function f, and blue curve
representing f,.. The vertical axis represents the line = = m/2 where the two functions
intersect.

Furthermore, since the above figure is symmetric with respect to the axis © = m/2,
the desired area is the double of the area on the left side. Hence, we conclude that

E[ ’emxﬂé 1 } - 2/W2 (fo(@) — flz)) dz = 2erf (%) .

A.2 Lyapounov Central Limit Theorem

Theorem A.2.1 (Lyapounov Central Limit Theorem). Let {{,;z € {1,...,N}} be a se-
quence of independent random variables with mean E[¢,| = m, and variance Varl¢,| =
v,. Define s3, = S v,. If for some § > 0, the Lyapounov’s condition

=1
N
Jm g Dl —maf**] =0
holds, then
1 N
. (& —myg)

converges, in law, to a Standard Gaussian random variable.

Proof. See [2, Theorem 27.3]. O

A.3 Hoeffding’s Lemma

Lemma A.3.1 (Hoeffding’'s Lemma). Letn be a random variable taking values on [0, 1],
with mean m = E[n). Then, for any 0 € R, we have logE [¢’(-™)] < &

Proof. We refer to [17, Lemma 2.6] for a very detailed proof of a more general version
of this result. m

58



Appendix B

Classical results for hydrodynamics
and fluctuations

In this appendix we collect some classical results that are often used to prove scaling
limits of interacting particle systems. We refer the reader to see their proofs where we
believe that it is simpler to follow.

B.1 Carré du champ operator

Proposition B.1.1. Let L be the infinitesimal generator of an irreducible continuous-
time Markov chain with state space ). Let r(n, &) denote the jump rate from state n to
state £. Recall the carré du champ operator, which is defined on functions f : Q — R

by T'f(n) = Lf*(n) = 2f(n)Lf(n). We have

Lfm) =Y r(n.&) (f() — Fm)*.

£eq

Proof.

Tf(m) =Y r(n,&) (f*(€) — () —=2f ) > _r(n.&) (&) — f(n)

P £en

= r(m,8) [F2©) = f2(n) — 2f(n) (f(€) = F(n))]
£eN

= &) (f(&) = fm)*.
£eq)

B.2 Dynkin’s martingales

Lemma B.2.1. Let F : [0,+00) x Q, — R be a bounded function. Assume that F is
smooth in the first coordinate uniformly over the second: for each n € Q,, F(-,n) is
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twice continuously differentiable and there exists a finite constant C' such that

sup (97 F)(s,n)| < C

(s,m)

for each j = 1,2. Above, (0’F) stands for the j-th derivative of F(-,n). Denote by
{Fi;t > 0} the filtration induced by the Markov process {n;;t > 0}: F, = o(ns;s < ).
Thus, the processes

t
My(F) = F(t,m) — F(0,m0) / (0 + £.)F(s,n,)ds,
0
and ,
Ni(F) = (M (F))? - / PP (s, n,)ds
0
are zero-mean F;-martingales.

Proof. We refer to [13, Appendix 1, Lemma 5.1]. O]

B.3 Entropy inequality

Proposition B.3.1 (Entropy inequality). Let B > 0. Let u and v be two probability
measures in a finite space 2,,. Let g be the Radon-Nikodym derivative of the measure
(v with respect to v and let H(u|v) = | glog gdv be the relative entropy of g with respect
fov. Let f : Q,, — R be any function. We have

[ 1t < 5 (1) + 1o [ 51O ian).

Proof. We refer to [12, Proposition F.2]. O

An immediate consequence of the entropy inequality is the following:

Corollary B.3.2. Let A C Q,,. Let u and v be two probability measures in €),,. Let g be
the Radon-Nikodym derivative of the measure . with respect to v and let H(u|v) be the
relative entropy of g with respect to v. We have

log2+ H (p|v)
log (1+1/v(A))

Proof. Take f = 1, and B =log (1 + 1/v (A)) in the previous proposition. O

p(A) <

B.4 Feynman-Kac’s inequality

The following result is a consequence of the Feynman-Kac’s formula:
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Lemma B.4.1. ForanyV :[0,T] x Q, — R and anyt € [0,T],

logE,,, {exp {/t\/s(ns)ds}]
0
< /Ot SI}p{—g (ﬁ up) +/Vfdyp +%/ (szﬂ _ d%/)) fdup} ds,

where the supremum runs over all densities f with respect to v,.

Proof. We refer to [12, Lemma A.2]. O

B.5 Convergence of martingales

Theorem B.5.1. Let {M]';t € [0,T]},en be a sequence of continuous-time martingales
living in the Skorohod space D([0,T],R). Foreachn € N and eacht € |0, T] denote by
(M™), the quadratic variation of M;*. Assume that

1. for any n € N, the quadratic variation process {(M"),;t € [0,T]} has continuous
trajectories almost surely;

2. lim, oo By, [Supgepoqy [ M2 — M2 |] = 0;

3. for each t € [0,T] the sequence of random variables {(M™),},en converges in
probability to a deterministic function (M),.

Thus, the sequence {M]*;t € [0, T]},en converges, in law, in D([0,T];R), as n — oo, to
a zero mean Gaussian process {M;;t € [0,T]} which is a martingale with continuous
trajectories and whose quadratic variation is given by (M),, for any t € [0,T].

Proof. We refer to [10, Theorem VIII, 3.12]. O
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