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Abstract

This thesis consists of two research projects within differential geometry, specifically focusing on
the foundations and applications of Lie groupoids and algebroids.

The first and shorter part of the thesis deals with the structural assumption of invertibility in a
Lie groupoid. When this assumption is dropped, we obtain the notion of a Lie category, which
is a small category, endowed with a compatible differentiable structure. We introduce various
examples of Lie categories, examine their differences and similarities with Lie groupoids, and
research the notions emerging naturally from the lack of invertibility of arrows. As an application,
the framework of statistical thermodynamics is described within this theory.

The aim of the second and principal part of this thesis is to provide a far-reaching generalization
of Yang–Mills theory, extending it from the classical setting of principal bundles to general Lie
groupoids and algebroids. The notion of a principal bundle connection is now replaced with that
of a more general multiplicative Ehresmann connection. In obtaining this generalization, we make
various advances to the theory of such connections, as well as invariant linear connections on
representations. We develop the obstruction classes for their existence, generalize the (horizon-
tal) exterior covariant derivative to the representation-valued Bott–Shulman–Stasheff and Weil
complexes, and inspect their relationship with the van Est map. We research the class of mul-
tiplicative connections with cohomologically trivial curvature, which are central to obtaining the
desired generalization. Applying the variational principle to this framework rests upon our de-
veloped formulae for affine deformations of multiplicative connections. Ultimately, we develop
the extension of Yang–Mills theory to a non-integrable and non-transitive setting: the classical
Yang–Mills equation is upgraded to a gauge-invariant pair of equations, which now describe the
dynamics of gauge fields in both the longitudinal and transversal directions with respect to the
(singular) orbit foliation. As an example, we obtain a Yang–Mills theory for S1-bundle gerbes.

Keywords: Lie categories, multiplicative Ehresmann connections, multiplicative Yang–Mills the-
ory, Lie algebroids, gauge invariance.
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Resumo

Esta tese consiste de dois projetos de pesquisa em geometria diferencial, com foco específico nos
fundamentos e aplicações de grupóides e algebróides de Lie.

A primeira parte da tese trata da suposição estrutural de invertibilidade num grupóide de Lie. Ao
abandonar essa suposição, obtemos a noção de uma categoria de Lie, que é uma categoria pequena
dotada de uma estrutura diferenciável compatível. Introduzimos diversos exemplos de categorias
de Lie, analisamos as suas diferenças e semelhanças com grupóides de Lie, e investigamos as
noções que surgem naturalmente da ausência de invertibilidade das setas. Como aplicação, uma
formulação da termodinâmica estatística é descrita pela nossa teoria.

O objetivo da segunda e principal parte da tese é apresentar uma generalização abrangente da
teoria de Yang–Mills, estendendo-a do contexto clássico de fibrados principais para grupóides e
algebróides de Lie em geral. A noção tradicional de conexão num fibrado principal é substituída
por uma conexão de Ehresmann multiplicativa, mais geral. No desenvolvimento dessa generaliza-
ção, realizamos avanços na teoria dessas conexões, bem como nas conexões lineares invariantes em
representações. Construímos classes de obstrução para a sua existência, generalizamos a derivada
covariante exterior (horizontal) para os complexos de Bott–Shulman–Stasheff e de Weil com val-
ores em representações, e analisamos as suas relações com o mapa de van Est. Estudamos, em
especial, a classe de conexões multiplicativas com curvatura co-homologicamente trivial, que são
centrais para a teoria desejada. A aplicação do princípio variacional nesse contexto baseia-se em
fórmulas que desenvolvemos para deformações afins dessas conexões. A teoria formulada gener-
aliza a teoria de Yang–Mills para um regime não integrável e não transitivo: a equação clássica
de Yang–Mills é reformulada como um par de equações invariantes de gauge, que descrevem a
dinâmica dos campos de gauge tanto na direção longitudinal como na transversal relativamente
à folheação de órbitas (singular). Como exemplo, obtemos uma teoria de Yang–Mills para gerbes
de fibrados do tipo S1.

Palavras-chave: Categorias de Lie, teoria de Yang–Mills multiplicativa, conexões de Ehresmann
multiplicativas, algebróides de Lie, invariância de gauge.
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Introduction

This dissertation consists of two research projects, as already suggested by the title: Fundamentals
of Lie categories and Yang–Mills theory for multiplicative Ehresmann connections. Both projects
belong to the field of differential geometry—more precisely, they both concern the foundations
and applications of the theory of Lie groupoids and algebroids.

Fundamentals of Lie categories. The first and shorter part of this thesis revisits one of the most
basic structural assumptions in the theory of Lie groupoids: invertibility. That is, we study Lie
categories, which are small categories (objects and arrows form sets) endowed with a compatible
smooth structure. The motivation for this work comes from theoretical physics, where the states
of a physical system and the processes between them are often modelled with smooth manifolds,
and physical systems which exhibit irreversible dynamics are ubiquitous. For instance, the second
law of thermodynamics states that for a process between two states in an isolated system to
be feasible, the entropy S of the initial state must not be greater than that of the final state,
that is, ∆S ≥ 0. In turn, the invertible processes of a system are those for which the entropy
remains unchanged. As the motivating picture of thermodynamics perhaps already suggests, one
difference between the theory of Lie categories and Lie groupoids is that in a Lie category, the
space of arrows is allowed to possess a boundary, as the reversible arrows are precisely those with
∆S = 0. This cannot happen for Lie groupoids, provided the space of objects is boundaryless.
We introduce new examples of Lie categories, explore their structural properties, inspect their
differences and similarities with Lie groupoids, and research the notions emerging naturally from
the lack of the invertibility assumption.

Yang–Mills theory for multiplicative Ehresmann connections. The second and principal part of the
thesis is concerned with generalizing Yang–Mills theory—a cornerstone of modern mathematical
physics—from principal bundles to possibly non-integrable and non-transitive Lie algebroids. To
provide a motivation for this, let us first revisit the classical Yang–Mills theory on principal bun-
dles. The central mathematical notion which appears at its foundation is that of the curvature of
a connection on a principal bundle. Roughly speaking, Yang–Mills theory entails an application
of the variational principle to principal bundles. More precisely, the action functional is defined
on the space of all principal bundle connections: it inputs a connection and outputs the L2-norm
of its curvature. Finding critical points of this action functional provides the means of finding
its (local) minima, and morally, minimizing the L2-norm of the curvature may be viewed as the
next best scenario to having a flat connection. To provide more background, we now discuss the
Euler–Lagrange equation for this action (called the Yang–Mills equation), while simultaneously
showing how the theory relates to its origins in physics. Consider the trivial U(1)-bundle on
Minkowski space as the underlying principal bundle; in this case, the Yang–Mills equation corre-
sponds precisely to two of the four Maxwell equations from the theory of electromagnetism, and
the remaining two are captured by the Bianchi identity. They respectively read

d ⋆ F = 0 and dF = 0,

1



Introduction

where ⋆ denotes the Hodge star operator on Minkowski space M , and the curvature F ∈ Ω2(M) is
interpreted as the electromagnetic field strength. The simplicity of these equations has to do with
the fact that the structure Lie group is abelian—more generally, when G is potentially nonabelian
and P →M is any principal G-bundle, these equations similarly have the form

d∇⋆ F = 0 and d∇F = 0,

where the curvature is now identified with the form F ∈ Ω2(M ; ad(P )) with values in the adjoint
vector bundle ad(P ) = (P × g)/G, and ∇ is the induced linear connection on ad(P ). Hence,
classical Yang–Mills theory on principal bundles can be seen as a far-reaching generalization of
the theory of electromagnetism, providing a coordinate-invariant way of writing the differential
equations that govern the dynamics of force carriers in physics (called gauge bosons), on an
arbitrary fixed spacetime.

On the other hand, the theory of principal bundles has a special place in the theory of Lie
groupoids, namely, any principal bundle gives rise to its gauge groupoid G(P ), whose Hom-sets are
defined as G-equivariant maps between the fibres of P →M ; conversely, a given principal bundle
can be completely recovered from its gauge groupoid. Moreover, principal bundle connections can
be viewed as certain connections on G(P ). Specifically, as observed in [48] and [51], there is a
bijective correspondence:{

connections on a
principal bundle P →M

}
←→

{
multiplicative Ehresmann connections

for the anchor map Φ: G(P )→M ×M

}
The anchor map Φ simply takes a G-equivariant map between two fibres of P and outputs the
base points of the two fibres, and a multiplicative Ehresmann connection is a usual Ehresmann
connection E for Φ, namely, a distribution E on G(P ) satisfying T (G(P )) = ker dΦ ⊕ E, with
the additional requirement that E ⊂ T (G(P )) is a subgroupoid of the tangent groupoid of G(P ).
Since the notion of a multiplicative Ehresmann connection makes sense more generally than for
transitive groupoids, the fundamental question of this thesis is: is it possible to construct a Yang–
Mills theory for multiplicative Ehresmann connections?

The main result of this thesis is a positive answer to this question, hence relaxing the tran-
sitivity condition. Furthermore, it is already clear in the work by Atiyah and Bott [5] that the
formulation of Yang–Mills theory is infinitesimal in nature: the formalism does not depend on the
gauge groupoid, but rather on its Lie algebroid—the Atiyah algebroid of the principal bundle. This
insight enables us to further relax the integrability condition, resulting in a generalized framework
that is suitable for general Lie algebroids. The central geometric notion, previously given by prin-
cipal connections, is now replaced with infinitesimal multiplicative Ehresmann connections. The
obtained framework provides a flexible and conceptually clear formulation of Yang–Mills theory,
opens a pathway for new interactions between gauge theory and higher geometry, and makes
advances to the theory of (infinitesimal) multiplicative Ehresmann connections. To temporarily
appease the reader, let us hereby write the obtained Yang–Mills equations, together with the
Bianchi identities. Instead of a pair of equations as in the classical theory, we now have two pairs:

d∇⋆ F = 0, d∇F = G,

d∇⋆ G = 1
µ ⋆ F, d∇G = 0,

where F is a 2-form on the base that models the curvature of a multiplicative connection, G is the
so-called curvature 3-form, and µ ∈ R is a constant. We now take a deeper look at the individual
chapters of the thesis and provide a summary of the main results obtained in each of them.

2
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Chapter 1: Fundamentals of Lie categories

We begin by introducing the notion of a Lie category—roughly speaking, it is a small category,
internal to the category of smooth manifolds. In our treatment, we allow the space of arrows to
possess a boundary, which introduces a few subtleties since the space of composable arrows may
be a manifold with corners. Examples include:

• Lie monoids (with possible boundary) and Lie groupoids (necessarily without boundary).

• The endomorphism category of a vector bundle E → X:

End(E) = {ξ : Ex → Ey | ξ is a linear map between fibres of E}.

• Bundles of Lie monoids, such as the exterior bundle Λ(E) =
⊕

i Λ
i(E), with wedge product

as composition. This is an example of a bundle of associative algebras, i.e., it is a bundle of
Lie monoids that is enriched over the category of vector spaces.

• The action category of an action ϕ : M ×X → X of a Lie monoid M on a manifold X:

M ⋉X = {(g, x) ∈M ×X | (g, x) is a regular point of the action ϕ}.

• The order category C = {(y, x) ∈ R× R | x ≤ y} of R.

• The fat category of a VB-groupoid.

The first natural question about Lie categories concerns invertible arrows. Namely, we ask whether
the invertible arrows G(C) ⊂ C form a Lie groupoid. We obtain the following result, generalizing
and clarifying the result of Charles Ehresmann from his pioneering paper [32].

Theorem 1. If C has a well-behaved boundary, its invertible arrows G(C) ⊂ C form an embedded
Lie subgroupoid. More precisely, if u(X) ⊂ IntC, then G(C) is open in IntC, and if ∂C is a wide
subcategory of C, then G(C) is open in ∂C.

Next, we recognize that the construction of Lie algebroids carries through to any Lie category,
by working with either left-invariant or right-invariant vector fields. Of course, since there is no
inversion, the two algebroids may fail to be isomorphic. However, if the units are contained within
the interior, u(X) ⊂ IntC, then both algebroids agree with the algebroid of G(C). Furthermore,
the absence of inverses leads to a natural generalization of rank from linear algebra: every arrow
g ∈ C has a left and a right rank,

rankL(g) = rank d(Lg)1s(g) and rankR(g) = rank d(Rg)1t(g) .

We inspect several examples and the general properties of this notion of rank. Notably, nice
properties hold for arrows which have maximal left and right rank (regular arrows).

Proposition 2. The subset of regular arrows in any Lie category C is open.

The rank of arrows also dictates certain structural properties of a Lie category. For instance, we
show that if all arrows have full and constant rank, the composition map is submersive (Corollary
1.36). Related to the notion of rank, a Lie category C ⇒ X comes equipped with natural
singular distributions determined by differentials of left and right translations. Focusing on left
translations, D ⊂ TC is defined as

Dg = Imd(Lg)1s(g) ⊂ ker dtg ⊂ TgC.

3
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Proposition 3. In a Lie category without a boundary, the singular distribution D ⊂ TC is
integrable, and its integral manifold through g ∈ C has dimension rankL(g).

We then focus on Lie categories which are extendable to Lie groupoids, that is, those categories C
for which there exists an injective immersive functor C ↪→ G into a Lie groupoid G. The existence
of such an extension affects the ranks and algebroids as follows:

• All arrows in an extendable category C have full and constant rank, and all left and right
translations are injective. In particular, the composition map of C is submersive.

• If the extension is such that dimC = dimG, then both Lie algebroids of C are isomorphic
to the Lie algebroid of G.

• The Hom-sets of C are closed embedded submanifolds. In particular, for any x ∈ X, the set
Hom(x, x) ⊂ C is a Lie monoid.

• If a Lie monoid M is extendable to a Lie group, it is parallelizable. Whether this holds for
arbitrary Lie monoids remains an open question.

Moving further, we generalize completeness results for invariant vector fields on Lie categories.
For instance, it is well-known that on a Lie group, any left-invariant vector field is complete.
The analogous result for Lie monoids is slightly more subtle: since we are allowing a nonempty
boundary, a vector field may be only half-complete, that is, any integral path can be indefinitely
extended in one direction (Theorem 1.55), whereas the empty boundary case is analogous to the
case of Lie groups. On the other hand, on Lie groupoids, it is well known that a left-invariant
vector field αL is complete if and only if the vector field ρ(α) on the base is complete. A similar
result on completeness of left-invariant vector fields is also obtained for Lie categories with well-
behaved boundaries, see Proposition 1.59.

Finally, we interpret classical statistical thermodynamics within the framework of Lie cat-
egories. In statistical physics, one often studies an isolated physical system consisting of an
unknown number of particles, each of which can exist in a superposition of finitely many a priori
given microstates. Mathematically, such a system is described by tuples of probabilities (pi)

n
i=0

which satisfy
∑

i pi = 1. The set of these tuples forms the standard n-simplex ∆n. The transitions
between these configurations are represented as arrows, which are constrained by the second law
of thermodynamics. Specifically, the set of allowable arrows is limited to

D = {(pi)i → (qi)i | S(qi)i − S(pi)i ≥ 0},

where S(pi)i = −
∑

i pi log pi is the entropy of a given configuration. In the differentiable setting,
however, certain adjustments are necessary for the category D ⇒ ∆n, since it is not a Lie category.
The key issue lies in the behavior of the entropy function S : ∆n → R at points of ∆n where
the differential of S becomes problematic. More precisely, these problematic points include the
boundary points of the n-simplex, ∂∆n, where the derivative of S diverges, and the so-called
microcanonical configuration pµ = ( 1

n+1 , . . . ,
1

n+1) ∈ ∆n, where S is critical. One then obtains
a Lie category by restricting to X = Int∆n − pµ. We conclude the discussion by noting that
the elementary framework of statistical thermodynamics, as understood by physicists, implicitly
involves a Lie category in the background.

Chapter 2: Background for the second part

This chapter highlights the necessary background for the remainder of the thesis. We start with
some well-known elementary properties and examples of Lie groupoids and algebroids and their
representations. The chapter continues with a series of the following technical prerequisites.
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• A precise definition of two important cochain complexes appearing in our research: the Bott–
Shulman–Stasheff complex of a Lie groupoid G and the Weil complex of a Lie algebroid A
[3, 16, 20, 25]. These are certain complexes of representation-valued differential forms on
groupoids and algebroids. To be precise, in the case of groupoids, the underlying spaces of
the complex are

Ωq(G(p);V ),

where V is a representation of the groupoid G, and G(p) is the p-th level of the nerve of
G. On the other hand, the Weil complex, denoted W p,q(A;V ), represents its infinitesimal
analogue; it has a rather involved definition, so we postpone it to Chapter 2. The following
two classes of differential forms contained in these complexes are important to our research.

(i) The cocycles at p = 0. These are the so-called invariant forms on M , which are
differential forms “constant” along the leaves of the orbit foliation.

(ii) The cocycles at p = 1. In the global picture, these are multiplicative forms on a
Lie groupoid G, that is, forms compatible with the groupoid multiplication. In the
infinitesimal picture, these are the so-called infinitesimal multiplicative (IM) forms on
an algebroid A, whose defining conditions are highly nontrivial (equations (C.1)–(C.3)).

• Next, we recall the definition of the van Est map from [16], which relates the global and
infinitesimal cochain complexes from the previous item,

VE : Ωq(G(p);V )→W p,q(A;V ),

where A is the Lie algebroid of G. We also recall the van Est theorem from [16], relating
their cohomologies (Theorem 2.22). A simple application thereof is given in Corollary 2.24,
where we recover the bijective correspondence between multiplicative and infinitesimal mul-
tiplicative forms, provided the given groupoid has simply connected s-fibres. We note that
this result was first obtained in [25], by utilizing jets of bisections of a groupoid.

• The remainder of the chapter consists of introducing the notions of VB-groupoids and VB-
algebroids, i.e., groupoids and algebroids in the category of vector bundles [30,36,37]. They
are of vital importance for establishing the horizontal exterior covariant derivative, induced
by an IM connection on a Lie algebroid (this is obtained in Chapter 4). At last, the idea of
proof of the van Est theorem for representation-valued forms is presented.

Chapter 3: Invariant linear connections on representations

The motivation for the research in this chapter is provided by real-valued multiplicative forms on
Lie groupoids, that is, V = RM is the trivial representation. Such forms were first used to study
the global counterparts of Poisson and Dirac structures [13,70]. Their infinitesimal counterparts,
IM forms, received further treatment in [3,10,12,18,50,62]. In the global case, the underlying sets
of the cochain complex are simply Ωq(G(p)). Since we are considering the case V = RM , this is a
double complex, endowed with the simplicial differential δ and de Rham differential d, satisfying
δ2 = 0, d2 = 0 and δd = dδ.

Ωq+1(M) Ωq+1(G) Ωq+1(G(2)) · · ·

Ωq(M) Ωq(G) Ωq(G(2)) · · ·

δ δ δ

d

δ

d

δ

d

δ
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As already mentioned, the 1-cocycles of the simplicial differential correspond precisely to multi-
plicative forms; that d and δ commute thus has an important consequence: the de Rham differ-
ential preserves multiplicativity.

A natural question is whether it is possible to obtain a double complex in the case when V is
an arbitrary representation. Let us suppose that a linear connection ∇ on V is given, and let d∇

denote the exterior covariant derivative on Ωq(G(p);V ) induced by the pullback connection. The
following result establishes the necessary and sufficient condition on ∇ for the exterior covariant
derivative d∇ to commute with δ.

Theorem 4. The map d∇ commutes with δ if and only if ∇ is G-invariant, that is, if there holds:

s∗∇ = t∗∇,

under the identification s∗V ∼= t∗V given by the representation G ↷ V . In particular, if ∇ is
G-invariant, d∇ maps multiplicative forms to multiplicative forms.

This result was already obtained for the level p = 1 in [51, Appendix A]. Importantly, our
method of proof differs from the one in [51] in that we have produced an explicit formula for
the commutator [δ, d∇] for the general level p ≥ 0 (see Lemma 3.3), which is crucial in the next
sections. In the infinitesimal realm, the task of obtaining the appropriate formula for d∇ on the
Weil complex W p,q(A;V ) is more difficult (Definition 3.4). By computing the commutator [δ, d∇]
in the infinitesimal realm (Lemma 3.8), the analogous result as for groupoids follows:

Theorem 5. The map d∇ commutes with δ if and only if ∇ is A-invariant, that is, if there holds

∇Aα = ∇ρ(α) and ιρ(α)R
∇ = 0,

for any α ∈ A. In particular, if ∇ is A-invariant, the operator d∇ maps IM forms to IM forms.

Here, ∇A denotes the given representation A ↷ V . As in the case of groupoids, the A-
invariance condition above has already been briefly studied in [51], and the discussion there was
limited to the level p = 1; again, we stress that our improvements are crucial for our results in
Chapter 4. We see that the condition of A-invariance is very restrictive: it implies the connection
∇ actually induces the representation ∇A on V of the Lie algebroid A. Globally, G-invariance is
restrictive as well: it implies that the action by the flow ϕα

L

λ (1x) of a left-invariant vector field αL

must equal the parallel transport along λ 7→ ϕα
L

λ (1x) with respect to s∗∇.
As opposed to the case of real coefficients V = RM , on a general vector bundle V there is

no canonical choice of ∇, and a flat connection may not exist at all. Of course, for the map d∇

to induce a double complex, we need both δ d∇ = d∇δ and (d∇)2 = 0. As we see from the last
theorem above, invariance of ∇ only implies the curvature R∇ vanishes along the orbits in M ,
allowing it to be nonvanishing in the transversal directions. For this reason, it is natural for us to
instead have in mind the relaxed notion of a curved double complex, by which we mean a bigraded
vector space C = (Cp,q)p,q≥0 equipped with:

(i) A differential δ : Cp,q → Cp+1,q, making (C•,q, δ) into a cochain complex at any q ≥ 0.

(ii) A cochain map C•,q → C•,q+1, called the vertical map.

When the vertical map squares to zero, we recover the usual notion of a double complex. For
instance, in this language, the penultimate theorem above says that a G-invariant connection gives
rise to a curved double complex Ω•(G(•);V ), with the differential δ and the vertical map d∇.

Ωq+1(M ;V ) Ωq+1(G;V ) Ωq+1(G(2);V ) · · ·

Ωq(M ;V ) Ωq(G;V ) Ωq(G(2);V ) · · ·

δ δ δ

d∇

δ

d∇

δ

d∇

δ
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We next inspect how the van Est map relates the two exterior covariant derivatives in the global
and the infinitesimal realm. Preliminarily, we note that G-invariance implies A-invariance; the
converse also holds if we assume G has connected s-fibres.

Theorem 6. If ∇ is G-invariant, the van Est map commutes with exterior covariant derivatives:

VE d∇G = d∇AVE .

Moreover, this equality holds on all normalized forms regardless of G-invariance of the connection
∇, so in particular, it holds for multiplicative forms.

We hereby recall that normalized forms on the nerve of G are those which vanish when pulled
back along any degeneracy map. To conclude Chapter 3, we obtain obstruction classes for the
existence ofG-invariant andA-invariant connections on a given representation V , see Theorem 3.15
and Theorem 3.16. Without going into too much detail, we just note that these are cohomological
classes which live in the (simplicial) cohomology groups

H1,1(G; EndV ) and H1,1(A; EndV ).

Here, the representation on EndV is the induced one by V ; we direct to equalities (2.4) and (2.7)
for the definition of cohomology groups. At last, we show that the van Est map relates these two
obstruction classes (Proposition 3.18).

Chapter 4: Multiplicative Ehresmann connections

We begin the discussion of Chapter 4 by first recalling the definition of a bundle of ideals of a Lie
algebroid—it is a subbundle k ⊂ ker ρ of A satisfying

[Γ(A),Γ(k)] ⊂ Γ(k).

In other words, ad: A↷ ker ρ restricts to a representation of k. Similarly, in the global setting, a
bundle of ideals is defined by the requirement that the differential of conjugation, Ad: G↷ ker ρ,
restricts to a representation on k. The main class of examples comes from surjective submersive
groupoid morphisms Φ: G→ H covering the identity, where one takes k = ker dΦ|M ; such bundles
were first studied in [48, 51, 52]. At the heart of our research is the notion of a multiplicative
Ehresmann connection for a bundle of ideals k ⊂ ker ρ, which can be defined in the following two
equivalent ways:

• As a multiplicative distribution E ⊂ TG which complements the smearing K ⊂ TG of k.

• As a multiplicative 1-form ω ∈ Ω1
m(G; k), which additionally satisfies ω|k = idk.

As known from [51], such a connection on G induces a linear connection∇ on k→M . Importantly,
in Proposition 4.9, we find an easier way of constructing this connection which does not require an
abstract integration of k. Note that ∇ is not an invariant connection (unless k is abelian); instead,
on account of our construction of ∇, we obtain the central theme of the chapter:

Theorem 7. Let G be a Lie groupoid with a multiplicative Ehresmann connection ω ∈ A (G; k).
The horizontal exterior covariant derivative Dω = h∗ d∇ is a cochain map:

δDω = Dωδ.

In particular, Dω maps multiplicative forms to multiplicative forms.

7
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Here, the map h∗ denotes the projection of differential forms onto the horizontal subcomplex,

h∗ : Ωq(G(p); k)→ Ωq(G(p); k)Hor.

The horizontal subcomplex is a certain intrinsic subcomplex (that is, independent of the choice
of a multiplicative connection) of Ωq(G(•); k), introduced in Definition 4.13. In other words, a
multiplicative Ehresmann connection turns forms on the nerve into a curved double complex.
As the name suggests, the horizontal exterior covariant derivative above provides a far-reaching
generalization of the horizontal exterior covariant derivative from the theory of principal bundles.
This result immediately implies that the curvature

Ωω = Dωω

of a multiplicative Ehresmann connection ω is a multiplicative horizontal 2-form on G. Together
with the obtained expression for the connection ∇, this enables us to provide a simpler proof of
the properties of Ωω (Proposition 4.21) established in [51].

Infinitesimally, one aims to find an analogous operator D(C,v) on the Weil complex, now induced
by an infinitesimally multiplicative (IM) connection (C, v) ∈ Ω1

im(A; k) for a bundle of ideals k on
a Lie algebroid, defined as an IM 1-form on A with v|k = idk. In other words, v : A → k is a
splitting of the short exact sequence

0 k A A/k 0.
v

However, in striking contrast with the groupoid case, there is now no straightforward and intuitive
way of defining h∗ for Weil cochains, hence the very definition of the horizontal exterior covariant
derivative is evasive in the infinitesimal setting. The discovery of this operator for Weil cochains
is thus also considered one of the main achievements of the chapter—see Definition 4.31 and
the defining equation (4.38) of D(C,v) for the level p = 1. The operator h∗ on Weil cochains is
obtained by employing the viewpoint of VB-algebroids. Namely, we view an IM connection as
a VB-subalgebroid of the tangent algebroid TA, and identify Weil cochains with special forms
on certain larger VB-algebroid, called exterior cochains (Definition 2.42). This is a somewhat
technical procedure, resulting in the derivation of the wanted horizontal projection h∗, which is
the content of Theorem 4.53.

The procedure above ultimately yields the wanted horizontal exterior covariant derivative in
the infinitesimal setting, whose main property is the following infinitesimal analogue of the last
theorem.

Theorem 8. Let A be a Lie algebroid with an IM connection (C, v) ∈ A (A; k). The horizontal
exterior covariant derivative D(C,v) = h∗ d∇ is a cochain map, that is,

δD(C,v) = D(C,v)δ.

In particular, D(C,v) maps IM forms to IM forms.

As with groupoids, its importance is central to understanding the curvature of an IM connection,

Ω(C,v) = D(C,v)(C, v).

As discussed in §4.3.4, for instance, it enables us to establish its important structural properties,
such as the infinitesimal Bianchi identity :

D(C,v)Ω(C,v) = 0.

8
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It is now natural to ask whether the van Est map commutes with the horizontal exterior covariant
derivatives developed in the global and the infinitesimal realm. As shown in the proof of the
following result, this is false in general, however, we still obtain a positive result at the level of
multiplicative forms.

Theorem 9. The van Est map commutes with the horizontal exterior covariant derivatives at the
level of multiplicative forms, that is, the following diagram commutes.

Ω•
m(G; k) Ω•+1

m (G; k)

Ω•
im(A; k) Ω•+1

im (A; k)

Dω

VE VE

D(C,v)

The conclusion of Chapter 4 consists of constructing obstruction classes for the existence of (in-
finitesimal) multiplicative Ehresmann connections for a given bundle of ideals on a Lie groupoid
or algebroid. Without going into detail, we note they live in the cohomology groups

H2,1(G; k)Hor and H2,1(A; k)Hor,

where the superscript Hor pertains to the fact that the cohomology is that of the horizontal
subcomplexes from Definitions 4.13 and 4.29, respectively. We show that the van Est map relates
the two obstruction classes (Proposition 4.59).

Chapter 5: Foliated and multiplicative Yang–Mills theory

In the last chapter, we present two ways of obtaining the desired generalization of Yang–Mills
theory. We start with some motivation. As already mentioned, the formulation of classical Yang–
Mills theory for a principal G-bundle P → M is infinitesimal in nature—instead of defining the
action functional on the affine space of connections on a principal G-bundle P → M , one can
instead define it on the affine space of splittings of the Atiyah sequence,

0 ad(P ) TP
G TM 0.

Indeed, since G-equivariance is built into this sequence, its splittings are in a bijective correspon-
dence with principal bundle connections. This important viewpoint gives rise to a first idea for
obtaining a generalization of Yang–Mills theory from principal bundles to Lie algebroids: simply
replace the Atiyah algebroid with any regular Lie algebroid and consider the short exact sequence
defined by its anchor. In the integrable case, a splitting of such a sequence is just a smoothly
varying family of principal bundle connections, hence we view this as a foliated Yang–Mills theory.

Foliated Yang–Mills theory

The importance of foliated theory is that it serves as a stepping stone for multiplicative theory.
As motivated above, let us consider the splittings of the short exact sequence

0 ker ρ A TF 0,
ρ

σ

One of the main results regarding such splittings is the following.

9



Introduction

Theorem 10. Let A⇒M be a regular Lie algebroid (with some extra assumptions). A splitting
σ of the short exact sequence above is a critical point of the action functional

σ 7→
∫
M
⟨F σ, F σ⟩k volM

if and only if its curvature F σ is a solution to the foliated Yang–Mills equation,

d∇
σ
⋆F F

σ = 0.

Here, F σ ∈ Ω2(TF ; ker ρ) is the curvature of the splitting, ∇σ denotes the leafwise connection
induced by the splitting σ, and ⋆F is the foliated Hodge star operator, defined leafwise. In the
theorem, we are assuming an ad-invariant metric ⟨·, ·⟩k on the isotropy k = ker ρ can be chosen,
as well as an orientation on M ; we also choose a Riemannian metric on M . However, the foliated
theory requires additional assumptions on the orbit foliation which we postpone until §5.2—we
hereby only note that those assumptions will not be needed in the multiplicative case. Although
limited to describing the dynamics along the orbits of A, this generalization already gives rise to
several interesting examples, discussed in §5.2.4. The following properties hold.

• The foliated Yang–Mills equation is underdetermined—we develop a precise criterion on
when an affinely deformed critical splitting is again critical (Proposition 5.14). The proof
of this statement also enables us to formally compute the tangent space of critical points of
the foliated Yang–Mills action.

• The foliated Yang–Mills theory is gauge invariant, that is, the action functional is invariant
under the pullbacks by inner automorphisms of an integrating Lie groupoid of A (Theorem
5.17). This can also be made sense of infinitesimally, yielding infinitesimal gauge invariance.

Multiplicative Yang–Mills theory

Equipped with the knowledge of the behavior of foliated Yang–Mills theory, we begin developing
the multiplicative Yang–Mills theory in §5.3. As with the foliated case, a crucial part of obtaining
such a theory will be in varying the action functional, so we begin there. Namely, we begin by
inspecting how the curvature of a multiplicative Ehresmann connection changes under an affine
deformation

ω → ω + λα

for any λ ∈ R and α ∈ Ω1
m(G; k)

Hor. The relevant result is the following.

Theorem 11. On a Lie groupoid G, the curvature of a multiplicative Ehresmann connection
changes with an affine deformation as

Ωω+λα = Ωω + λDωα+ λ2c2(α),

where the second-order coefficient is homogeneous of degree two and independent of ω.

We see that the horizontal exterior covariant derivative plays an important role in the first-
order coefficient of the above expansion. Furthermore, the infinitesimal analogue of this result is
made possible by the discovery of D(C,v). More precisely, we can now inspect how the curvature
of an IM connection (C, v) changes under an affine deformation

(C, v)→ (C, v) + λ(L, l)

where λ ∈ R and (L, l) ∈ Ω1
im(A, k)

Hor is any horizontal IM form. We similarly obtain:

10
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Theorem 12. On a Lie algebroid A, the curvature of an IM connection changes with an affine
deformation as

Ω(C,v)+λ(L,l) = Ω(C,v) + λD(C,v)(L, l) + λ2c2(L, l),

where the second-order coefficient is homogeneous of degree two and independent of (C, v).

Since our aim is to formulate the multiplicative Yang–Mills theory without integrability assump-
tions on A (just as in the foliated case), we henceforth focus on the infinitesimal multiplicative
connections.

What follows next is a crucial insight for the process of formulating the desired multiplicative
Yang–Mills theory: that the class of IM connections, on which we plan to define an action func-
tional, should be restricted to a certain well-behaved class of IM connections, namely, those with
cohomologically trivial curvature. Such IM connections are called primitive. More precisely, these
are IM connections (C, v) whose curvature can be expressed as

Ω(C,v) = δ0F,

for some form F ∈ Ω2(M ; k), called the curving of (C, v). In other words, the curvature IM form
is modelled by a form on the base. Due to the importance of this class of IM connections for our
theory, we research them thoroughly in §5.3.2. We gather only a few of the basic results here,
needed for this introduction:

(i) In general, the curving of an IM connection is not unique—it is only unique up to an invariant
2-form β ∈ Ω2

inv(M ; k) = ker δ0. Such forms must necessarily be transversal, that is, ιXβ = 0
whenever X ∈ TF , and centre-valued, so β ∈ Γ(Λ2(TF)◦ ⊗ z(k)).

(ii) The Bianchi identity for Ω(C,v) translates to two identities which are satisfied by the so-called
curvature 3-form G := d∇F , namely, d∇G = 0 and δ0G = 0 (G is an invariant 3-form).

(iii) A primitive IM connection (C, v) with curving F may be deformed by a cohomologically
trivial 1-form λδ0γ, where γ ∈ Ω1(M ; k) and λ ∈ R, and the deformed IM connection
(C, v) + λδ0γ will again be primitive, with curving

F λγ = F + λ d∇γ − λ2

2
[γ, γ].

(iv) On a transitive algebroid, every IM connection is primitive with vanishing 3-curvature. The
same is true if the typical fibre of k is semisimple (Proposition 5.43).

The theory we have developed comes together in the next theorem, which forms the central
result of the thesis. Preliminarily, we define the multiplicative Yang–Mills action functional as

S : D(A; k)→ R, S ((C, v), F ) =
∫
M
⟨F, F ⟩k + µ

∫
M
⟨G,G⟩k ,

where µ ∈ R is the structure constant of the theory which can be chosen arbitrarily, and the
domain of the action consists of IM connections and their curvings, that is,

D(A; k) = {((C, v), F ) | δ0F = Ω(C,v)}.

The second term in the action functional, involving the 3-curvature, will stand out as a source
of novel phenomena in the theory. As in the foliated case, the definition of the action functional
assumes an ad-invariant metric ⟨·, ·⟩k on k can be chosen, together with a Riemannian metric and
an orientation on M .

11
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When defining the critical points of the multiplicative Yang–Mills action functional, we run into
the following subtlety: there are two natural decompositions of D(A; k) into affine spaces (see
Remark 5.51), giving rise to two distinct notions of criticality of a triple ((C, v), F ):

• Longitudinal criticality : d
dλ

∣∣
λ=0

S ((C, v) + λδ0γ, F λγ) = 0, for all γ ∈ Ω1(M ; k).

• Transversal criticality : d
dλ

∣∣
λ=0

S ((C, v), F + λβ) = 0, for all β ∈ Ω2
inv(M ; k).

Note that these two notions are related precisely to the points (iii) and (i) above, respectively.
Importantly, these are precisely the directions in which we vary our action.

Theorem 13. Let k be a bundle of ideals on a Lie algebroid A⇒M and let (C, v) be a primitive
IM connection with a curving F . Assuming the induced linear connection ∇ is compatible with
the metric ⟨·, ·⟩k, we have the following equivalences.

((C, v), F ) is longitudinally critical ⇐⇒ d∇⋆ F = 0,

((C, v), F ) is transversally critical and adapted ⇐⇒ d∇⋆ G = 1
µ ⋆ F.

The notion of adaptedness appearing in the theorem is rather strong. For instance, in the case
µ = −1, the condition reads

δ0(δ∇G) = Ω(C,v).

In the transitive case, we see that since G = 0, this condition is actually equivalent to flatness
of the given connection, F = 0. In fact, it is our view that one should carefully consider which
notions of criticality to employ in a given context:

(i) Low codimension or trivial centre: codimF ≤ 2 or z(k) = 0. In this case, only longitudinal
criticality is of substance, and one focuses only on solving the first Yang–Mills equation.

(ii) High codimension and non-trivial centre: codimF ≥ 3 and z(k) ̸= 0. In this case, both
notions of criticality should be considered, and one focuses on solving both equations. In the
abelian case, z(k) = k, the second equation implies the first.

Gathering both Yang–Mills equations together with the Bianchi identities and the defining equal-
ities for F and G, we find the theory has a certain intricate symmetry:

δ∇F = 0, d∇F = G, δ0F = Ω(C,v),

δ∇G = − 1
µF, d∇G = 0, δ0G = 0,

The obtained theory has the following notable features.

• Multiplicative Yang–Mills theory should be viewed as a constrained variational problem, the
constraint being that upon varying a given triple ((C, v), F ), the cohomological class

[(C, v)] ∈ H1,1(A; k),

is kept constant. Within this interpretation, the two notions of criticality are merged, and
the notion of adaptedness is viewed as an additional constraint. This interpretation is
established in §5.3.4; as a consequence, we obtain the formal tangent space to the space of
solutions of the Yang–Mills equations (Proposition 5.58).

• Combining the two Yang–Mills equations yields

∆F = (d∇δ∇ + δ∇ d∇)F = − 1
µF,

that is, the curving F must be an eigenvector of the Laplacian defined by the connection
∇, with eigenvalue − 1

µ . This is in contrast with the classical theory on principal bundles,
where satisfying the Yang–Mills equation amounts to harmonicity of F , that is, ∆F = 0.

12
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• As already mentioned, in the transitive case, the 3-curvature automatically vanishes, so
only the first term ⟨⟨F, F ⟩⟩k of the action functional survives. In this case, only longitudinal
criticality is considered, and it recovers the classical Yang–Mills theory.

• If working with a pseudo-Riemannian manifold M , the Yang–Mills equations allow for self-
dual and anti self-dual solutions. Namely, if M is 5-dimensional, and taking for instance
µ = 1, the (anti) self-dual solutions read

G = ± ⋆ F, F = ±(−1)s ⋆ G,

where s denotes the index of the pseudo-Riemannian manifold M , i.e., the number of nega-
tive components in its signature. Note that this just defines a class of solutions—establishing
the criteria for their existence is beyond the scope of this thesis.

• Just as with the foliated Yang–Mills theory, the multiplicative Yang–Mills action functional
is gauge invariant, that is, it is invariant under the pullbacks by inner automorphisms of
an integrating Lie groupoid of the algebroid A (Theorem 5.61). As in the foliated case,
this phenomenon can also be made sense of infinitesimally, by working with flows of inner
derivations instead of inner automorphisms of an integrating groupoid, yielding infinitesimal
gauge invariance.

At last, we discuss an important example of the developed framework in §5.3.6: S1-bundle gerbes.
The example is done in the setting of Lie groupoids rather than that of Lie algebroids, and it
reveals that it is sometimes preferential to work in the global instead of the infinitesimal setting,
the underlying reason being that S1 is not simply connected (and compact). In turn, this motivates
a formulation of multiplicative Yang–Mills theory for multiplicative Ehresmann connections on Lie
groupoids in §5.3.7—its relationship with the developed theory on Lie algebroids is also obtained
in Proposition 5.63. We conclude the thesis with a relaxed discussion on the relationship of the
obtained framework with other existent generalizations of the classical Yang–Mills theory.
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Chapter 1

Fundamentals of Lie categories

The contents of this chapter, presenting the framework of Lie categories, were published in [39].

1.1 Introduction

Since its conception, category theory has proven to provide a unified framework for the language of
mathematics, by making use of the observation that objects and morphisms thereof arise regardless
of the mathematical field one considers. This paradigm has also been adopted by physicists (see
e.g., [43]), namely that one can interpret physical states (contained in a certain phase space)
as objects, and physical processes as morphisms between them, thus forming a category which
corresponds to the physical system at hand. In order to provide such a realization of a given
physical system, the corresponding category should ideally have the capacity to straightforwardly
describe the phenomena which pertain to the given physical system, and also capture the means
for describing and calculating relevant physical quantities. For a physicist, the latter is generally
done using the basic tools of calculus, in terms of a preferred set of coordinates.

There is a natural way of obtaining such a unified framework for describing physical processes,
by intertwining category theory with the theory of smooth manifolds. That is, we require the set
of objects (states) and the set of morphisms (processes) of an abstract category to be a pair of
smooth manifolds, and that the composition law (f, g) 7→ fg is a smooth map (concatenation of
two processes); the mathematical structure obtained is that of a category internal to the category
Diff of smooth manifolds. Historically, this kind of mathematical structure, which we will define in
more precise terms as a Lie category, was first introduced and briefly studied by Charles Ehresmann
in his seminal paper [32]; in the same paper, Ehresmann further focused on the notion of a Lie
groupoid, which additionally imposes that all morphisms are invertible. This latter notion has
nowadays been thoroughly researched and continues to have a status of an active field of research,
whereas the same cannot be said for Lie categories; apart from the work of Ehresmann, to the
best of our knowledge, this is their first systematic treatment. The main reason behind the fact
that Lie categories have gained negligible attention compared to Lie groupoids lies in the fact
that the assumption on morphisms being invertible implies that all left and right translations
are diffeomorphisms, which accounts for certain preferable properties of the structure of a Lie
groupoid, that will also be highlighted in our work.

Our motivation for studying Lie categories, and not merely groupoids, stems from the physical
interpretation that invertible morphisms correspond to reversible processes, and in physics not all
processes in a given system are reversible; this is well known from the theory of thermodynamics,
where reversible processes are precisely those where the change of entropy when transiting between
two states is zero; we will describe this in more precise terms in §1.8. Another, perhaps more
notorious example, is given by irreversibility of wave-function collapse in quantum theory.

15



Chapter 1

As we will see, it will turn out to be desirable to allow the space of morphisms of a Lie category
to possess a boundary—we will encounter both, mathematical and physical examples where the
boundary of the space of morphisms will play a distinguished role. To temporarily appease
and motivate the reader to this regard, let us briefly note that Lie monoids are examples of Lie
categories with the set of objects a singleton, and that the monoid [0,∞), either for multiplication
or addition, provides a first example of a Lie category with boundary. This simple example
already shows certain intriguing qualities: for instance, considering [0,∞) for multiplication, all
its invertible elements are contained in its interior, and considering [0,∞) for addition, its only
invertible element is in its boundary. This phenomenon, as may be expected, is one of the features
of Lie categories, namely that the units dictate the behavior of invertibles.

Overall, we aim to convince the reader that the interplay of geometrical and categorical struc-
tures alone (without the invertibility assumption) provides new exciting questions which were so
far overlooked within the scope of Lie theory. Let us summarize our main objectives.

(i) To demonstrate that Lie categories allow for an abundance of interesting examples which
have so far been missed in the theory of Lie groupoids.

(ii) To expose some ideas and constructions which carry through to Lie categories from the
theory of Lie groupoids, e.g., the Lie algebroid construction, and to detect which results
actually depend on the existence of inverses.

(iii) To inspect the relation between Lie groupoids and Lie categories, and show that novel notions
can be obtained when invertibility is dropped.

(iv) Last, but not least, to provide a heuristic algorithm for constructing Lie categories that
describe physical systems, and to reveal that the mathematical structure implicitly present
in the foundations of statistical thermodynamics is that of a Lie category.

Notation

All our categories are small, i.e., the classes of objects and morphisms are sets. We will denote a
category by C ⇒ X, where C is the set of morphisms, X is the set of objects, and the two arrows
indicate the source map s : C → X and target map t : C → X, which are defined by

s(x
g−→ y) = x, t(x

g−→ y) = y,

for any morphism g : x→ y in C. Alongside these two maps, a category C comes equipped with
the composition map

m : C(2) → C, (g, h) 7→ gh,

where C(2) = {(g, h) ∈ C × C | s(g) = t(h)} is the set of all pairs of composable morphisms.
Moreover, C comes equipped with the unit map

u : X → C, x 7→ 1x.

We also define
Cx = s−1(x), Cy = t−1(y), Cyx = Cx ∩ Cy,

and call Cx the source fibre at x, and Cy the target fibre at y. Note that any morphism g ∈ C
determines the maps

Lg : C
s(g) → Ct(g), Lg(h) = gh,

Rg : Ct(g) → Cs(g), Rg(h) = hg,
(1.1)

called the left translation and right translation by g, which are just the pre-composition and
post-composition by g.
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1.2 Basic definitions and examples

Definition 1.1. A Lie category is a small category C ⇒ X, where C is a smooth manifold with
or without boundary, the base space X is a smooth manifold without boundary, and there holds:

(i) The source and target maps s, t : C → X are smooth submersions.

(ii) The unit map u : X → C and the composition map m : C(2) → C are smooth.

If C has a boundary, we also assume that C ⇒ X has a regular boundary, that is:

(iii) The restrictions ∂s, ∂t : ∂C → X of s and t are smooth submersions.

Remark 1.2. Given any x ∈ X, assumptions (i) and (iii) ensure that Cx and Cx are neat subman-
ifolds of C (see [41, p. 60] or [58, Proposition 4.2.9]), that is:

∂(Cx) = Cx ∩ ∂C and ∂(Cx) = Cx ∩ ∂C. (1.2)

Moreover, assumptions (i) and (iii) ensure that the set

C(2) = (s× t)−1(∆X)

of composable morphisms is a neat submanifold of C × C, that is:

∂(C(2)) = C(2) ∩ ∂(C × C) = C(2) ∩ (C × ∂C ∪ ∂C × C), (1.3)

by transversality theorem, see Corollary 1.69. This corollary also ensures that if C has a boundary,
the corner points of C(2) are precisely the composable pairs in ∂C × ∂C; moreover, the tangent
space of C(2) at a composable pair (g, h) equals

T(g,h)C
(2) = {(v, w) ∈ TgC ⊕ ThC | ds(v) = dt(w)}. (1.4)

Smoothness of C(2) implies that the requirement of smoothness of the composition mapm : C(2) →
C makes sense, and furthermore that left and right translations Lg, Rg are smooth maps between
appropriate fibres, as defined by equations (1.1); we thus obtain a covariant functor C → Diff ,
given on objects as x 7→ Cx and on morphisms as g 7→ Lg, and a contravariant one given by
x 7→ Cx, g 7→ Rg.

Remark 1.3. The unit map u : X → C of a Lie category C ⇒ X is an embedding, which is a
consequence of the fact that it is a smooth section of the source (and target) map, hence an
injective immersion which is a homeomorphism onto its image, whose continuous inverse is given
by s|u(X).

Definition 1.4. A morphism of Lie categories is a smooth functor F : C → D. A Lie category
C is said to be a Lie subcategory of D, if there is an injective immersive morphism F : C → D of
Lie categories.

By the remark before the definition, any morphism of Lie categories induces a smooth map
between the respective object manifolds of C and D. We now turn to examples of Lie categories.

Example 1.5. In the case when the object space X is a singleton, a Lie category C ⇒ {∗} will
be called a Lie monoid. Simply put, a Lie monoid is a monoid M together with a structure of
a smooth manifold with or without boundary, such that the multiplication m : M ×M → M is
smooth.
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Concrete examples of Lie monoids frequently arise as embedded submonoids of Lie groups.
For instance, we may consider the closed ray [0,∞) ⊂ R for addition, or more generally, the
n-dimensional half-space Hn = Rn−1 × [0,∞) ⊂ Rn, where n ∈ N, which is a commutative Lie
monoid for the usual addition. On the other hand, the closed ray [0,∞) for multiplication is not1

a submonoid of any Lie group. Further examples of Lie monoids that do not arise as submonoids
of Lie groups are:

(i) The set Rn×n of square n-dimensional matrices is a Lie monoid for matrix multiplication;
more generally, we may consider the Lie monoid End(V ) of endomorphisms of a finite di-
mensional vector space V , under composition. Even more generally, any finite-dimensional
unital algebra is a Lie monoid that is enriched over the category Vect of vector spaces, since
the multiplication map is bilinear. In particular, this includes the real line, the complex
plane, and quaternions for multiplication.

(ii) The closed unit disk D ⊂ C, an abelian Lie monoid for complex multiplication, and the
closed unit 4-ball B̄4, a non-abelian Lie monoid for quaternionic multiplication.

The following example generalizes the similar notion of triviality from the theory of Lie
groupoids.

Example 1.6. Let X be a smooth manifold without boundary and M a Lie monoid. A trivial Lie
category is defined by C = X ×M ×X and X = X, with s = pr3, t = pr1 and composition as

(z, g, y)(y, h, x) = (z, gh, x).

That composition is smooth follows from the smoothness of multiplication in M . In the case when
M = {e} is a trivial monoid, we obtain the well-known pair groupoid.

The next example reveals the spirit of the notion of a Lie category—that is, it can be thought of
as a smooth family of endomorphisms of an abstract structure, parametrized by the base manifold
X. This is aligned with the philosophy that a Lie groupoid can be thought of as a smooth
collection of automorphisms (symmetries) of a structure parametrized by X.

Example 1.7. Let π : V → X be a vector bundle over a smooth manifold X without boundary,
whose typical fibre is a fixed vector space W . The endomorphism category of V → X is the
category End(V ) ⇒ X, where the set of morphisms is defined as the set

End(V ) = {ξ : Vx → Vy | ξ is linear, x, y ∈ X}

of linear homomorphisms between the fibres of V → X, and the structure maps s, t,m, u are
defined in the obvious way. To show that End(V ) admits a structure of a Lie category without
boundary, we must define a smooth structure on End(V ); it is induced by local trivializations on
V in the following way. Denote by

{Ui ×W
ψi−→ π−1(Ui) | i ∈ I}

an atlas of local trivializations of V over an open cover (Ui)i∈I of X, and denote by τij : Ui∩Uj →
GL(W ) the respective transition maps, i.e., ψ−1

i ψj(x,w) = (x, τij(x)w). For any two indices
i, j ∈ I, we define the map

Ψj
i : Uj × End(V )× Ui → End(V )

Uj

Ui
= s−1(Ui) ∩ t−1(Uj)

Ψj
i (y,A, x)(v|x) = ψj(y,AprWψ

−1
i (v|x)),

1This is easily seen since it has a non-cancellative (absorbing) element.
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whose inverse is
(Ψj

i )
−1(ξ : Vx → Vy) = (y, w 7→ prWψ

−1
j ξψi(x,w), x).

The smoothness of transition maps in this atlas is easily checked by computing

(Ψl
k)

−1Ψj
i (y,A, x) = (y, τjl(y)

−1Aτik(x), x),

where x ∈ Ui ∩Uk and y ∈ Uj ∩Ul. From the local charts, it is clear that s and t are submersions,
and the smoothness of composition map m follows from smoothness of multiplication in End(W );
finally, this composition is bilinear when restricted to End(V )zy×End(V )yx ⊂ End(V )(2), so End(V )
is moreover enriched over the category Vect of vector spaces.

Example 1.8 (Bundles of Lie monoids). A Lie category with coinciding source and target map
s = t =: p is called a bundle of Lie monoids. In this case, two morphisms are composable if, and
only if, they are in the same fibre of p.

A concrete example of such a Lie category is the endomorphism bundle V ⊗V ∗ → X of a vector
bundle V → X, with the composition given on simple tensors as (v2⊗φ2)(v1⊗φ1) = φ2(v1)φ1⊗v2,
and extended by bilinearity; this can easily be identified with the composition of linear maps
Vx → Vx, so V ⊗ V ∗ ⊂ End(V ) is a subcategory of End(V ). Using Lemma 1.12, it is not hard to
see that it is actually an embedded Lie subcategory of End(V ). Another concrete example of a
bundle of Lie monoids is the exterior bundle,

Λ(V ) =
rankV⊕
k=0

Λk(V ),

of an F-vector bundle V → X, i.e., Λ(V ) consists of all multivectors in V , and composition of
α ∈ Λk(Vx) and β ∈ Λl(Vx) is given as α ∧ β. The units are given by 1x = 1 ∈ F = Λ0(Vx), for
any x ∈ X. Again, the given composition map is smooth, which follows easily from bilinearity of
wedge product. Moreover, Λ(V ) is again enriched over Vect. In general, bundles of Lie monoids
enriched over Vect would rightfully be called smooth bundles of unital associative algebras.

Example 1.9 (Action categories). An action of a Lie monoid M on a smooth manifold X is a
smooth map ϕ : M ×X → X, denoted by ϕ(g, x) = gx, which satisfies ex = x and g(hx) = (gh)x,
for any x ∈ X and g, h ∈M . We observe that contrary to the case of Lie group actions, the map
ϕ may not be submersive since the action is no longer by automorphisms of X, thus the target
map in the naïve generalization of the action groupoid would not be a submersion.

To remedy this, we construct the action category of a given Lie monoid action ϕ : M×X → X
as follows. Denote by

M ⋉X = {(g, x) ∈M ×X | ϕ is a submersion at (g, x)}

the set of regular points of the action ϕ.2 Defining the structure maps as usual, i.e., s(g, x) = x,
t(g, x) = gx, the units as u(x) = (e, x), and the composition as

(g, hx)(h, x) = (gh, x),

we obtain a Lie category M ⋉X ⇒ X. Indeed, since M ⋉X ⊂M ×X is an open subset, we only
need to check that if ϕ is a submersion at the points (h, x) and (g, hx), it is also a submersion at
(gh, x). To that end, we first notice that we may write the condition g(hx) = (gh)x as an equality
of maps M ×M ×X → X,

ϕ ◦ (pr1, ϕ ◦ (pr2,pr3)) = ϕ ◦ (m ◦ (pr1,pr2), pr3),
2Intuitively, the action category accounts only for the non-critical dynamics pertaining to the given action.
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where m : M ×M → M denotes the multiplication in the Lie monoid M . Differentiating this
equality at (g, h, x), we obtain

dϕ(g,hx) ◦ (pr1, dϕ(g,x) ◦ (pr2, pr3)) = dϕ(gh,x) ◦ (dm(g,h) ◦ (pr1,pr2), pr3).

By assumption, the left-hand side is surjective, thus the same holds for the first map on the
right-hand side. Hence, M ⋉X ⇒ X is a category and thus a Lie category.

Example 1.10. A simple, yet important example of a Lie category is the order category of R, which
is defined as the wide subcategory of the pair groupoid G = R× R ⇒ R, given by

C = {(y, x) ∈ R× R | x ≤ y}.

The space of morphisms is thus the half-space below the diagonal in R2, and the source and target
maps are the projections to the vertical and the horizontal axis, respectively, implying that the
boundary of C is regular. Moreover, since the inversion in the pair groupoid G is given by the
reflection over the diagonal, the units in C are precisely the elements of the diagonal, and these
are the only invertibles.

(y, x)

(z, y)

(z, y)(y, x)

Cy

Cy

Figure 1.5: The order category of R.

Although simple, this example has an important property: C can be seen as the preimage of the
set [0,∞) under the functor

f : R× R→ (R,+), f(y, x) = y − x.

The following example is a generalization of this; we will make use of it when considering appli-
cations to statistical thermodynamics in §1.8.

Example 1.11. Suppose a Lie category D ⇒ X without boundary is given, together with a smooth
functor f : D → (R,+) such that:

(i) 0 ∈ R is a regular value of f ,

(ii) s|f−1(0) and t|f−1(0) are submersions.

Then the preimage C = f−1
(
[0,∞)

)
is a Lie category. Indeed, since 0 is a regular value of f , C is

a smooth embedded submanifold in D with boundary ∂C = f−1(0), see e.g., [41, p. 62]. Moreover,
since f−1

(
(0,∞)

)
= IntC is open in D, the restrictions s|C , t|C of the source and target maps

to C are submersions. Functoriality of f implies that C is a wide subcategory of D with all
invertibles contained within ∂C, and moreover it also implies that ∂C is a wide subcategory of
C. The assumption (ii) enables us to use Lemma 1.12 below to conclude that C is an embedded
Lie subcategory of D.
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Lemma 1.12. Let C be a wide subcategory of a Lie category D ⇒ X. Suppose C is also an
embedded submanifold of D, such that s|C , t|C are submersions and either of the following holds:

(i) C has no boundary.

(ii) C has a boundary, and s|∂C , t|∂C are submersions.

Then C is an embedded Lie subcategory of D.

Proof. The only thing needed to be proven is that the restriction m|C(2) : C(2) → C of the compo-
sition map m : D(2) → D, is smooth. To that end, it is enough to check that C(2) is a submanifold
of D(2); notice that C(2) = D(2) ∩ (C × C), so we will make use of the transversality theorem.

Suppose first that C and D have no boundary, so that by the usual transversality theorem it
is enough to check D(2) and C × C are transversal in D ×D, i.e.,

T(g,h)D
(2) + TgC ⊕ ThC = TgD ⊕ ThD, for all (g, h) ∈ C(2).

To show this equality, let (v, w) ∈ TgD⊕ThD. Since s|C is a submersion, there is a vector v′ ∈ TgC
with dsg(v

′) = dth(w). Define v′′ = v − v′, and now since t|C is a submersion, there is a vector
w′ ∈ ThC such that

dth(w
′) = dth(w)− dsg(v

′′).

Now define w′′ = w − w′. Clearly, (v′, w′) ∈ TgC ⊕ ThC, and on the other hand, the definition of
w′ and w′′ imply

dsg(v
′′) = dth(w)− dth(w

′) = dth(w
′′),

so that (v′′, w′′) ∈ T(g,h)D
(2), which concludes our proof for the boundaryless case. If D has a

boundary, then the above proof together with Proposition 1.70 used on the inclusion

C × C ι
↪−→ D ×D,

ensures that ι ⋔ D(2), and since D(2) ⊂ D ×D is a neat submanifold, C(2) ⊂ C × C ⊂ D ×D is
a submanifold by Proposition 1.66. Hence, C(2) is a submanifold of D(2).

If C has a boundary, then the assumption (ii) ensures that all the strata

IntC × IntC, (IntC × ∂C) ∪ (∂C × IntC), ∂C × ∂C

of C × C are transversal to D(2) by a similar proof as above, so by Proposition 1.70 we again
conclude ι ⋔ D(2). ■

Remark 1.13. In particular, an embedded submonoid of a Lie monoid is its embedded Lie sub-
monoid, however, a direct proof of this is much easier.

Example 1.14. Later, we will encounter yet another Lie category (without boundary)—the fat
category associated to a VB-groupoid, see Remark 2.29.

1.3 Invertibility of morphisms

Invertible morphisms form an important subclass of morphisms in any category C—recall that
g ∈ C is said to be invertible, if there is a unique morphism g−1 ∈ C such that g−1g = 1s(g) and
gg−1 = 1t(g). We observe that the set

G(C) = {g ∈ C | g is invertible}

is a groupoid over the same base as C. We call G(C) the core of C, the study of which begins
with the following simple observation.
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Proposition 1.15. For any morphism g in a category C, the following are equivalent.

(i) g is invertible.

(ii) Left and right translations by g are bijections.

(iii) Left and right translations by g are surjections.

(iv) g has a left and a right inverse, i.e., there exist g′ ∈ Cs(g), g′′ ∈ Ct(g) with gg′ = 1t(g) and
g′′g = 1s(g).

Proof. Implications (i) ⇒ (ii) ⇒ (iii) are clear, and (iii) ⇒ (iv) follows by observing that (iv)
means 1t(g) ∈ Im(Lg), 1s(g) ∈ Im(Rg). Lastly, implication (iv) ⇒ (i) follows from elementary
abstract algebra: g′′ = g′′1t(g) = g′′gg′ = 1s(g)g

′ = g′. ■

Remark 1.16. Note that injectivity of left and right translations corresponds to cancellative prop-
erties. For example, injectivity of Lg is equivalent to stating that for any two h, k ∈ Cs(g), gh = gk
implies h = k.

The regular boundary assumption on a Lie category C has the important consequence that
the units dictate where invertible elements can be:

Lemma 1.17. Let C be a Lie category. For any invertible morphism g ∈ G(C), the morphisms
g, g−1, 1s(g), 1t(g) must either all be contained in the interior IntC, or in the boundary ∂C.

Proof. If C has no boundary then the lemma holds trivially, so suppose ∂C ̸= ∅. Invertibility of
g means Lg : Cs(g) → Ct(g) is a diffeomorphism, which maps 1s(g) 7→ g, so we must have either
1s(g) ∈ ∂(Cs(g)) and g ∈ ∂(Ct(g)), or 1s(g) ∈ Int(Cs(g)) and g ∈ Int(Ct(g)). Regularity of boundary
implies ∂(Cx) = Cx ∩ ∂C for any x ∈ X, so we must have either 1s(g) ∈ ∂C and g ∈ ∂C, or
1s(g) ∈ IntC and g ∈ IntC. A similar result is obtained for 1t(g) and g using the right translation
Rg, and similarly for g−1 and the units using Lg−1 , Rg−1 since s(g−1) = t(g). ■

The last lemma implies that any Lie groupoid (a Lie category with all morphisms invertible)
must have an empty boundary, provided the base manifold is boundaryless. We also obtain the
following two immediate corollaries.

Corollary 1.18. For any Lie category C ⇒ X, there holds:

u(X) ⊂ IntC implies G(C) ⊂ IntC, (1.6)
u(X) ⊂ ∂C implies G(C) ⊂ ∂C. (1.7)

Corollary 1.19. The invertible elements of any Lie monoid are either contained in its interior,
or in its boundary.

An impending question is whether the core G(C) of C is a Lie groupoid. Without additional
assumptions this is false, as shown by the following counterexample.

Example 1.20. A simple example of a Lie category C with a regular boundary, whose core G(C)
is not a manifold, is the disjoint union of the order category on R and the pair groupoid on R.
More concretely, we define

C = (−∞, 0)2 ∪ {(y, x) ∈ (0,∞)2 | x ≤ y},
X = R \ {0},

with the categorical structure inherited by the pair groupoid structure on R. In this case,

G(C) = (−∞, 0)2 ∪ {(x, x) | x > 0},
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which has two components of different dimensions. We have depicted this in Figure 1.8, with
invertible elements of C in red, and non-invertible in blue; the units in IntC are depicted with a
dashed line.

y

x

Figure 1.8: The disjoint union of the order category with the pair groupoid.

The culprit in the example above is that the units were allowed to be both in the interior and in
the boundary.

Definition 1.21. A Lie category C ⇒ X is said to have a normal boundary, if either of the
following holds:

(i) u(X) ⊂ IntC.

(ii) ∂C is a wide subcategory of C, i.e., ∂C is a subcategory of C and u(X) ⊂ ∂C.

Remark 1.22. A Lie category without a boundary vacuously has a normal boundary.
The following result was proved by Charles Ehresmann in his pioneering paper [32], where

he introduced Lie categories. Ehresmann proved it by implicitly assuming ∂C = ∅, and with the
method of local coordinates; the proof we present is conceptually clearer since it is coordinate-free,
and it holds for categories with a normal boundary.

Theorem 1.23. If C is a Lie category with a normal boundary, then its core G(C) is an embedded
Lie subcategory of C. More precisely, if u(X) ⊂ IntC, then G(C) is open in IntC, and if u(X) ⊂
∂C, then G(C) is open in ∂C.

Proof. Consider first the case when u(X) ⊂ IntC. We need to show that any k ∈ G(C) has
an invertible neighborhood in C; we will do so by showing that k admits a left-invertible and a
right-invertible neighborhood. With this motive, define the map

ϑ : C(2) → C ×t tC, ϑ(g, h) = (g, gh), (1.9)

so ϑ = (pr1,m). We claim that this is a local diffeomorphism at the point (k, k−1). Note that by
equation 1.3 and a similar result for ∂(C ×t tC), we have

(k, k−1) ∈ Int(C(2)) and (k, 1t(k)) = ϑ(k, k−1) ∈ Int(C ×t tC),

so that it is enough to show dϑ(k,k−1) is an isomorphism, by virtue of the usual inverse map
theorem for manifolds without boundary. Due to dimensional reasons, it is enough to check ϑ is
an immersion at (k, k−1).

Suppose dϑ(k,k−1)(v, w) = 0 for some (v, w) ∈ T(k,k−1)(C
(2)). The identity dϑ(v, w) =

(v,dm(v, w)) implies v = 0, so we obtain

dm(k,k−1)(v, w) = d(Lk)k−1(w).
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Since Lk is a diffeomorphism, we conclude w = 0, hence ϑ is a local diffeomorphism at (k, k−1),
i.e., there is a neighborhood U of (k, k−1) which is mapped diffeomorphically onto a neighborhood
V of (k, 1t(k)). Now note that C embeds into C ×t tC, by the map λ(g) = (g, 1t(g)), so the set
ϑ−1(V ∩λ(C)) is diffeomorphic to V ∩λ(C), and consists of pairs (g, g′) ∈ U such that gg′ = 1t(g).
In other words, λ−1(V ) is a neighborhood of k, whose elements all have right inverses.

Similarly, we can show that the map ϑ̃ : C(2) → C ×s sC, (g, h) 7→ (gh, h) is a local diffeo-
morphism at (k−1, k), and use the embedding λ̃ : C → C ×s sC, λ̃(g) = (1s(g), g) to obtain a
neighborhood λ̃−1(Ṽ ) of k, whose elements all have left inverses. To conclude, note that Propo-
sition 1.15 guarantees λ−1(V ) ∩ λ̃−1(Ṽ ) is an invertible neighborhood of k.

Finally, for the case u(X) ⊂ ∂C, just note that normality of the boundary can be used with
Lemma 1.12 to conclude that ∂C is an embedded Lie subcategory of C without boundary, so we
can apply the previous case to ∂C. ■

Given a morphism F : C → D between Lie categories with normal boundaries, we have
F (G(C)) ⊂ G(D) by functoriality, so we may define G(F ) = F |G(C). The map

G : LieCat∂ → LieGrpd,

defines a functor from the category of Lie categories with a normal boundary to the category of
Lie groupoids without boundary, which is easily seen to be right adjoint to the inclusion functor
LieGrpd ↪→ LieCat∂ .

Using the last theorem we can also show that the universal property of the core extends to
the differentiable setting. We note that more consequences of the Theorem 1.23 will be explored
in upcoming sections.

Corollary 1.24. Let C be a Lie category with a normal boundary, and let H ⊂ C be a groupoid
that is also a Lie subcategory of C. If any smooth morphism F : G→ C, defined on a Lie groupoid
G, factors uniquely through H, then H = G(C).

Proof. The inclusion H ⊂ G(C) is an easy consequence of functoriality of H ↪→ C, since func-
tors map isomorphisms to isomorphisms. For the converse inclusion, we pick the smooth map
F : G(C) ↪→ C and now the existence of F̄ : G(C) → H such that F = ι ◦ F̄ , ensures that if
g ∈ G(C), then g = F̄ (g) ∈ H. ■

1.4 The two Lie algebroids of a Lie category

We begin this section by stating the following well-known definition.

Definition 1.25. A Lie algebroid is a vector bundle A → X, equipped with a Lie bracket on
its space of sections Γ(A) and a vector bundle map ρ : A → TX, such that the Leibniz rule is
satisfied for any α, β ∈ Γ(A):

[α, fβ] = f [α, β] + ρ(α)(f)β.

This axiom implies that ρ : Γ(A)→ X(X) is a Lie algebra homomorphism: ρ[α, β] = [ρ(α), ρ(β)].

The construction of a Lie algebroid using left-invariant (or right-invariant) vector fields on a Lie
groupoid readily generalizes to Lie categories; however, we no longer have a canonical isomorphism
between the two algebroids, previously given by inversion map. Below, we present the main idea
of the construction (1.26 through 1.29), mainly to fix notation; we will omit some details which
can be found in standard Lie groupoid references.
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Definition 1.26. A left-invariant vector field on a Lie category C ⇒ X is a vector fieldX ∈ X(C),
which is tangent to t-fibres, i.e., X ∈ Γ(ker dt), and left-invariant, i.e., d(Lg)h(Xh) = Xgh for all
(g, h) ∈ C(2). Denote by XL(C) the vector space of left-invariant vector fields on C.

Lemma 1.27. Let C be a Lie category. The vector space XL(C) is closed under the Lie bracket
of TC, and canonically isomorphic to the vector space Γ(AL(C)) of sections of the vector bundle
AL(C) = u∗(ker dt) over X.

Proof. Closedness under the Lie bracket is a consequence of the fact that if X,Y are Lg-related
to themselves when restricted to appropriate fibres, so is [X,Y ]. The canonical isomorphism
ev : XL(C)→ Γ(AL(C)) is given by restriction to the units, and its inverse ev−1 maps any section
α ∈ Γ(AL(C)) to its left-invariant extension αL, given as αL(g) = d(Lg)1s(g)(αs(g)). This is a
smooth section C → TC since it can be realized as the composition αL = dm ◦ τα, where
τα : C → T (C(2)) is given by g 7→ (0g, α1s(g)). ■

Definition 1.28. The left Lie algebroid of a Lie category C ⇒ X is defined as the vector bundle
AL(C)→ X, endowed with the Lie bracket [·, ·] on its sections as induced by the isomorphism ev,
together with the anchor map ρL : AL(C)→ TX, ρL = ds|AL(C).

Similarly, the right Lie algebroid of a Lie category C ⇒ X is defined as the vector bundle
AR(C) = u∗(ker ds). Its Lie bracket is induced by the identification of its sections with the space
XR(C) of right-invariant vector fields, and its anchor map is defined as ρR = dt|AR(C). The proof
of the next proposition is again the same as with the Lie groupoid case, so we omit it.

Proposition 1.29. The left and right Lie algebroids AL(C) and AR(C) of a Lie category C ⇒ X
are indeed Lie algebroids.

Any morphism F : C → D over idX of Lie categories over the same object manifold X, induces
morphisms between their left and right Lie algebroids (respectively), denoted by

FL∗ : AL(C)→ AL(D) and FR∗ : AR(C)→ AR(D),

and defined on respective sections of AL(C) and AR(C) in the obvious way:

α 7→ dF ◦ α.

In the case when the object manifolds of C and D are not equal and the morphism F does not
restrict to a diffeomorphism between the units, we encounter the same complications as in the
Lie groupoid case; this is resolved in the same manner as for Lie groupoids, and since we will
not be needing this more general result, we point the reader to [55, Chapter 4.3] for details. The
upshot is that AL and AR are functors from the category LieCat of Lie categories to the category
LieAlgd of Lie algebroids.

As mentioned, we do not have a canonical isomorphism between the left and right Lie algebroid
of a Lie category, which is given in a Lie groupoid by the inversion map. However, we have the
following result, and we will later encounter a related one when studying extensions of categories
to groupoids (see §1.6).

Proposition 1.30. Let C ⇒ X be a Lie category. If the units of C are contained in the interior
of C, i.e., u(X) ⊂ IntC, then the left and right Lie algebroids of C are isomorphic to the Lie
algebroid of its core G(C).

Proof. By Theorem 1.23, G(C) is open in C, so we get the following chain of isomorphisms of Lie
algebroids:

AL(C) ∼= AL(G(C)) ∼= AR(G(C)) ∼= AR(C), (1.10)
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where the first and last isomorphism are induced by the inclusion G(C) ↪→ C, and the isomorphism
in the middle is induced by inversion in the groupoid G(C). ■

Remark 1.31. Note that if C has a normal boundary and u(X) ⊂ ∂C, the Lie algebroid A(G(C))
of the core will always fail to be isomorphic to the two Lie algebroids of C, since the rank of the
vector bundle A(G(C)) is one less than the rank of AL(C) and AR(C). This is demonstrated by
the following two examples:

(i) The two Lie algebras of the Lie monoid M = Hn are isomorphic (as vector spaces) to
AL(M) ∼= Rn ∼= AR(M), whereas A(G(M)) ∼= Rn−1 since the core of M is G(M) = Rn−1.

(ii) Consider the order category C = {(y, x) ∈ R2 | x ≤ y} ⇒ R from Example 1.10. Notice
that its core G(C) is just the base groupoid over R, hence its Lie algebroid is the zero bundle
A(G(C)) = R × {0}. On the other hand, the left and right Lie algebroid of C are both
isomorphic to TR.

1.5 Ranks of morphisms

We now observe that the differentiable structure on a Lie category enables us to generalize the
notion of rank from linear algebra.

Definition 1.32. Let C ⇒ X be a Lie category and let g ∈ C. The left rank and right rank of g
are defined as

rankL(g) = rank d(Lg)1s(g) ,

rankR(g) = rank d(Rg)1t(g) .

If the left and right rank of a morphism g are equal, we just write rank(g) = rankL(g) = rankR(g)
and call this integer the rank of g. Moreover, we say g has full rank, if its left and right ranks are
full, that is, if

rank(g) = codimC(X) = dimC − dimX =: δ.

In this case, we will sometimes say that g is a regular morphism. If g is not regular, we will call it
singular. Finally, we say that g has constant left rank, if rankL(g) = rank d(Lg)h for all h ∈ Cs(g),
and similarly that g has constant right rank, if rankR(g) = rank d(Rg)h for all h ∈ Ct(g). To avoid
ambiguity, we will sometimes write rankC instead of rank.

Example 1.33.

(i) All invertible morphisms in any Lie category have full and constant rank.

(ii) In a Lie monoid M , the ranks of an element g ∈M are just the ranks of d(Lg)e and d(Rg)e.
If M is an abelian Lie monoid, then clearly any element of M has equal left and right rank.
The example M = Hn shows that regularity does not imply invertibility.

We will later see that regularity and constancy of ranks of all morphisms in a Lie category
is ensured whenever dealing with a Lie subcategory of a Lie groupoid, as is with the simple
example Hn ↪→ Rn for addition.

(iii) If M = Rn×n, let us show how the above notion of rank relates with the usual one from
linear algebra. If A ∈ Rn×n, then the usual notion reads rankA = dim ImA, when A is seen
as the map Rn → Rn. On the other hand, the left rank in Definition 1.32 equals:

rankLM (A) = dim Imd(LA)I = dim ImLA,
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where LA : Rn×n → Rn×n is the left translation by A, and the last equality follows by
linearity. Similarly, rankRM (A) = dim ImRA. Denoting by Eij the matrix with 1 in place
(i, j) and zero elsewhere, we have that AEij has i-th column of A in j-th column and is zero
elsewhere, and EijA has j-th row of A in i-th row and is zero elsewhere, so:

Im(LA) = Lin(AEij)
n
i,j=1 =

{[
v1 . . . vn

] ∣∣∣ vi ∈ Im(A)
}
,

Im(RA) = Lin(EijA)
n
i,j=1 =

{[
v1 . . . vn

]T ∣∣∣ vi ∈ Im
(
AT

)}
.

Since rankA = rankAT, it follows that

rankLM (A) = rankRM (A) = n rank(A),

and we see that A is regular if, and only if, A is invertible.

The above result readily generalizes to arbitrary finite-dimensional vector spaces: if W is a
vector space, then rankEnd(W )(A) = dim(W ) rank(A). Moreover, for any vector bundle V ,
the above result clearly also generalizes to the endomorphism bundle V ⊗ V ∗ →M , so that
for any A : Vx → Vx,

rankV⊗V ∗ A = rank(V ) rank(A).

(iv) Examples of Lie monoids that do not have coinciding left and right ranks may be found in
the context of finite-dimensional unital algebras. As a concrete example, take the algebra
A ⊂ R2×2 of upper-diagonal real 2 × 2 matrices, the canonical basis of which is given by
a =

[
1 0
0 0

]
, b =

[
0 0
0 1

]
, c =

[
0 1
0 0

]
. Identifying TeA with A and noting that left and right

translations are linear maps, we can identify d(Lg)e = Lg for any g ∈ A, and similarly for the
right translations. It is easy to see Im(Ra) = Lin(a) and Im(La) = Lin(a, c) by computing all
the products of a with the canonical basis, so we conclude that 2 = rankLA(a) ̸= rankRA(a) = 1.

Proposition 1.34 (Properties of ranks). In a Lie category C ⇒ X, there holds:

(i) The ranks of a composition of composable morphisms g, h ∈ C are bounded from above:

rankL(gh) ≤ rankL(h), (1.11)

rankR(gh) ≤ rankR(g). (1.12)

(ii) The ranks of g ∈ C are bounded from below by the ranks of anchors ρL : AL(C) → TX and
ρR : AR(C)→ TX of Lie algebroids of C:

rankL(g) ≥ rank ρLs(g), (1.13)

rankR(g) ≥ rank ρRt(g). (1.14)

Proof. The proof is an application of the chain rule. More precisely, since Lgh = Lg ◦Lh, we have

rankL(gh) = rank(d(Lg)h ◦ d(Lh)1s(h)) ≤ rankL(h),

and similarly for the right translation by using Rgh = Rh ◦ Rg, so (i) follows. For the property
(ii) note that the diagram

Cs(g) Ct(g)

X

Lg

s|
Cs(g) s|

Ct(g)

implies rankL(g) ≥ rank d(s|Cs(g))1s(g) = rank ρLs(g). ■
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In the context of Lie groupoids, it is well known that the composition map is a submersion.
This is no longer true for Lie categories in general; a counterexample is provided by the Lie monoid
Rn×n for matrix multiplication, where dm(0,0) is easily seen to be the zero map. However, the
following results ensure that m is a submersion in case all morphisms have full and constant rank;
as mentioned, this is the case for Lie categories extendable to Lie groupoids, as we will see later
in Lemma 1.47.

Lemma 1.35. Let C ⇒ X be a Lie category and g ∈ C. The map Lg has full rank at h ∈ Cs(g)
if, and only if, the map ϑ : C(2) → C ×t tC, (g, h) 7→ (g, gh) has full rank at (g, h). In particular,
g has full left rank if, and only if, ϑ has full rank at (g, 1s(g)).

Recall that we have already encountered the map ϑ in the proof of Theorem 1.23. In a Lie
groupoid, this map is a bijection with inverse (g, h) 7→ (g, g−1h), so above lemma guarantees it is a
diffeomorphism, which can be used e.g., to show that the inversion map is automatically smooth,
by realizing it as the composition

g 7→ (g, 1t(g))
ϑ−1

7−−→ (g, g−1) 7→ g−1.

An analogous result to Lemma 1.35 of course holds for ranks of right translations, using the
map ϑ̃ : C(2) → C ×s sC, given by (g, h) 7→ (gh, h). For instance, the second part of above lemma
would then read: g has full right rank if, and only if, ϑ̃ has full rank at (1t(g), g).

Proof. For the forward implication, note that dϑ(g,h)(v, w) = (v,dm(g,h)(v, w)) holds for all
(v, w) ∈ T(g,h)C

(2), hence dϑ(g,h)(v, w) = (0, 0) first implies v = 0, and since dm(g,h)(0, w) =
d(Lg)h(w), we get w = 0 since Lg has full rank at h. For the other direction, note that
d(Lg)h(w) = 0 implies dϑ(g,h)(0, w) = (0, 0), so the assumption that ϑ has full rank at (g, h)
yields w = 0. ■

Corollary 1.36. Let C ⇒ X be a Lie category and g ∈ C. If the map Lg has full rank at h ∈ Cs(g),
then the composition map m : C(2) → C is a submersion at (g, h). Hence, if all morphisms have
full and constant rank, the composition is submersive.

Proof. Differentiating the identity m = pr2 ◦ ϑ yields dm(g,h) = d(pr2)(g,gh) ◦ dϑ(g,h), which is
a composition of surjective maps by previous lemma and the fact that pr2 : C ×t tC → C is a
submersion. ■

We now direct our attention to the subsets of C of morphisms with full rank. Let us denote by

RLr (C) = {g ∈ C | rankL(g) = r},
RRr (C) = {g ∈ C | rankR(g) = r},

the sets of morphisms with left and right rank equal to r, respectively, and furthermore byRr(C) =
RRr (C) ∩RLr (C) morphisms whose both ranks equal r.

Proposition 1.37. In any Lie category C, the subset of regular morphisms Rδ(C) is open.

Proof. Let us first show that differentials of left translations define a certain morphism of vector
bundles. We consider the following vector bundle over C:

EL =
∐
g∈C

(ker dt1s(g))
∗ ⊗ ker dtg = (s∗u∗ ker dt)∗ ⊗ ker dt.
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Denote the projection map by pL : EL → C, so the fibre p−1
L (g) = ELg of EL consists of all linear

maps ker dt1s(g) → ker dtg. Note that the map ϕL : C → EL, given as

g 7→ d(Lg)1s(g) : ker dt1s(g) → ker dtg,

is a section of EL, which is smooth since

d(Lg)1s(g) = dm(g,1s(g))(0g,−).

In other words, ϕL defines a morphism s∗u∗ ker dt→ ker dt of vector bundles. Now take an atlas of
local trivializations ψi : p−1

L (Ui)→ Ui×Rδ×δ of EL. The set Ui∩RLδ (C) = ϕ−1
L ◦ψ

−1
i (Ui×GL(δ,R))

is open in Ui, hence
RLδ (C) =

⋃
i

(
Ui ∩RLδ (C)

)
is open in C. A similar proof works for RRδ (C), so the result for Rδ(C) follows. ■

Remark 1.38. The smooth map ϕL (respectively, ϕR) which was used in the last proposition, can
also easily be used to show that rankL (respectively, rankR) is a lower semi-continuous function,
i.e., that any morphism g ∈ C admits a neighborhood on which the left (respectively, right) rank
is non-decreasing. Note that this should not be confused with lower semi-continuity of the map
Cs(g) → R, given as h 7→ rank d(Lg)h, where g ∈ C is a fixed morphism.

Properties of ranks of morphisms in a Lie category C reflect on its algebraic structure, as
illustrated by the following simple observation.

Corollary 1.39. Let C be a Lie category. If the regular morphisms have constant rank, then
Rδ(C) is an open Lie subcategory of C. Hence, in this case, the left and right algebroids of Rδ(C)
are isomorphic to those of C, respectively.

Proof. We only have to check that the composition of two regular morphisms is a regular mor-
phism. To that end, just notice that d(Lgh)1s(h) = d(Lg)h ◦ d(Lh)1s(h) is a composition of maps
with full rank, and similar holds for right translations. ■

Action of the core G(C) on a Lie category C

The natural left and right actions of the core G(C) on a Lie category C can be used to find
properties of Lie categories.3 We will only focus on describing the left action of G(C) on t : C → X;
the right action of G(C) on s : C → X follows a similar construction.

Denote by G(C) ×s t C = {(g, c) ∈ G(C) × C | s(g) = t(c)} the fibred product of the maps
s|G(C) and t. This set has a natural structure of a groupoid over C. Indeed, the source and target
maps are given as s(g, c) = c and t(g, c) = gc, the composition is given as (g, hc)(h, c) = (gh, c),
the unit map is u(c) = (1t(c), c) and the inverses are given by (g, c)−1 = (g−1, gc). We leave it to
the reader to check that this defines a groupoid over C. Let us deal with its smooth structure.

Proposition 1.40. Let C ⇒ X be a Lie category without boundary. The left action of the core
G(C) on the target map t : C → X yields a Lie groupoid

G(C) ×s t C ⇒ C.

3A reference for actions of Lie groupoids on smooth maps is [55, Chapter 1.6].
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Proof. The core G(C) is an open Lie subgroupoid of C by Theorem 1.23, and so the usual transver-
sality theorem for manifolds without boundary implies that

C = G(C) ×s t C = (s|G(C) × t)−1(∆X)

is a smooth submanifold of G(C) × C without boundary. Furthermore, s = pr2 is a submersion,
and Corollary 1.36 tells us that the target map

t = m|G(C) ×s tC

is also a submersion, thus C(2) ⊂ C × C is also a submanifold by transversality. The smoothness
of composition m and unit map u then follows from the smoothness of respective maps in C. ■

Remark 1.41. Notice that in the case when C has a normal boundary, the maps s and t are still
submersions, but their restrictions to the boundary ∂C = G(C) × ∂C are not, which shows the
need for amending the definition of a Lie category when the object manifold has a boundary (or
corners).

In this case, C ⊂ G(C)× C is still a submanifold (by Proposition 1.66) and the maps s and t
are topological submersions (see Definition 1.64) that also satisfy s(∂C) ⊂ ∂C and t(∂C) ⊂ ∂C,
so [58, Proposition 4.2.1] implies that s-fibres and t-fibres are submanifolds of C. This suggests
a definition of a Lie category for the case when the object manifold has corners, but we will not
pursue this further here.

We can now use the action Lie groupoids above to prove that it does not matter at which
invertible morphism we measure the ranks of a given morphism g ∈ C.

Corollary 1.42. Let C ⇒ X be a Lie category with a normal boundary. For any g ∈ C,

rankL(g) = rank d(Lg)h for any h ∈ G(C)s(g),
rankR(g) = rank d(Rg)h for any h ∈ G(C)t(g).

Proof. Consider first the case when ∂C = ∅. The restriction of the target map to any source fibre
has constant rank, in any Lie groupoid. In our case, s−1(g) = G(C)t(g) for any g ∈ C, and the
map

t|s−1(g) = Rg|G(C)t(g)

has constant rank which must thus be equal to rankR(g). A similar proof works for left translations,
using the right action of G(C) on s : C → X.

Now suppose ∂C ̸= ∅. We may consider the left action groupoids

G(C) ×s t IntC ⇒ IntC, G(C) ×s t ∂C ⇒ ∂C

of G(C) on t|IntC and t|∂C , respectively; note that these are in fact actions of G(C) since
Lg(IntC

s(g)) ⊂ IntCt(g) and Lg(∂C
s(g)) ⊂ ∂Ct(g) for any g ∈ G(C). The same technique as

above now shows the wanted conclusion. ■

Singular distributions associated to translations

A Lie category C ⇒ X (assume it is boundaryless for simplicity) comes equipped with singular
distributions determined by differentials of left and right translations. Focusing only on left
translations, define the singular distribution D ⊂ TC as

Dg = Imd(Lg)1s(g) ≤ ker dtg ≤ TgC.
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In what follows, we show that D is integrable, i.e., there is a decomposition F(D) of C into
maximally connected weakly embedded submanifolds,4 called the leaves of F(D), whose tangent
spaces coincide with the fibres of D.

Denote the D-valued vector fields on C by

Γ(D) = {X ∈ X(C) | Xg ∈ Dg for all g ∈ C}.

It is not hard to see that D is locally of finite type, i.e., for any g ∈ C there exist finitely many
Xi ∈ Γ(D) such that:

(i) Dg = Span(Xi|g)i,

(ii) For any X ∈ Γ(D) there exists a neighborhood U of g in C and functions fij ∈ C∞(U), such
that [X,Xi]h =

∑
j fi

j(h)Xj |h for all h ∈ U .

Indeed, we may pick sections (αi)i of AL(C), such that they constitute a local frame on some
neighborhood V of s(g) in X, and extend them to left-invariant vector fields (Xi)i. The point (i)
is clearly satisfied; to show (ii), denote U = s−1(V ), and note that that the set of left-invariant
vector fields is closed under the Lie bracket by Lemma 1.27, so on U there holds

[Xi, Xj ] =
∑

k fij
kXk,

for some functions fijk ∈ C∞(U). Since any X ∈ Γ(D|U ) can be written as a C∞(U)-linear
combination of the tuple (Xi|U )i, the rest follows by using the Leibniz rule for the Lie bracket.

Since D is locally of finite type, it is integrable by [68]. The following proposition says that
the leaves are precisely the connected components of the orbits{

s(t−1(g))
∣∣ g ∈ C}

of the groupoid C ×s t G(C) ⇒ C corresponding to the right action of G(C) on s : C → X.

Proposition 1.43. Let C ⇒ X be a Lie category without boundary. The integral manifold of the
singular distribution D ⊂ TC through g ∈ C is Lg(G(C)s(g)).

Proof. Corollary 1.42 states Lg|G(C)s(g) has constant rank, so rank theorem can be applied to
deduce Lg(G(C)s(g)) is an immersed submanifold of Ct(g), the tangent space at gh of which is the
image of differential d(Lg)h, for any h ∈ G(C)s(g). ■

Remark 1.44. In the case when C has a boundary, the last proposition is in general not true,
as is easily seen by considering the order category on R. In general, a natural candidate for the
integral manifold of D through g is Lg(U) for an appropriate open neighborhood of 1s(g) in Cs(g),
but proving such a general result is harder since rank theorem is not true for manifolds with
boundaries (without additional assumptions on Lg).

1.6 Extensions of Lie categories to Lie groupoids

We have witnessed interesting examples of Lie categories appear by restricting to an embedded
subcategory of a Lie groupoid, in spirit of Lemma 1.12. As we will see next, in order to ascertain
the main properties of such Lie categories, the assumption of being embedded may be weakened
to being immersed.

4Recall that an injective immersion φ : M → N is said to be a weak embedding, if any smooth map f : P → N
with the property f(P ) ⊂ φ(M), factors through φ.
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Definition 1.45. An extension to a Lie groupoid of a Lie category C ⇒ X is a Lie groupoid
G ⇒ X, together with an injective, immersive functor F : C → G over the identity. In other
words, G is a Lie groupoid such that C is its wide Lie subcategory. If such an extension exists,
we say that C is extendable to a Lie groupoid. Furthermore, we say that an extension to a Lie
groupoid is weakly étale, if dimG = dimC.

Remark 1.46. Note that if C does not have a boundary, then an extension is weakly étale if, and
only if, the map F is étale (i.e., a local diffeomorphism), by virtue of inverse map theorem. If
dimG = dimC and ∂C ̸= ∅, then F cannot be a local diffeomorphism at points from ∂C since
∂G = ∅ (see e.g., the order category from Example 1.10).

An obvious necessary condition for an arbitrary category C to admit an injective functor F
into a groupoid G, is cancellativity of all elements in C, i.e., all left and right translations in C must
be injective. For example, if gh = gk holds for some morphisms in C, then F (g)F (h) = F (g)F (k)
holds in F (C) ⊂ G, implying F (h) = F (k), and hence h = k by injectivity of F , so Lg is injective.

In the differentiable setting, extensions to groupoids reflect on ranks and algebroids; the fol-
lowing lemma yields necessary conditions on a Lie category C to be extendable to a Lie groupoid.

Lemma 1.47. If a Lie category C is extendable to a Lie groupoid G, all its morphisms have full
and constant rank, and all left and right translations are injective. Moreover, if the extension is
weakly étale, then AL(C) ∼= A(G) ∼= AR(C).

Proof. Let F : C → G be the groupoid extension, and let g, h ∈ C be composable. To prove that
g has full and constant rank, denote the left translation in C by g as LCg , and the left translation
in G by F (g) as LGF (g). By functoriality, the diagram

Cs(g) Ct(g)

Gs(g) Gt(g)

LC
g

LG
F (g)

F F

commutes, so if v ∈ Th(Cs(g)) is such that d(LCg )h(v) = 0, it implies dFh(v) = 0, and so v = 0

since F is an immersion. This proves that d(LCg )h has full rank, and a similar proof shows an
analogous result for the right translation. Hence, g has full and constant rank.

To prove the second part, denote the source and target maps in C and G as sC , tC and sG, tG,
respectively. Commutativity of the following diagram,

C G

X

F

tC tG

together with the assumption that our extension is weakly étale, implies that for any x ∈ X, dF1x

maps ker dtC1x isomorphically onto ker dtG1x , so F induces an isomorphism

FL∗ : AL(C)→ AL(G)

of vector bundles, and similarly between AR(C) and AR(G). Since F is a morphism of Lie
categories, these are in fact isomorphisms of Lie algebroids, so we yield the wanted chain of
isomorphisms. ■

Corollary 1.48. If a Lie category is extendable to a Lie groupoid, then the composition map
m : C(2) → C is a submersion.
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Proof. Follows directly from Corollary 1.36 and Lemma 1.47. ■

Remark 1.49. To conclude AL(C) ∼= AR(C), it is enough to replace the assumption on the exten-
sion F : C → G being weakly étale with the following weaker condition:

d(inv)1x(dF1x(ker dt
C
1x)) ⊂ dF1x(ker ds

C
1x), (1.15)

but notice that if dimG ̸= dimC, then the left and right algebroids of C will not be isomorphic
to the algebroid A(G), since their ranks will differ. For simpler notation, assume that C ⊂ G and
F : C ↪→ G is an injective immersion.

To show that d(inv)1x(ker dt
C
1x) ⊂ ker dsC1x implies AL(C) ∼= AR(C), first observe that this

is an equality instead of just an inclusion. Hence, the inversion map on the extension induces a
vector bundle isomorphism

inv∗ : A
L(C)→ AR(C),

and now it is not difficult to see that for any α ∈ Γ(AL(C)), its left-invariant extension αL to
whole G is inv-related to the right-invariant extension (inv∗α)

R. Hence, if β ∈ Γ(AL(C)) is
another section, we obtain that for any g ∈ G,

d(inv)g([α
L, βL]g) = [(inv∗α)

R, (inv∗β)
R]g−1 .

Taking g = 1x shows that inv∗ preserves the brackets of AL(C) and AR(C), so it is an isomorphism
of Lie algebroids.

Remark 1.50. The importance of Lemma 1.47 is in the fact that it enables us to easily provide
positive answers to the following questions, for the case of Lie categories extendable to groupoids:

(i) Are Lie monoids parallelizable?

(ii) For fixed objects x, y ∈ X of a Lie category C ⇒ X, is the set Cyx of morphisms from x to y
a submanifold of C? Equivalently, do Hom-functors map into the category Diff instead of
just Set?

The proofs in the extendable case are the same as the proofs for Lie groupoids (or Lie groups).
In fact, these results rely only on the fact that arrows have full rank; the questions above remain
open for Lie categories whose arrows do not have full rank.

Corollary 1.51. If a Lie monoid M is extendable to a Lie group, it is paralellizable.

Proof. Extending a basis of TeM to a tuple of left-invariant vector fields yields a global frame for
TM since all elements of M have full rank by Lemma 1.47. ■

Corollary 1.52. If a Lie category C ⇒ X is extendable to a Lie groupoid, then for any x, y ∈ X
the set Cyx is a closed embedded submanifold of C. Hence, Cxx is a Lie monoid for any x ∈ X.

Proof. We realize Cyx as an integral manifold of a certain distribution on Cx, namely D =
ker d(t|Cx), or more instructively, Dg = ker dtg ∩ ker dsg for all g ∈ Cx. This is a regular dis-
tribution on Cx, since Dg = d(Lg)1x(D1x) holds—the latter is a consequence of the equality
s|Ct(g) ◦ Lg = s|Cx and g having full left rank by Lemma 1.47, which moreover implies that D is
a trivial vector subbundle of TCx. Summarizing, we have shown the map t|Cx has constant rank.

Since D is the kernel of a differential of a smooth map, it is involutive, so by Frobenius’
theorem integrable. The leaves of the corresponding foliation are the connected components of
subspaces {Cyx | y ∈ X} of Cx, so they are initial submanifolds. Since the subspaces Cyx are also
closed in Cx, they are embedded. ■
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1.7 Completeness of invariant vector fields

It is well-known that on any Lie group G, left-invariant vector fields are complete. In this section,
we generalize this result to Lie monoids with normal boundaries. Furthermore, we generalize the
characterization of completeness of left-invariant vector fields on Lie groupoids to Lie categories
with normal boundaries. At last, the exponential map for Lie monoids will be discussed.

Definition 1.53. Let X be a vector field on a smooth manifold M with or without boundary,
and denote by JXg the maximal interval on which the integral path γXg of X, starting at g ∈ M ,
is defined. We say that X is half-complete if for any g ∈ M there either holds [0,∞) ⊂ JXg or
(−∞, 0] ⊂ JXg .

Remark 1.54. In what follows, we will assume the reader is familiar with the notion of inward-
pointing and outward-pointing tangent vectors on the boundary; we direct to [49, p. 118] for
a basic reference. A particularly useful observation is that a vector field X ∈ X(M) which is
inward-pointing (or outward-pointing) at a certain point g ∈ ∂M , must remain inward-pointing
(or outward pointing) on a neighborhood of g in ∂M , from which it follows that JXg cannot contain
an open neighborhood of zero, but may only contain a half-closed interval [0, ε), for some ε > 0
(or (−ε, 0] in the outward-pointing case).

Recall from Definition 1.21 that a Lie monoid M has a normal boundary, if either e ∈ IntM ,
or we have both that e ∈ ∂M and ∂M is a submonoid of M .

Theorem 1.55. Let M be a Lie monoid with a normal boundary and let X be a left-invariant
vector field on M . The following holds:

(i) Suppose either that e ∈ IntM , or that e ∈ ∂M and Xe is tangent to ∂M . Then X|∂M is
tangent to ∂M , and X is complete.

(ii) Suppose e ∈ ∂M and Xe is either inward-pointing or outward-pointing. Then either JXe =
[0,∞) or JXe = (−∞, 0], respectively, and X is half-complete.

Moreover, the flow of X is given for all t ∈ JXe by ϕXt = RϕXt (e).

Proof. We first inspect the assumptions from (i): notice that if e ∈ IntM , then JXe clearly
contains an open interval around zero; on the other hand, if e ∈ ∂M and Xe is tangent to ∂M ,
then X|∂M must be everywhere tangent to ∂M by left-invariance of X and the fact that ∂M is
a Lie submonoid of M , so JXe must again contain an open interval around zero. Furthermore,
the assumption from (ii) that Xe is either inward-pointing or outward-pointing implies that JXe
contains a half-open interval of the form [0, ε) or (−ε, 0], respectively.

We next observe that for any g ∈M , the composition Lg ◦γXe is an integral path of X starting
at g, so maximality of JXg implies

JXe ⊂ JXg , (1.16)

and also ϕXt (g) = gγXe (t) = RγXe (t)(g) for all t ∈ JXe . Notice that (1.16) now implies that in
the case e ∈ IntM , JXg contains an open interval around zero for all g ∈ M , and this holds for
any g ∈ ∂M , so we conclude that X|∂M must be tangent to ∂M , by virtue of Remark 1.54. Let
τ ∈ JXe and consider the affinely translated path

ζτ : (JXe − τ)→M, ζτ (t) = γXe (t+ τ).
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Since the maximal domain of an affinely translated integral path is just the affinely translated
maximal domain, we get JXe − τ = JXζτ (0).

5 Together with (1.16), this implies

JXe + τ ⊂ JXe , for all τ ∈ JXe .

This implies that if JXe contains an open interval around zero, it must equal R, and if [0, ε) ⊂ JXe
for some ε > 0, then [0,∞) ⊂ JXe ; similarly for the outward-pointing case. Together with equation
(1.16), this proves our claims regarding completeness and half-completeness. ■

Corollary 1.56. If M is a Lie monoid and e ∈ IntM , then elements in ∂M do not have full
rank. Hence, if also ∂M ̸= ∅, then M is not extendable to a Lie group.

Proof. For a proof by contradiction, assume that there is a g ∈ ∂M with full rank, and pick any
inward-pointing vector v ∈ TgM . Since g has full rank, the vector v is extendable to a unique
left-invariant vector field X on M , but now X|∂M must be tangent to ∂M by Theorem 1.55,
contradicting our assumption that v is inward-pointing. The second part of the corollary follows
from Lemma 1.47. ■

An easy example of the last corollary in play is the Lie monoid [0,∞) for multiplication. This
result may easily be generalized; in any Lie category C ⇒ X, a similar inclusion as (1.16) holds:

JX1s(g) ⊂ J
X
g , (1.17)

for any g ∈ C and any left-invariant vector field X ∈ XL(C). The same argument as before shows
that if u(X) ⊂ IntC, then X|∂C is tangent to ∂C, so we similarly obtain:

Corollary 1.57. If C ⇒ X is a Lie category with u(X) ⊂ IntC, then morphisms in ∂C do not
have full rank. Hence, if u(X) ⊂ IntC and ∂C ̸= ∅, then C is not extendable to a Lie groupoid.

Proof. As before, suppose there is a morphism g ∈ ∂C with full rank. Regularity of the boundary
implies ∂(Ct(g)) = ∂C ∩ Ct(g), so we may pick an inward-pointing vector v ∈ ker dtg. Since g has
full rank, we can form the vector d(Lg)−1

1s(g)
(v) ∈ ker dt1s(g) , extend it to a section of u∗ ker dt using

partitions of unity, and finally extend it to a left-invariant vector field X on C. Since Xg = v, we
arrive to a contradiction to the fact that X|∂C is tangent to ∂C. ■

Remark 1.58. In the case when g is an invertible morphism of a Lie category, the inclusion (1.17)
is actually an equality, which follows from the fact that Lg−1 ◦γXg is an integral path of X starting
at 1s(g).

We now present the promised characterization of completeness of invariant vector fields on a
Lie category. The proof is a small adaptation of the one from the theory of Lie groupoids.

Proposition 1.59. Let C ⇒ X be a Lie category with a normal boundary, and let α ∈ Γ(AL(C))
be a section of its left Lie algebroid. Suppose either u(X) ⊂ IntC, or that u(X) ⊂ ∂C and αL|u(X)

is tangent to ∂C. Then αL ∈ XL(C) is complete if, and only if, ρL(α) ∈ X(X) is complete.

Proof. First note we have already argued that under given assumptions, the restriction αL|∂C is
tangent to ∂C, implying that the maximal domain of any integral path of αL is an open interval.

5We do not need the Lie monoid structure for this fact.
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For the forward implication, note that αL and ρL(α) are s-related, so that if ϕαL

t is defined
for some t ∈ R, then so is ϕρ

L(α)
t , by the fact that s is a surjective submersion.

C C

X X

s

ϕα
L

t

ϕ
ρL(α)
t

s

Indeed, take an open cover (Ui)i of X by domains of local sections σi : Ui → C of s, and define
ϑi : R× Ui → X as ϑi(t, x) = (s ◦ ϕαL

t ◦ σ)(x). It is straightforward to check that for any x ∈ Ui,
the map t 7→ ϑi(t, x) is the integral path of ρL(α) starting at x, so the maps ϑi collate to the
global flow ϕρ

L(α) : R×X → X of ρL(α), by uniqueness of integral paths.
For the converse implication, suppose ρL(α) is complete, and let γ : (a, b)→ C be an integral

path of αL; then s ◦ γ is an integral path of ρL(α), thus s ◦ γ admits a unique extension to an
integral path of ρL(α) defined on whole R, which we again denote by s ◦ γ, so the expression
(s◦γ)(b) is defined. There now exists a path δ : (b−ε, b+ε)→ C, which is an integral path of αL,
such that δ(b) = 1(s◦γ)(b); importantly, we may assume that ε is small enough that δ maps into
G(C), since the latter is either open in IntC or in ∂C by Theorem 1.23. We define our wanted
extension γ̄ : (a, b+ ε)→ C of γ as

γ̄(t) =

{
γ(t) if t ∈ (a, b),

γ(b− ε
2)δ(b−

ε
2)

−1δ(t) if t ∈ (b− ε, b+ ε).

Since both s ◦ γ and s ◦ δ are integral paths of ρL(α) valued (s ◦ γ)(b) at b, they coincide on their
common domain, so that s(γ(b − ε

2)) = s(δ(b − ε
2)), and moreover δ must lie in C(s◦γ)(b) since

αL is tangent to t-fibres, which altogether implies that the multiplication in the definition of γ̄ is
well-defined. Finally, γ̄ is in fact an integral path of αL since for any t ∈ (b− ε, b+ ε) there holds:

γ̄′(t) = d
(
Lγ(b− ε

2
)δ(b− ε

2
)−1

)
δ(t)

(δ′(t)) = αLγ(b− ε
2
)δ(b− ε

2
)−1δ(t) = αLγ̄(t).

By uniqueness of integral paths, the two partial definitions of γ̄ coincide on their common domain,
from which we conclude that γ̄ indeed extends γ. A similar trick can be used for the other endpoint,
showing that the integral path γ can be extended to the whole R. ■

Let us now turn back to Lie monoids. As a corollary of Theorem 1.55, we can generalize the
exponential map from the theory of Lie groups to Lie monoids. The following corollary says that
when e ∈ IntM , the map TeM →M , defined as v 7→ ϕv

L

1 (e) is just the usual exponential map on
G(M).

Corollary 1.60. Let M be a Lie monoid with e ∈ IntM . The image of the integral path γXe of
any left-invariant vector field X on M is contained in the core G(M).

Proof. By Theorem 1.55, there holds ϕX−t(e)ϕXt (e) = ϕXt (ϕ
X
−t(e)) = e for any t ∈ R, so ϕX−t(e) is

the inverse of ϕXt (e). ■

On the other hand, Theorem 1.55 also enables us to define the exponential map for Lie monoids
with boundaries:

Definition 1.61. Let M be a Lie monoid such that ∂M is its submonoid, e ∈ ∂M . Let T+
e M ⊂

TeM denote the subset consisting of inward-pointing vectors in TeM and the vectors in Te(∂M).
The exponential map on M is then defined as

exp: T+
e M →M, exp(v) = ϕv

L

1 (e).
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Remark 1.62. In any boundary chart centered at e, T+
e M is identified with the closed upper half-

space HdimM . We observe that T+
e M possesses an algebraic structure of a semimodule over a

semiring [0,∞).6

As before, Corollary 1.60 ensures that the restriction of exp to the vectors tangent to ∂M , is
precisely the usual exponential map of the Lie group G(M).

Similar results to those from the theory of Lie groups can be obtained for the exponential
map as defined above, by using an identical approach to the respective proofs, but working with
one-sided derivatives:

(i) Let v ∈ T+
e M and t ≥ 0. By rescaling lemma, ϕvLtr (e) = ϕtv

L

r (e) for all r ≥ 0, and setting
r = 1 we obtain

exp(tv) = ϕv
L

t (e).

(ii) The map exp is a smooth, and there holds d(exp)e = idTeM . Since exp maps exp(Te(∂M)) ⊂
∂M by Theorem 1.55 (i), one can apply the inverse map theorem for maps between manifolds
with boundaries to conclude that exp is a local diffeomorphism at the point 0 ∈ T+

e M .

(iii) Considering the Lie monoid [0,∞) for addition, any smooth homomorphism α : [0,∞)→M
of Lie monoids is called a one-parametric submonoid of M . For any v ∈ T+

e M , the map
t 7→ exp(tv) is a one-parametric submonoid of M ; conversely, any one-parametric submonoid
α can be written as α(t) = exp(tα̇(0)), where α̇(0) denotes the one-sided derivative of α at
zero.

A consequence of point (iii) above is naturality of exp, i.e., if ϕ : M → N is a morphism
between Lie monoids with normal boundaries, such that the units of M and N are contained
in the respective boundaries, then for any v ∈ T+

e M , the map α(t) = ϕ(expM (tv)) defines a
one-parametric submonoid of N with α̇(0) = dϕ(v), so we obtain that the following diagram
commutes.

M N

T+
e M T+

e N

ϕ

dϕ

expM expN

1.8 Application to physics: Statistical Thermodynamics

The interpretation that morphisms correspond to physical processes, and objects to physical states,
can be applied to yield a rigorous approach to statistical physics, which we will now demonstrate.
We will first focus purely on categorical aspects, and then consider differentiability.

Suppose we are given an isolated physical system consisting of an unknown number of particles,
each of which can be in one of the n+ 1 a priori given microstates, which we will index by

i ∈ {0, . . . , n}.

Since the number of particles in our system is unknown and often large, we need to work with
tuples of probabilities (p0, . . . , pn), where each pi is the probability that a particle, chosen at
random, is in the i-th microstate. Any tuple of probabilities (pi)ni=0 is subjected to the constraint∑

i pi = 1,

6A semiring R satisfies all the axioms of a ring, except the existence of additive inverses. Because of this, we
must additionally impose 0 · a = 0 = a · 0 for all a ∈ R. We amend modules to obtain semimodules in precisely the
same way.
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and we will refer to any such tuple p = (pi)i as a configuration of the system, which is just a
probability distribution on the finite set of microstates above. The set of all configurations of our
system is thus the standard n-simplex,

∆n =
{
(p0, . . . , pn) ∈ [0, 1]n+1

∣∣ ∑
i pi = 1

}
.

We associate to any configuration (pi)i of our system its expected surprise,

S(pi)i = −
∑
i

pi log pi,

which is called the entropy of the configuration (pi)i. Letting f(x) = x log x, we find limx→0+ f(x) =
0, so f may be extended to [0,∞) by defining f(0) = 0, implying that S : ∆n → R is defined on
whole ∆n and continuous.

The construction of the space of morphisms between different configurations of our system is
now an application of the second law of thermodynamics:

A process in an isolated physical system is feasible if, and only if, the change of entropy
pertaining to the process is non-negative.

In accord with the second law, we define

D={(pi)i → (qi)i | S(qi)i − S(pi)i ≥ 0}.

In other words, D consists of pairs (q, p) ∈ ∆n ×∆n of configurations, such that the entropy of
the target configuration q is no less than that of the source p. That D ⇒ ∆n is a category follows
from the fact that the map

δS : ∆n ×∆n → R, δS(q, p) = S(q)− S(p),

is a functor7 from the pair groupoid of ∆n to the group R for addition. Notice that the invertible
morphisms in D are precisely δS−1(0), which are just the processes with zero entropy change.

In the differentiable setting, we need to make certain adjustments to our category D ⇒ ∆n,
since it is not a Lie category. First, we note that ∆n is a manifold with corners, and S is not
smooth at its boundary ∂∆n since limx→0+(x log x)

′ = −∞, which is why we first restrict our
attention to the interior Int∆n. Secondly, we notice that the category D ⇒ ∆n has a terminal
object, as shown by the following.

Lemma 1.63. The only critical point of entropy S|Int∆n is given by the so-called microcanonical
configuration, i.e., pµi = 1

n+1 for all i. This is a maximum of S.

Proof. Constraint
∑

i pi = 1 implies
∑

i dpi = 0 and dp0 = −
∑n

i=1 dpi, so we have

dS(pi)i = −
∑
i

(1 + log pi) dpi = −
∑
i

log pi dpi = −
n∑
i=1

(log pi − log p0) dpi,

which vanishes if, and only if, pi = p0 for all i, i.e., pi = 1
n+1 . That this is a local maximum is left

as an exercise, and it is not hard to see that the value of S at (pµi )i is greater than the value of S
on S|∂∆n . ■

7This is aligned with the moral that entropy should be perceived as a categorical concept, which was first
adopted by Baez et al.; δS is in fact the only map (up to a multiplicative scalar) which is functorial, convex-linear
and continuous, see [8] for details.
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The configuration pµ has little physical importance—for example, we will see below that it can
be interpreted as the configuration that is attained at thermodynamical equilibrium at infinite
temperature. We will thus remove it from the interior of our n-simplex of objects, and define our
space of objects as

X = Int∆n − {pµ},

which is a smooth manifold without boundary. Moreover, we define the space of morphisms over
X as the set

C = (δS|X×X)
−1([0,∞)) = {(q, p) ∈ X ×X | S(q)− S(p) ≥ 0}.

As before, C ⇒ X is a subcategory of the pair groupoid on X. By virtue of Example 1.11, to
prove that C ⇒ X is a Lie category, we first need to check δS|X×X has a regular value 0. By
above claim, the only critical point of the map δS is the identity morphism (pµ, pµ) ∈ D, which
is not in C.

Secondly, we have to show that C ⇒ X has a regular boundary, i.e., that s|∂C , t|∂C are
submersions. To this end, first note that for any (q, p) ∈ ∂C,

T(q,p)∂C = ker d(δS)(q,p)

= {(v, w) ∈ TqX ⊕ TpX |
∑n

i=1(log qi − log q0)vi =
∑n

i=1(log pi − log p0)wi}.

Let v ∈ TqX. Since pi ̸= p0 for some i, we define

wi =

∑n
i=1(log qi − log q0)vi
log pi − log p0

,

and now we let w = (w0, 0, . . . , 0, wi, 0, . . . , 0) where w0 = −wi is set to ensure w ∈ TpX, thus
we obtain the wanted pair (v, w) ∈ T(q,p)∂C with dt(v, w) = v; we similarly show that s|∂C is a
submersion. Furthermore, C ⇒ X satisfies all the conclusions from Lemma 1.47, since the pair
groupoid X ×X is its weakly étale extension; in particular, the left and right Lie algebroids of C
are isomorphic to TX ≈ X × Rn.

The question interesting for physics is: what is the configuration pϵ ∈ X at which the system
attains a thermodynamical equilibrium? The answer to this question is obtained using the so-
called Gibbs algorithm, which we provide here for completeness. To this end, we need additional
a priori given data, namely each microstate i of our system has an a priori assigned quantity Ei,
called the energy of the i-th microstate. To derive the wanted configuration pϵ we utilize the
so-called principle of maximum entropy :

A state is at thermodynamical equilibrium if, and only if, it maximizes the entropy
with respect to the systemic constraints.

That is, we must find the constrained extrema of S with respect to constraints
∑

i pi = 1 and∑
i piEi = E(pi)i. Here, E : X → R is a function on the object space, determined by the first law

of thermodynamics up to an additive constant, as we will see in equation (1.18). This will impose
thermodynamical considerations onto the statistical description of our system.

To apply the method of Lagrange multipliers, consider the function Ŝ : X → R,

Ŝ(pi)i = S(pi)i − λ1 (E(p)−
∑

i piEi)− λ2(1−
∑

i pi).

Requiring ∂Ŝ
∂pi

= 0 yields pi = 1
Z e

λ1Ei , where we have defined Z = e−(1+λ2). The constraint∑
i pi = 1 then reads

Z = e−(1+λ2) =
∑

i e
λ1Ei .
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On the other hand, the first law of thermodynamics for systems where no work is exerted reads

dE = kT dS (1.18)

where T is the temperature (an external, macroscopic constant) at which the system is held, and
k denotes the Boltzmann constant. Writing out the total differentials dE and dS gives λ1 = − 1

kT ,
and so we finally obtain the equilibrium configuration:

pϵi =
1

Z
e−

Ei
kT , Z =

∑
i

e−
Ei
kT .

We observe that in this categorical framework, the configurations from which it is possible to attain
the equilibrium configuration pϵ, are now expressible as s(t−1(pϵ)) = {p ∈ X | S(pϵ) ≥ S(p)}. We
also observe that pϵ → pµ as T → ∞, which provides a physical justification for removing the
microcanonical configuration from the space of objects.

1.A Further research

Although we hope to have succeeded in portraying the richness of Lie categories and their potential
in physics, we have not exhausted all research options regarding them. We state some of them
here, and note that they provide possibilities for future research.

(i) As stated in Remark 1.50, the question remains whether all Lie monoids are parallelizable,
and whether Cyx is a smooth manifold for given objects x, y ∈ X of a Lie category C ⇒ X.

(ii) Does there exist a class of Lie algebroids that cannot be integrated to a Lie groupoid, but
can be integrated to a Lie category?

(iii) Remark 1.41 shows the need for considering Lie categories whose object manifold has a
boundary, or more generally, corners. Another example of such a Lie category should be the
flow of a smooth vector field on a manifold with boundary, generalizing the flow Lie groupoid
of a vector field on a boundaryless manifold.

(iv) Infinite-dimensional Lie categories. The exterior bundle Λ(E) of a vector bundle E is an
example of a bundle of Lie monoids, and it is moreover a subcategory of the tensor bundle
⊕∞
k=0 ⊗k E, which is a bundle of monoids that fails to have finite-dimensional fibres. More-

over, in statistical mechanics, physicists often work with an infinite number of microstates,
and in quantum mechanics with infinite-dimensional Hilbert spaces. These examples show
the need for introducing infinite-dimensional Lie categories. Since the theory of infinite-di-
mensional (Banach) manifolds with corners is already well-developed in [58], a theory of
infinite-dimensional Lie categories with corners seems realizable.

(v) Multiplicative differential forms on Lie categories. On Lie groupoids, such structures can be
used to describe integrated counterparts of Poisson structures [23], and more recently they
have been used to provide a natural generalization of connections on principle bundles in
[51]. We suspect that interesting geometric structures can be described with multiplicative
differential forms on Lie categories.

(vi) Haar systems on Lie categories. It is well known that Haar systems on Lie groupoids provide
a generalization of the notion of Haar measures on Lie groups, and provide a connection of
the theory of Lie groupoids to noncommutative geometry. A possible further generalization
to Lie categories should likewise provide a means of equipping the space Cc(C) of compactly
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supported functions on the space of arrows of a given category with the convolution product.
In this fashion, one expects to generalize the construction of a groupoid C*-algebra, but due
to the lack of existence of inverses of arrows, there is a priori no natural way of obtaining the
involution, hence the construction potentially generalizes only to a category Banach algebra.
We strongly suspect that a sensible notion of a Haar system on a Lie category will rather be
defined in terms of a measure µ on the space C(2) of composable pairs of arrows, satisfying
certain invariance and continuity conditions, instead of defining it in terms of a left-invariant
t-fibre supported measure on C. Roughly speaking, the convolution on Cc(C) would then
be defined by

(f1 ∗ f2)(g) =
∫
m−1(g)

f1(g1)f2(g2) dµ(g1, g2),

where the integration is done over the set m−1(g) = {(g1, g2) ∈ C(2) | g1g2 = g} of compos-
able arrows which compose to g ∈ C. We note that for groupoids, m−1(g) is diffeomorphic to
the t-fibre over t(g), so that Haar systems on groupoids can indeed be equivalently described
with a family of m-fibre supported measures.

(vii) Smooth sieves on Lie categories. In the context of Lie groupoids, the notion of a sieve is
vacuous since all morphisms are invertible—any sieve on an object must equal the whole t-
fibre over that object. However, a notion of a smooth sieve seems possible for Lie categories,
and their properties might be interesting, together with the properties of Grothendieck sites
of such sieves.

(viii) Generalization of Morita equivalence from the context of Lie groupoids to Lie categories.

1.B Transversality on manifolds with corners

In this appendix, we state some basic definitions and results regarding finite-dimensional manifolds
with corners that we need, mostly drawing from [58]; in what follows, X is assumed to be a second-
countable topological space. Let V be a real n-dimensional Banach space8; denote by Λ = (λi)i a
(possibly empty) set of linearly independent covectors λi ∈ V ∗ and let

VΛ = {v ∈ V | λ(v) ≥ 0 for all λ ∈ Λ}.

Vacuously, there holds VΛ = V when Λ = ∅. We will call Λ a corner-defining system on vector
space V , and also denote

V 0
Λ = {v ∈ V | λ(v) = 0 for all λ ∈ Λ} = ∩λ∈Λ kerλ.

Given such a corner-defining system, a chart with corners on X at p ∈ X is a map φ : U → VΛ
where U ⊂ X is an open neighborhood of p, φ(U) ⊂ VΛ is an open neighborhood of 0, and φ is a
homeomorphism onto its image with φ(p) = 0. Such a chart is said to be n-dimensional, and the
point p is said to have index |Λ|, for which we will write indX(p) = |Λ|.

We say thatX is an n-dimensional manifold with corners if there is an n-dimensional chart with
corners around every point, and any two such charts φ and φ′ are compatible, i.e., φ(U ∩U ′) ⊂ VΛ
and φ′(U∩U ′) ⊂ VΛ′ are open subsets, and φ′◦φ−1 : φ(U∩U ′)→ φ′(U∩U ′) is a diffeomorphism.9

Such a collection of charts with corners is called an atlas with corners. On a manifold with corners,
the map indX : X → N0 is well-defined by boundary invariance theorem found in [58, Theorem
1.2.12].

8Keep in mind that picking a basis of V gives a homeomorphism V → Rn.
9Denote Rn

k = Rn−k × [0,∞)k. A map U → V between open subsets of Rn
k and Rm

l is smooth at p ∈ U , if it
admits a smooth extension to an open neighborhood of p in Rn.
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We will use the following notation regarding the elementary terms for manifolds with corners:
the k-boundary of X is denoted by ∂kX = {p ∈ X | indX(p) ≥ k}, and we say that X is a
manifold with boundary if ∂X := ∂1X ̸= ∅ and ∂2X = ∅. The k-stratum of X is its subspace
Sk(X) = {p ∈ X | indX(p) = k}. The set of connected components of the k-stratum is denoted
by Sk(X), and the set of k-faces of X is the family

Fk(X) =
{
S̄
∣∣∣ S ∈ Sk(X)

}
of topological closures in X of the components of the k-stratum. We note that the k-stratum
Sk(X) can be given the following canonical differential structure induced by X: if p ∈ Sk(X) and
φ : U → VΛ is a corner chart at p, then the restriction

φ|U∩Sk(X) : U ∩ Sk(X)→ V 0
Λ

is a corner chart at p on Sk(X) since there holds φ(U ∩Sk(X)) = φ(U)∩V 0
Λ . With this structure,

Sk(X) becomes a manifold without boundary of dimension n− k.
A subspace X ′ ⊂ X is said to be a submanifold of X, if for any p ∈ X ′ there is a chart with

corners φ : U → VΛ at p on X, and a linear subspace V ′ together with a corner-defining system
Λ′ on V ′, such that φ(U ∩ X ′) = φ(U) ∩ V ′

Λ′ and this is an open subset of V ′
Λ′ . Such a chart is

said to be adapted to X ′′ by means of (V ′,Λ′), and gives us a way of defining an intrinsic atlas
with corners on X ′. If there holds ∂X ′ = ∂X ∩X ′, we say that X ′ ⊂ X is a neat submanifold.

In the context of manifolds with corners, it is more useful to use non-infinitesimal notions of
submersivity and transversality.

Definition 1.64. A smooth map f : X → X ′ between manifolds with corners is a topological
submersion at p ∈ X, if there is an open neighborhood U of f(p) in X ′ and a smooth map
σ : U → X such that σ(f(p)) = p and f ◦ σ = idU . If this holds for all p ∈ X, we just say that
f : X → X ′ is a topological submersion.

The notion of a topological submersion is stronger than the usual infinitesimal one which can
be seen by differentiating the equality f ◦ σ = idU . Moreover, in the context of boundaryless
manifolds they are equivalent, which is an easy consequence of the usual rank theorem.

Definition 1.65. Suppose that f : X → X ′ is a smooth map between manifolds with corners,
and X ′′ ⊂ X ′ is a submanifold. The map f is topologically transversal to X ′′ at p ∈ X, written
symbolically as

f ⋔p X
′′,

if either f(p) /∈ X ′′, or there is a chart φ′ : U ′ → V ′
Λ′ on X ′ at p adapted to X ′′ by means of

(V ′′,Λ′′) and an open neighborhood U of p in X, such that f(U) ⊂ U ′ and

τ : U U ′ φ′(U ′) (V ′′ ⊕W ′′)L∗Λ′ W ′′f |U φ′

≈
L−1 pr2

is a topological submersion at p, where W ′′ is any complementary subspace to V ′′ in V ′, and
L : V ′′ ⊕W ′′ → V ′ is the linear isomorphism given by L(v, w) = v + w. If for all p ∈ X we have
f ⋔p X, we just write f ⋔ X ′′ and say f is topologically transversal to X ′′.

Note that f ⋔p X ′′ implies the usual infinitesimal transversality condition

dfp(TpX) + Tf(p)X
′′ = Tf(p)X

′. (1.19)

Indeed, if v′ ∈ Tf(p)X ′, there holds

v′ = dfx(v) + d(φ′)−1
p L

(
pr1L

−1 d(φ′)p(v
′ − dfx(v)), 0

)
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where v ∈ TpX with dτp(v) = pr2L
−1 d(φ′)p(v

′) exists since τ is a submersion at p. We will show
in Proposition 1.70 that (1.19) implies f ⋔p X ′′ in case X has no boundary.

We now state the main transversality theorem for manifolds with corners, which is a general-
ization of the same result for boundaryless manifolds.

Proposition 1.66. Let f : X → X ′ be a smooth map between manifolds with corners and let X ′′ ⊂
X ′ be a neat submanifold. If f ⋔ X ′′, then f−1(X ′′) ⊂ X is a submanifold with codimX f

−1(X) =
codimX′ X ′′, whose tangent bundle is

T (f−1(X ′′)) = (df)−1(TX ′′).

Moreover, f−1(X ′′) ⊂ X is totally neat, i.e., Sk(f−1(X)) = f−1(X ′′) ∩ Sk(X) for any k ≥ 0. In
particular, f−1(X) is a neat submanifold of X.

Proof. [58, Proposition 7.1.14]. ■

In the context of Lie categories with nonempty regular boundaries, this result enables us to
show that the set of composable morphisms has a structure of a smooth manifold. Let us show
how.

Lemma 1.67. Let f : X → X ′ be a smooth map from a manifold X with boundary to a boundary-
less manifold X ′, such that both f and ∂f are submersions. Then f is a topological submersion.

Proof. We want to show f is a topological submersion at any p ∈ X. If p ∈ IntX this follows
from the usual rank theorem used on f |IntX , and if p ∈ ∂X it follows from the usual rank theorem
used on f |∂X . ■

Lemma 1.68. If f : X → X ′ is a smooth topological submersion between manifolds with corners
and ∂X ′ = ∅, then f ⋔ X ′′ holds for any submanifold X ′′ ⊂ X ′.

Proof. Suppose f(p) ∈ X ′′ and let φ′ : U ′ → V ′ be a chart on X ′ at f(p) adapted to X ′′ by means
of (V ′′,Λ′′). Let W ′′ be any complementary subspace to V ′′ in V ; continuity of f ensures there is
a neighborhood U ⊂ X of p such that f(U) ⊂ U ′, and now the composition

U U ′ φ′(U ′) V ′′ ⊕W ′′ W ′′f |U φ′

≈
L−1 pr2

is a topological submersion as a composition of topological submersions f |U and pr2L
−1φ′. ■

Corollary 1.69. Let X and Y be manifolds with boundaries and Z a manifold without boundary.
If f : X → Z and g : Y → Z are smooth maps such that f, f |∂X and g,g|∂Y are submersions, then
X ×f gY = (f × g)−1(∆Z) ⊂ X × Y is a submanifold with tangent space at (p, q) equal to

T(p,q)(X ×f gY ) = {(v, w) ∈ TpX ⊕ TqY | df(v) = dg(w)},

and its boundary is ∂(X ×f gY ) = (X ×f gY ) ∩ (∂X × Y ∪X × ∂Y ).

Proof. Lemma 1.67 ensures f and g are topological submersions, and it is easy to check that
f × g : X × Y → Z × Z is also a smooth topological submersion. Now Lemma 1.68 implies
(f × g) ⋔ ∆Z since Z is boundaryless, and Proposition 1.66 finishes the proof since ∆Z ⊂ Z × Z
is trivially a neat submanifold. ■

The following proposition shows in particular that in the case of boundaryless manifolds, the
usual infinitesimal notion of transversality is equivalent to the one above.
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Proposition 1.70. Let f : X → X ′ be a smooth map between manifolds with corners and X ′′ ⊂ X ′

a submanifold. For any p ∈ f−1(X ′′) with indX(p) = k, the following statements are equivalent.

(i) Imd(f |Sk(X))p + Tf(p)X
′′ = Tf(p)X

′.

(ii) f |Sk(X) ⋔p X
′′.

(iii) f ⋔p X ′′.

Proof. To show (i) ⇒ (ii), take a chart φ′ : U ′ → V ′
Λ′ on X ′ at f(p) adapted to X ′′ by means of

(V ′′,Λ′′), take a complementary subspace W ′′ to V ′′ of V ′, and consider the map

τk : U U ′ φ′(U ′) (V ′′ ⊕W ′′)L∗Λ′ W ′′f |U φ′

≈
L−1 pr2

where U is the domain of a chart neighborhood φ : U → V in Sk(X) of p; by continuity we may
assume f(U) ⊂ U ′. Since ∂Sk(X) is boundaryless, it is enough to show that τk is a submersion.
To that end, take any w ∈ T0W ′′ ∼=W ′′ and then u := d(φ′)−1

p L(0, w) ∈ Tf(p)X ′, so by assumption
there exist v ∈ TpX and v′′ ∈ Tf(p)X ′′ such that u = dfp(v) + v′′. Since L−1 d(φ′)p(v

′′) ∈ V ′′, we
get

dhp(v) = pr2L
−1 d(φ′)(u− v′′) = w.

Conversely, (ii)⇒ (i) follows from the fact that topological transversality implies transversality.
For the implication (ii) ⇒ (iii), note that if Z g−→ Z ′ h−→ Z ′′ are smooth maps such that h ◦ g

is a topological submersion at p ∈ Z, then it is easy to see h is a topological submersion at g(p).
Use this result for the composition Sk(X) ↪→ X

τ−→W ′′ which equals τk. The converse implication
(iii)⇒ (ii) is a consequence of the following lemma used on the map τ . ■

Lemma 1.71. If f : X → X ′ is a smooth map between manifolds with corners, which is a topo-
logical submersion at p and there holds f(p) ∈ Int(X ′), then f |Sk(X) is a submersion at p, where
k = indX(p).

Proof. Let φ : U → VΛ be a chart on X at p and φ′ : X ′ → V ′ on X ′ at f(p). Note that
φ(U ∩ Sk(X)) = φ(U) ∩ V 0

Λ .
Let v′ ∈ Tf(p)X ′ be arbitrary. By assumption, there is a neighborhood U ′ of f(p) and a smooth

map σ : U ′ → U ⊂ X such that σ(f(p)) = p and f ◦ σ = idU ′ . Since f(p) ∈ IntX ′, there is a
smooth path γ : (−ε, ε)→ U ′ with γ̇(0) = v′, and now consider the path δ = φ ◦ σ ◦ γ : (−ε, ε)→
φ(U) ⊂ VΛ. Since δ(0) = 0 and δ is defined on an open interval, we must have that δ maps
into V 0

Λ , so δ̇(0) ∈ T0V
0
Λ
∼= V 0

Λ . Taking v = d(φ−1)0(δ̇(0)) hence yields v ∈ Tp(S
k(X)) with

dfp(v) = v′. ■
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Background for the second part

In this chapter, we have gathered some prerequisite material that will be used in the remainder
of the thesis. From now on, we direct our focus to Lie groupoids instead of Lie categories.

2.1 More on Lie groupoids and Lie algebroids

Lie groupoids

As already discussed in §1, Lie groupoids are Lie categories with all arrows invertible. A Lie
groupoid will usually be denoted by G⇒M , where G and M denote the manifolds of arrows and
objects, respectively. We now recall some of their important structural properties and examples.

Proposition 2.1. In a Lie groupoid G⇒M , the following properties hold, for any x, y ∈M .

(i) The Hom-sets Gyx are closed embedded submanifolds of G.

(ii) The space Gxx is a Lie group, called the isotropy group at x.

(iii) The space Ox := t(Gx) is an immersed submanifold of M , called the orbit through x.

(iv) The restriction t : Gx → Ox is a principal Gxx-bundle over Ox.

Roughly speaking, the point (iv) above says that a Lie groupoid can be seen as a collection of
principal bundles, though it says nothing about the transverse structure that glues them together.
The connected components of the orbits comprise a singular foliation on M , denoted F .

Example 2.2.

(i) Bundles of Lie groups. A bundle of Lie groups is a Lie groupoid with coinciding source and
target map. This is a specific case of Example 1.8.

(ii) Submersion groupoids. For any submersion π : M → N , we may consider the fibred product
M ×π M , which is a Lie groupoid with the structure inherited from the pair groupoid. If
π is the identity map, we recover the unit groupoid, and if N is a singleton, we recover the
pair groupoid.

(iii) Action groupoids. Example 1.9 for the case when a Lie group G is acting on a manifold M
yields a Lie groupoid G⋉M ⇒M . Since Lie group actions are always submersive, the arrow
space is just G×M . We note that the isotropy groups of G⋉M can be identified with the
stabilizer groups of the action, and the orbits of G⋉M can be identified with the orbits of
the action.
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(iv) General linear groupoids. In Example 1.7, if we restrict to linear isomorphisms between the
fibres of a vector bundle V → M , we obtain a groupoid. This is precisely the core of the
endomorphism category, which is an open Lie subcategory by Theorem 1.23, denoted

GL(V ) = G(EndV ).

(v) Gauge groupoids. Given a principal G-bundle π : P → M , we can construct a Lie groupoid
whose Hom-sets are G-equivariant maps between the fibres of π. We encode this by defining
the arrow space as the quotient

G(P ) = P × P
G

,

where G acts on P ×P by the diagonal (right) action. With the obvious structure maps, we
obtain a Lie groupoid over M with only one orbit: the whole base manifold M . Such Lie
groupoids are called transitive. One can show that any transitive groupoid is isomorphic to
the gauge groupoid of the principal bundle from Proposition 2.1 (iv), for any x ∈M .

The nerve of a Lie groupoid

We have already observed that we can form the set G(2) of composable arrows in G. Importantly,
we can go even further, and consider the set G(p) of p-tuples of composable arrows in G. In
this way, any Lie groupoid determines a simplicial manifold, called the nerve of a Lie groupoid.
Pictorially:

· · · G(3) G(2) G M
pr2
m
pr1

s

t

Here, the face maps f (p+1)
i : G(p+1) → G(p) are defined as

f
(p+1)
i (g1, . . . , gp+1) =


(g2, . . . , gp+1) i = 0,

(g1, . . . , gigi+1, . . . , gp+1) 1 ≤ i ≤ p,
(g1, . . . , gp) i = p+ 1,

Because we are assuming the source and target maps are smooth submersions, the set G(p) is a
smooth manifold, and because the multiplication in a Lie groupoid is submersive, all the face maps
are smooth submersions. The degeneracy maps are just the smooth embeddings G(p−1) → G(p)

that insert a unit at a given factor.

Lie algebroids

The notion of a Lie algebroid, typically denoted A ⇒ M , has already been defined in Definition
1.25. We now recall some properties which will be needed later on.

Remark 2.3. When we say that A is a Lie algebroid of a Lie groupoid G, we will always mean
the left Lie algebroid of G. Importantly, not every Lie algebroid is integrable to a Lie groupoid.
Precise obstructions to integrability of Lie algebroids to Lie groupoids have been obtained in [21].

Proposition 2.4. Given a Lie algebroid A⇒M , the following holds for any x ∈M .

(i) The space gx := ker ρx is a Lie algebra, called the isotropy Lie algebra at x, with the bracket

[ξ, η] = [ξ̃, η̃]x,

for any vectors ξ, η ∈ gx, where the sections ξ̃, η̃ ∈ Γ(A) are their arbitrary extensions.
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(ii) The image im(ρ) ⊂ TM of the anchor of A is an integrable singular distribution. The leaves
of the associated singular foliation, denoted F , are called the orbits of A.

(iii) If A is the algebroid of a Lie groupoid G, then gx is the Lie algebra of the isotropy group Gxx,
and the leaves of the two orbit foliations coincide.

Let us now list some examples of algebroids corresponding to the examples from the world of
Lie groupoids, listed above.

Example 2.5.

(i) Bundles of Lie algebras. A bundle of Lie algebras is a Lie algebroid with a vanishing anchor.

(ii) The Lie algebroid of a submersion groupoid for a given submersion π : M → N is the
involutive distribution ker dπ ⊂ TM .

(iii) Action algebroids. An action of a Lie algebra g on a manifold M defines a Lie algebroid
g⋉M ⇒M . As a vector bundle, it is defined as the product g×M ; its anchor is given by
the Lie algebra action, and the bracket is determined by the Leibniz rule and the condition
[cξ, cη] = [ξ, η] where cξ, cη are the constant sections associated to ξ, η ∈ g. Every Lie group
action induces a Lie algebra action, however, not every Lie algebra action is integrable to a
Lie group action.

(iv) General linear algebroids. Given a vector bundle V → M , the Lie algebroid of the general
linear groupoid GL(V ) is isomorphic to the Lie algebroid gl(V ) whose sections are the so-
called covariant differential operators (also called derivations) of V :

Γ(gl(V )) =
{(
D : Γ(V )

lin.−−→ Γ(V ), XD ∈ X(M)
) ∣∣∣ D(fσ) = fD(σ) +XD(f)σ

}
The anchor is given by the assignment (D,XD) 7→ XD, and the bracket is just the commu-
tator of differential operators. For details, see [46, Theorem 1.4].

(v) Atiyah algebroid. Given a principal G-bundle π : P → M , the Lie algebroid of the gauge
groupoid (P × P )/G ⇒ M is isomorphic to the quotient vector bundle TP/G where the
action is given by the differentials of right translations. It fits into the short exact sequence
of Lie algebroids

0 ad(P ) TP
G TM 0,

ρ

called the Atiyah sequence, where ad(P ) denotes the adjoint vector bundle P×g
G with respect

to the adjoint representation of G on g. The space of sections of TP/G is precisely the Lie
algebra of G-invariant vector fields on P , and the anchor is the map induced by dπ.

This is an example of a transitive algebroid, that is, im(ρ) = TM , but not every transitive
algebroid is integrable to a principal bundle. A precise obstruction is given in [61].

As a concrete example, consider the Atiyah algebroid of the frame bundle Fr(V )→ M of a
vector bundle V → M . It is isomorphic precisely to the general linear algebroid from the
previous example, and the corresponding Atiyah sequence reads

0 End(V ) gl(V ) TM 0.
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Special classes of Lie groupoids and algebroids

• A Lie groupoid (or algebroid) is said to be regular, if the orbit foliation F is regular, i.e.,
if all orbits have the same dimension. This is equivalent to saying that the anchor map
ρ : A→ TM has constant rank (as a vector bundle map).

• A Lie groupoid is said to be proper, if (s, t) : G→M ×M is a proper map. For instance, the
gauge groupoid of a principal bundle is proper if and only if the structure group is compact;
the action groupoid of a Lie group action is proper if and only if the action map is proper.

Bisections

Definition 2.6. A bisection of a Lie groupoid G ⇒ M is a smooth map b : M → G such that
s ◦ b = idM and φ := t ◦ b : M → M is a diffeomorphism. A local bisection is defined similarly,
on an open subset U ⊂M , with the requirement that φ : U → φ(U) is a diffeomorphism between
open subsets of M . The set of all bisections will be denoted by Bis(G).

Remark 2.7. The asymmetry between the source and target map is only apparent—we can equiva-
lently describe a bisection as a submanifold B ⊂ G such that both s|B and t|B are diffeomorphisms
B →M . Accordingly, one can reverse the role of the source and target map by simply defining

b : M → G, b = b ◦ φ−1,

which now satisfies t ◦ b̄ = idM and s ◦ b̄ = φ−1 is a diffeomorphism. To avoid confusion, we
will sometimes use the term source bisection to refer to the notion from the definition above, and
target bisection to mean the one just discussed.
Remark 2.8. The set Bis(G) is a group, with the multiplication defined as

b1b2 : M → G, (b1b2)(x) = b1(t(b2(x)))b2(x).

The unit element is the unit map u : M → G and the inverses are given by b−1 = inv ◦ b.
Example 2.9. Given a section α ∈ Γ(A) of the Lie algebroid of G, its left-invariant extension
αL ∈ X(G) defines the following (local, target) bisection for any fixed λ ∈ R:

exp(λα) : U → G, exp(λα)(x) = ϕα
L

λ (1x),

where U is the subset of all x ∈ M for which the flow of αL through 1x at time λ is defined. If
the vector field ρ(α) ∈ X(M) is complete, αL ∈ X(G) is also complete by Proposition 1.59, hence
exp(α) defines a global (target) bisection.

Any (source) bisection b determines the global translations,

Lb : G→ G, Lb(g) = b(t(g))g,

Rb : G→ G, Rb(g) = gb(s(g)).

When restricted to the source and target fibres (respectively), they read

Lb|Gx : Gx → Gφ(x), Lb|Gx = Lb(x),

Rb|Gx : Gx → Gφ−1(x), Rb|Gx = Rb(x).

The inner automorphism by a (source) bisection b is defined as the groupoid automorphism

Ib : G→ G,

Ib(g) = b(t(g))gb(s(g))−1.

G G

M M

Ib

φ

We denote the subgroup of all such groupoid automorphisms by Inn(G) ⊂ Aut(G).

48



Background for the second part

Example 2.10. On the gauge groupoid G(P ) of a principal G-bundle π : P → M , bisections are
in a bijective correspondence with gauge transformations (G-equivariant bundle automorphisms).
Indeed, if we are given a gauge transformation f : P → P covering φ : M → M , then the cor-
responding (source) bisection reads b(x) = [f(u), u] for an arbitrary u ∈ π−1(x), which is well-
defined by G-equivariance, and smooth since π is a surjective submersion. Conversely, given a
source bisection b : M → G(P ), take any u ∈ P and observe there holds b(π(u)) = [f(u), u] for
some uniquely determined f(u) ∈ P ; it is easy to see that this defines a smooth G-equivariant
automorphism f : P → P covering φ = t ◦ b. The inner automorphism corresponding to a gauge
transformation f clearly reads [u1, u2] 7→ [f(u1), f(u2)] for any u1, u2 ∈ P . Therefore, under
this identification, the kernel of the group homomorphism Bis(G(P ))→ Inn(G(P )) ⊂ Aut(G(P )),
b 7→ Ib, is identified with gauge transformations of the form f(u) = u · g, where g ∈ Z(G) is a
fixed element from the centre of the Lie group G. Hence, Inn(G(P )) can be identified with gauge
transformations of P , modulo transformations by a constant central element of G, i.e.,

Inn(G(P )) ∼= Aut(P )/Z(G).

At last, combining the identification Bis(G(P )) ∼= Aut(P ) with Example 2.9, we see that any
section ξ ∈ Γ(ad(P )) defines a gauge transformation covering the identity, given by

f(u) = u · exp(vu),

for any u ∈ P , where vu ∈ g is the unique vector such that ξπ(u) = [u, vu] ∈ ad(P )π(u).

2.2 Representations

Definition 2.11. A representation of a Lie groupoid G⇒M on a vector bundle π : V →M is a
linear action on V , that is, smooth map ∆: G ×s π V → V , denoted (g, v) 7→ g · v satisfying

π(g · v) ∈ Vt(g), 1x · v = v, g · (h · v) = (gh) · v,

for all g, h ∈ G and v ∈ V at which the expressions are defined. Additionally, for any g ∈ G, we
require the action map ∆g : Vs(g) → Vt(g), v 7→ g · v to be linear. In other words, a representation
of G on V is a Lie groupoid morphism G → GL(V ). Since any representation is in particular an
action of a Lie groupoid, we will sometimes denote a representation by G↷ V .

Passing to the infinitesimal level, let A⇒M be any Lie algebroid. Imitating the Lie groupoid
case, we may define a representation of A on V as a Lie algebroid morphism A → gl(V ). At the
level of sections, this condition just means that we have a map

Γ(A)→ Γ(gl(V )), α 7→
(
∇Aα , ρ(α)

)
.

That this is a Lie algebroid morphism then translates to a simple flatness condition,

∇A[α,β]σ = ∇Aα∇Aβ σ −∇Aβ∇Aασ.

So, we may state the definition of an algebroid representation in the following way.

Definition 2.12. A representation of a Lie algebroid A⇒ M is a flat A-connection on a vector
bundle V →M , that is, a bilinear map

∇A : Γ(A)× Γ(V )→ Γ(V ), (α, σ) 7→ ∇Aασ,

which is C∞(M)-linear in the first argument, satisfies the Leibniz identity

∇Aα (fσ) = f∇Aασ + ρ(α)(f)σ,

and satisfies the flatness condition ∇A[α,β] = [∇Aα ,∇Aβ ].
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Proposition 2.13. If A is the Lie algebroid of a Lie groupoid G, a representation of G on V
induces a representation of A on V , by setting(

∇Aαξ
)
(x) =

d

dλ

∣∣∣
λ=0

ϕα
L

λ (1x) · ξ
(
ϕ
ρ(α)
λ (x)

)
, (2.1)

where αL ∈ X(G) denotes the left-invariant extension of α ∈ Γ(A) on G, ϕαL

λ is its flow at time
λ, and we denoted by ϕρ(α)λ the flow of the vector field ρ(α) ∈ X(M).

Moreover, if G has simply connected s-fibres, this defines a bijective correspondence between
representations of G and representations of A.

Remark 2.14. The second part of the last proposition follows by virtue of Lie’s second fundamental
theorem for groupoids [65].

Example 2.15. Every regular Lie groupoid G comes equipped with two canonical representations:

• The adjoint representation:

Ad: G↷ ker ρ, Adg(ξ) = d(Cg)1s(g)(ξ),

where Cg = Lg ◦Rg−1 : G
s(g)
s(g) → G

t(g)
t(g) is the conjugation map, and ξ ∈ ker ρs(g).

• The normal representation:

ν : G↷ coker ρ = TM/TF , νg[v] = [dt(v)],

for any v ∈ Ts(g)M , where v ∈ TgG is any vector such that dsg(v) = v.

In the realm of regular Lie algebroids, the two respective flat A-connections read

∇Aαξ = [α, ξ], and ∇Aα [X] = [[ρ(α), X]],

for any α ∈ Γ(A) and ξ ∈ Γ(ker ρ), X ∈ X(M).

2.3 Bott–Shulman–Stasheff and Weil complex with coefficients

In this section, we recall the definitions from [16] of the cochain complexes which are fundamental
for our work. On the side of groupoids, the cochain complexes consist of differential forms on the
nerve, which, importantly, have values in a representation. An analogous infinitesimal notion to
representation-valued forms on the nerve is much more involved—these objects are called Weil
cochains. The most important feature of these two complexes is that multiplicative forms appear
in them as 1-cocycles. This will be further emphasized in each of the respective complexes.

Representation-valued forms on a Lie groupoid

Let V be a representation of a Lie groupoid G⇒M and consider the set of V -valued differential
forms of degree q on the level p of the nerve of G,

Ω0,q(G;V ) := Ωq(M ;V ),

Ωp,q(G;V ) := Ωq(G(p); (s ◦ prp)∗V ), for p ≥ 1,

where prp : G(p) → G denotes the projection to the last element. For a fixed degree q, this becomes
a cochain complex, with the differential defined as follows. At level p = 0,

δ0 : Ωq(M ;V )→ Ωq(G; s∗V ), (δ0γ)g = (s∗γ)g − g−1 · (t∗γ)g. (2.2)
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At level p ≥ 1, the differential is given by the alternating sum of pullbacks along the face maps,

δp : Ωp,q(G;V )→ Ωp+1,q(G;V ), δp =

p∑
i=0

(−1)i
(
f
(p+1)
i

)∗
+ (−1)p+1Φ∗

(
f
(p+1)
p+1

)∗ (2.3)

where the map Φ∗ : Ω
q(G(p+1); (t ◦prp+1)

∗V )→ Ωq(G(p+1); (s ◦prp+1)
∗V ) changes the coefficients

of forms—it is induced by the isomorphism of vector bundles

ϕ : t∗V → s∗V, ϕ(g, v) = (g, g−1 · v)

or rather its (p+ 1)-level analogue,

Φ: (t ◦ prp+1)
∗V → (s ◦ prp+1)

∗V,

Φ(g1, . . . , gp+1, v) = (g1, . . . , gp+1, g
−1
p+1 · v).

It is well known that δp+1 ◦ δp = 0 for any fixed q ≥ 0.

Definition 2.16. Let G ⇒ M be a Lie groupoid with a representation V . The differential δ is
called the simplicial differential of differential forms on the nerve. At any fixed degree q ≥ 0, it
defines a cochain complex called the Bott–Shulman–Stasheff complex,

(Ω•,q(G;V ), δ),

whose cohomology is called the simplicial cohomology of differential forms on the nerve,

Hp,q(G;V ) := Hp(Ω•,q(G;V ), δ). (2.4)

Example 2.17. At level p = 0, the cocycles ker δ0 are called invariant forms on M , i.e., forms
γ ∈ Ωq(M ;V ) which satisfy the following identity for any g ∈ G:

(t∗γ)g = g · (s∗γ)g.

At level p = 1, the cocycles ker δ1 are called multiplicative forms on G. These are differential
forms ω ∈ Ωq(G; s∗V ) that satisfy

ωgh(dm(Xi, Yi))i = ωh(Yi)i + h−1 · ωg(Xi)i (2.5)

for any vectors (Xi, Yi) ∈ T(g,h)G(2), where s(g) = t(h), and we denote them by Ωqm(G;V ). The
cocycles arising as coboundaries im δ0 ⊂ Ω•

m(G;V ) are called cohomologically trivial.

Remark 2.18. In the example above, we are using the notation

(Xi)i = (Xi)
q
i=1 = (X1, . . . , Xq),

and similarly (dm(Xi, Yi))i = (dm(X1, Y1), . . . ,dm(Xq, Yq)). Such notation will often be used,
and the number q of elements of a given tuple will always be clear from context.

Representation-valued Weil cochains

Let V be a representation of a Lie algebroid A⇒M . Following [16, §4], the infinitesimal analogue
of the complex Ωp,q(G;V ) is the Weil complex: it is defined as the family of sets W p,q(A;V ) of
sequences c = (c0, . . . , cp) of alternating R-multilinear maps

ck : Γ(A)× · · · × Γ(A)︸ ︷︷ ︸
p−k copies

→ Ωq−k(M ;Sk(A∗)⊗ V ),
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whose failure at being C∞(M)-multilinear is controlled by the Leibniz identity

ck(fα1, α2, . . . , αp−k | ·) = fck(α1, . . . , αp−k | ·) + df ∧ ck+1(α2, . . . , αp−k |α1, ·).

Here, the notation reflects the fact that each ck in total inputs p sections of A, accounting also
for the k arguments in which ck is symmetric. More precisely, we write

ck(α1, . . . , αp−k |β1, . . . , βk) = ck(α |β) ∈ Ωq−k(M ;V )

to mean that ck is R-multilinear and antisymmetric in the first p − k arguments, and C∞(M)-
multilinear and symmetric in the last k arguments. The elements of W p,q(A;V ) will be called
Weil cochains. The term c0 will be called the leading term, while the higher terms will be called
the correction terms.
Remark 2.19. There is a general principle that we will often use, as in [3]. Suppose we want
to define a map F : C → W p,q(A;V ) to the Weil complex from some set C. To do so, we will
often prescribe the leading term (Fc)0 and then infer the correction terms (Fc)1, . . . , (Fc)p by
consecutively applying the Leibniz identity. The leading term will always have a clear conceptual
meaning, whereas the correction terms will usually be more complicated. We will usually omit
this heuristic procedure of obtaining the correction terms, and will instead provide the proof of
well-definedness of F .

As in the setting of groupoids, the setsW p,q(A;V ) form a cochain complex, with the differential
δ : W p,q(A;V ) → W p+1,q(A;V ) defined as follows. First note that for arbitrary m,n ≥ 0 the
space Ωm(M ;Sn(A∗)⊗ V ) is a module for the Lie algebra Γ(A), with the action given by the Lie
derivative induced by the representation, defined by the chain rule:

(L A
α γ)(β)(X) = ∇Aαγ(β)(X)

−
∑

i γ(β1, . . . , [α, βi], . . . , βn)(X)

−
∑

j γ(β)(X1, . . . , [ρ(α), Xj ], . . . , Xm).

Then, the leading term (δc)0 for a given sequence c = (c0, . . . , cp) ∈ W p,q(A;V ) is defined as the
Koszul differential of the leading term c0, with respect to this module structure:

(δc)0(α0, . . . , αp) =
∑

i(−1)iL A
αi

(
c0(α0, . . . , α̂i, . . . , αp)

)
+
∑

i<j(−1)i+jc0([αi, αj ], α0, . . . , α̂i, . . . , α̂j , . . . , αp).

The correction terms can be found by consecutively applying the Leibniz rule; as obtained in
[16, equation 4.2], they read

(−1)k(δc)k(α0, . . . , αp−k |β1, . . . , βk)

=
∑p−k

i=0 (−1)iL A
αi

(
ck(α0, . . . , α̂i, . . . , αp−k | ·)

)
(β)

+
∑p−k

i<j (−1)i+jck([αi, αj ], α0, . . . , α̂i, . . . , α̂j , . . . , αp−k |β)

−
∑k

j=1 ιρ(βj)ck−1(α |β1, . . . , β̂j , . . . , βk).

(2.6)

Notably, the (p+ 1)-th term simply reads

(δc)p+1(β) = (−1)p
∑

j ιρ(βj)cp(β1, . . . , β̂j , . . . , βp).

Definition 2.20. Let A ⇒ M be a Lie algebroid with a representation V . The differential δ is
called the simplicial differential of Weil cochains. At any fixed degree q ≥ 0, it defines a cochain
complex called the Weil complex,

(W •,q(A;V ), δ),

whose cohomology is called the simplicial cohomology of Weil cochains,

Hp,q(A;V ) := Hp(W •,q(A;V ), δ). (2.7)
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Example 2.21. At p = 0, we have W 0,q(A;V ) = Ωq(M ;V ) and δ is given by

(δc)0(α) = L A
α c, (δc)1(β) = ιρ(β)c. (2.8)

The cocycles at p = 0 are called invariant forms, denoted Ωqinv(M ;V ). At level p = 1, the
simplicial differential of a Weil cochain c = (c0, c1) reads

(δc)0(α1, α2) = L A
α1
c0(α2)−L A

α2
c0(α1)− c0[α1, α2],

(δc)1(α, β) = −(L A
α c1)(β) + ιρ(β)c0(α) = −L A

α (c1(β)) + c1[α, β] + ιρ(β)c0(α),

(δc)2(β1, β2) = −ιρ(β1)c1(β2)− ιρ(β2)c1(β1).
(2.9)

The cocycles at p = 1 are called infinitesimal multiplicative forms (more briefly, IM forms)
or Spencer operators, and we denote Ω•

im(A;V ) = ker δ1. By the equations above, a cocycle
c = (c0, c1) satisfies

c0[α1, α2] = L A
α1
c0(α2)−L A

α2
c0(α1), (C.1)

c1[α, β] = L A
α (c1(β))− ιρ(β)c0(α), (C.2)

ιρ(β1)c1(β2) = −ιρ(β2)c1(β1). (C.3)

The equations (C.1)–(C.3) will be referred to as the compatibility conditions for (c0, c1); as noted
in [25, Remark 2.7], condition (C.2) follows from the Leibniz identity and (C.1) unless dimM =
q + 1, however, it nonetheless often turns out to be useful to keep it in mind. The cocycles
im δ0 ⊂ Ω•

im(A;V ) arising as coboundaries are called cohomologically trivial IM forms.

2.4 Van Est theorem for representation–valued forms

The relationship between the Bott–Shulman–Stasheff and Weil complex is provided by the so-
called van Est map. The central property of this map is that under certain connectedness as-
sumptions, it is a quasi-isomorphism—this is called the van Est theorem. Let us first state it and
then provide an explicit defining formula; the idea of proof is given later in §2.6.3.

Theorem 2.22 ([16, Theorem 4.4]). Let G be a Lie groupoid with Lie algebroid A, and let V be
its representation. The van Est map is a cochain map VE : Ω•,q(G;V )→W •,q(A;V ) at each fixed
degree q, that is,

VE ◦ δG = δA ◦ VE .

Moreover, if the Lie groupoid G has p0-connected s-fibres, then the induced map in cohomology,

Hp,q(G;V )→ Hp,q(A;V ),

is an isomorphism for all p ≤ p0 and injective for p = p0 + 1, for any fixed degree q ≥ 0.

The van Est map is defined as follows. Given a section α ∈ Γ(A), we will denote the flow of
the left-invariant vector field αL at time λ by ϕαL

λ . Furthermore, αL defines a vector field on the
p-th level of the nerve G(p), which we will denote by

α(p)|(g1,...,gp) := (0g1 , . . . , 0gp−1 , α
L
gp),

and whose flow is given by ϕα(p)

λ (g1, . . . , gp) = (g1, . . . , gp−1, ϕ
αL

λ (gp)). We now define the operator,
used to define the leading term of VE , which lowers the level of a given form:

Rα : Ω
p,q(G;V )→ Ωp−1,q(G;V ),

Rαω|(g1,...,gp−1) = j∗p

(
d

dλ

∣∣∣
λ=0

ϕα
L

λ

(
1s(gp−1)

)
·
(
ϕα

(p)

λ

)∗
ω

)
,
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where jp : G(p−1) → G(p) is the degeneracy map that inserts the identity into the last factor (for
an even more explicit expression of Rα see Example 2.23 below). This enables us to define the
leading term of the van Est map:

VE (ω)0(α1, . . . , αp) =
∑
σ∈Sp

(sgnσ)Rασ(1)
. . . Rασ(p)

ω. (2.10)

The correction terms are obtained from equation (2.10) using the Leibniz rule. To write them,
one shows that Rfα = fRα + df ∧ Jα, where Jα : Ωp,q(G;V )→ Ωp−1,q−1(G;V ) reads

Jαω = j∗p(ια(p)ω). (2.11)

As obtained in [16, equation 4.4], the correction terms then read

VE (ω)k(α1, . . . , αp−k |β1, . . . , βk) = (−1)
k(k+1)

2

∑
σ∈Sp

(sgnσ)(−1)ϵ(σ,k)Dσ(1) . . . Dσ(p)ω,

where we are denoting

Dj =

{
Jβj , if 1 ≤ j ≤ k,
Rαk−j

, if k + 1 ≤ j ≤ p,
ϵ(σ, k) = #{(i, j) ∈ {1, . . . , k}2 | i < j and σ−1(i) > σ−1(j)}.

The sign that ϵ induces is sometimes also called the Koszul sign.

Example 2.23. At level p = 1, the van Est map on a form ω ∈ Ωq(G; s∗V ) reads

VE (ω)0(α)(Xi)
q
i=1 = (Rαω)x(Xi)i =

d

dλ

∣∣∣
λ=0

ϕα
L

λ (1x) · ω
(
d(ϕα

L

λ )1x duxXi

)
i
,

VE (ω)1(β)(Xi)
q−1
i=1 = (Jβω)x(Xi)i = ω(βx, dux(X1), . . . ,dux(Xq−1))

(2.12)

for any Xi ∈ TxM and α, β ∈ Γ(A). At level p = 2, the maps Rα and Jα on ω ∈ Ω2,q(G;V ) read

(Rαω)g(Xi)
q
i=1 =

d

dλ

∣∣∣
λ=0

ϕα
L

λ (1s(g)) · ω
(
Xi, d(ϕ

αL

λ )1s(g) dus(g) dsgXi

)
i
,

(Jαω)g(Xi)
q−1
i=1 = ω(g,1s(g))

(
(0g, αs(g)), (Xi,dus(g) dsgXi)i

)
for any vectors Xi ∈ TgG. We hereby provide some intuition regarding the signs appearing in the
van Est map. The first correction term of VE (ω) for ω as above reads

VE (ω)1(α |β) = −(JβRα −RαJβ)ω.

As another example, the second correction term VE (ω)2(α |β1, β2) for ω ∈ Ω3,q(G;V ) equals

−(Jβ1Jβ2Rα + Jβ2Jβ1Rα − Jβ1RαJβ2 − Jβ2RαJβ1 +RαJβ1Jβ2 +RαJβ2Jβ1)ω ∈ Ωq−2(M ;V ).

A pictorial way of interpreting the signs in this expression, ignoring the initial factor (−1)k(k+1)/2,
is provided by the diagram below. Consider all paths Ω3,q(G;V ) to Ωq−2(M ;V ) following horizon-
tal and diagonal lines. Starting with the path that first follows the maximal number of horizontal
segments, we obtain JJR. Take a positive sign there, symmetrize the expression in the indices
of J ’s and antisymmetrize in the indices of R’s. For other possible paths, we follow a similar
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procedure, with the difference that for any change of path JR → RJ , we obtain an additional
minus sign; this uncovers the role of the Koszul sign.

Ωq(M ;V ) Ωq(G; s∗V ) Ω2,q(G;V ) Ω3,q(G;V )

Ωq−1(M ;V ) Ωq−1(G; s∗V ) Ω2,q−1(G;V ) Ω3,q−1(G;V )

Ωq−2(M ;V ) Ωq−2(G; s∗V ) Ω2,q−2(G;V ) Ω3,q−2(G;V )

J

R

J

J

J

J

R

J

R

Van Est theorem for multiplicative forms with coefficients

As already stated, the most important level is p = 1. It turns out that the van Est theorem there
actually already holds at the level of cocycles, i.e., on multiplicative forms. This first appeared as
one of the main results in [25], cf. Theorem 1.

Corollary 2.24. Let G be a Lie groupoid with Lie algebroid A, and suppose V is its representation.
The formula (2.12) maps multiplicative forms on G with values in V to IM forms on A with values
in V , that is, for any q ≥ 0,

VE : Ωqm(G; s
∗V )→ Ωqim(A;V ).

Moreover, if G has simply connected source fibres, this is an isomorphism.

Remark 2.25. The proof presented in [25] utilizes jets of bisections, which is different from the
proof of Theorem 2.22 established in [16], which uses VB-groupoids and VB-algebroids.

Proof. The first part clearly follows from the fact that VE is a cochain map. For the second part,
fix the degree q ≥ 0, and first note that the assumption in particular says G has connected s-fibres,
so it ensures that G-invariant forms coincide with A-invariant forms on M , i.e., ker δ0G = ker δ0A.
Hence, by the first isomorphism theorem and the fact that VE ◦ δ0G = δ0A, the van Est map
restricts to an isomorphism im δ0G

∼= im δ0A. Using Zorn’s Lemma, we can obtain a complementary
vector subspace to im δ0G ⊂ Ωqm(G;V ), the image of which under VE must be complementary to
im δ0A ⊂ Ωqim(A;V ) since VE induces an isomorphism H1,q(G;V ) ∼= H1,q(A;V ) by Theorem 2.22.
Hence, VE induces an isomorphism between Ωqm(G; s∗V ) and Ωqim(A;V ) as well. ■

2.5 Groupoids and algebroids in the category of vector bundles

In this section, we recall the fundamental notions related to the theory of VB-groupoids and their
infinitesimal counterparts, VB-algebroids. We will review some constructions and examples that
will turn out to be useful for our work in §4.3.

2.5.1 VB-groupoids

The results presented here follow the references [55, §11.2], [37, §3] and [11, §3.1].

Definition 2.26. A VB-groupoid consists of two Lie groupoids Γ ⇒ E, G⇒M , such that Γ→ G
and E →M are vector bundles, satisfying the following compatibility conditions.

Γ G

E M

q

s t ts

q
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(i) The source and target maps s, t : Γ→ E are vector bundle maps covering s, t : G→M .

(ii) The bundle projection q : Γ→ G is a Lie groupoid morphism covering q : E →M .

(iii) The interchange law holds for any (γ1, γ2), (γ3, γ4) ∈ Γ(2) with q(γ1) = q(γ3), q(γ2) = q(γ4):

(γ1 + γ3)(γ2 + γ4) = γ1γ2 + γ3γ4.

Remark 2.27. There exist several equivalent definitions of VB-groupoids, see [37, Proposition 3.5].
Roughly, apart from the one above, we can also view a VB-groupoid as a Lie groupoid internal
to the category of vector bundles, or as a vector bundle internal to the category of Lie groupoids.
These three definitions are conveniently terse, however, in practice it helps to keep in mind all the
identities regarding the compatibility of the structures on Γ, found in [55, §11.2, p. 415].

Definition 2.28. Given a VB-groupoid as above, its (left) core is the vector bundle

C = u∗ ker t −→M.

Denoting the zero section by 0: G → Γ, the left multiplication by 0g gives an isomorphism
Cs(g) ∼= ker tg for any g ∈ G, so we have a short exact sequence of vector bundles over G,

0 s∗C Γ t∗E 0,
t

(2.13)

called the (left) core exact sequence. It is customary to denote ∂ = s|C : C → E.

Remark 2.29. As an aside, we note that the splittings of the sequence (2.13) which additionally
satisfy the natural requirement that they coincide with the canonical splitting Γ|M = E ⊕ C at
the units of G, are precisely the so-called representations up to homotopy of G on ∂ : C → E [2].

There is a relationship of representations up to homotopy with Lie categories from §1. Namely,
the splittings of sequence (2.13) can be viewed using the so-called fat category,

Ĉ(Γ) = {(g,H) | g ∈ G, H ⊂ Γg is a subspace complementary to ker tg}.

This is a Lie category Ĉ(Γ) ⇒ M with the obvious source and target map, and multiplication
given by (g1, H1)(g2, H2) = (g1g2, H1H2), where H1H2 = {v1v2 | vi ∈ Hi, s(v1) = t(v2)}. The
differentiable structure is obtained by observing that the fibre at g ∈ G of the canonical projection
Ĉ(Γ) → G is an affine space modelled on Hom(Et(g), Cs(g)). We note that the invertibles of
Ĉ(Γ) constitute an open wide subgroupoid Ĝ(Γ) by Theorem 1.23, called the fat groupoid, whose
elements are precisely the pairs (g,H) such that H is also complementary to ker sg.

The splittings of the sequence (2.13) are then equivalent to the sections of the surjective
submersive functor Ĉ(Γ) → G. The natural requirement Γ|M = E ⊕ C on a splitting, yielding
representations up to homotopy, corresponds to the requirement on a section G → Ĉ(Γ) that
it restricts at units to 1x 7→ (1x, u(Ex)). If Γ is the tangent groupoid (see Example 2.30 (i)
below), the sections G → Ĉ(TG) which are moreover morphisms of Lie categories are precisely
the so-called Cartan connections [9].

Example 2.30.

(i) Given a Lie groupoid G⇒M , differentiating the structure maps yields the tangent groupoid
of G, which is a VB-groupoid. Its core is precisely the Lie algebroid A→M , with ∂ = ρ.

TG G

TM M
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(ii) Given a representation p : V →M of G⇒M , it defines a prolongation G ×s p V ⇒M of G
by V , which is a VB-groupoid, with the structure maps given by s = s ◦ pr1, t = t ◦ pr1, and
(g, v) · (h,w) = (gh, h−1 · v + w). Its core is the representation V →M .

G ×s p V G

0M M

(iii) Alternatively, since any representation G ↷ V is in particular an action of G, one can also
consider the action VB-groupoid G ⋉ V , defined as the groupoid G ×s p V ⇒ V with the
structure maps given by s(g, v) = v, t(g, v) = g · v, and (g, h · w) · (h,w) = (gh,w). Its core
is the zero vector bundle 0M →M .

G ×s p V G

V M

We will need the following two natural constructions of VB-groupoids.

The dual of a VB-groupoid

The dual of a VB-groupoid Γ ⇒ E is the VB-groupoid, defined in such a way that its (right) core
short exact sequence is the dual of the (left) core short exact sequence (2.13). More precisely, it
is defined as the VB-groupoid

Γ∗ G

C∗ M

with the source and target maps defined on any ψ ∈ Γ∗
g as

s∗(ψ) ∈ C∗
s(g), ⟨s∗(ψ), c⟩ = ⟨ψ, 0g · c⟩ ,

t∗(ψ) ∈ C∗
t(g), ⟨t∗(ψ), d⟩ = −⟨ψ, d−1 · 0g⟩,

for all c ∈ Cs(g), d ∈ Ct(g), where the bracket denotes the canonical pairing. We also note that
d−1 = 1∂d − d by the compatibility condition. For the composition, let ψ1 ∈ Γ∗

g, ψ2 ∈ Γ∗
h be two

covectors such that s∗(ψ1) = t∗(ψ2). Any element of Γgh can be written as a product γ1 · γ2 for
some γ1 ∈ Γg, γ2 ∈ Γh, and now the compatibility condition ensures that

⟨ψ1 · ψ2, γ1 · γ2⟩ = ⟨ψ1, γ1⟩+ ⟨ψ2, γ2⟩

is a well-defined covector ψ1 · ψ2 ∈ Γ∗
gh. The unit element 1∗θ for a covector θ ∈ C∗

x is defined as
the covector 1∗θ ∈ Γ∗

1x given by
⟨1∗θ, 1v + c⟩ = ⟨θ, c⟩ ,

for any v ∈ Ex, c ∈ Cx, where we have noted there is a canonical decomposition Γ1x = Ex ⊕ Cx.
The inverses are then given by ⟨ψ−1, γ−1⟩ = −⟨ψ, γ⟩ for any γ ∈ Γg.
Example 2.31.

(i) The dual of the tangent groupoid TG ⇒ TM is the cotangent groupoid T ∗G ⇒ A∗. This
Lie groupoid is ubiquitous in Poisson geometry; one of the reasons for this is the fact that
the canonical symplectic form on T ∗G is automatically multiplicative—see [14] for details.
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(ii) Given a representation of G on V , the dual of the prolongation VB-groupoid from Example
2.30 (ii) is precisely the action VB-groupoid of the induced action of G on V ∗, defined as

⟨g · ζ, ξ⟩ = ⟨ζ, g−1 · ξ⟩, for any ζ ∈ V ∗
s(g) and ξ ∈ Vt(g).

Whitney sum of VB-groupoids

Given two VB-groupoids Γ1 ⇒ E1 and Γ2 ⇒ E2 over the same groupoid G⇒M , we can take the
Whitney sum of the underlying vector bundles. In this way, we again obtain a VB-groupoid, with
the groupoid operations defined componentwise. It is called the Whitney sum of VB-groupoids.

Γ1 ⊕ Γ2 G

E1 ⊕ E2 M

2.5.2 Double vector bundles

Before defining the notion of a VB-algebroid, we preliminarily recall the underlying notion of a
double vector bundle, along with some properties and constructions.

Definition 2.32. A double vector bundle (DVB) consists of two vector bundles D → E and
D → A with the same total space D, whose base spaces are vector bundles over the same base
manifold M , such that the two vector bundles with total space D are compatible, in the following
sense. Let us denote the two sets of structure maps (addition, zero map, homogeneous structure)
of the vector bundles D → A and D → E as follows:

D A

E M

qDA

qDE qA

qE

+A : D ⊕A D → D, 0A : A→ D, hλA : D → D,

+E : D ⊕E D → D, 0E : A→ D, hλE : D → D.
(2.14)

Both vector bundle structures on A→M , E →M will be denoted by the same symbols: +, 0, hλ.
Compatibility conditions read: for any (d1, d2), (d3, d4) ∈ D⊕AD and (d1, d3), (d2, d4) ∈ D⊕ED,

qDE (d1 +A d2) = qDE (d1) + qDE (d2),

qDA (d1 +E d3) = qDA (d1) + qDA (d3),

(d1 +A d2) +E (d3 +A d4) = (d1 +E d3) +A (d2 +E d4). (2.15)

Equation (2.15) is also known as the interchange law, and the vector bundles A→M and E →M
are called the side bundles of D.

Remark 2.33. As with VB-groupoids, there are several ways of describing DVB’s, see [36, Propo-
sition 2.1]. In practice, it is also useful to keep in mind all the other interchange laws which follow
from (2.15), found in [53, Equations (2)–(7)]. For instance,

hλA ◦ h
µ
E = hµE ◦ h

λ
A, 0A(λa) = hλE(0A(a)), hλE(d1 +A d2) = hλE(d1) +A h

λ
E(d2),

for any a ∈ A, (d1, d2) ∈ D ⊕A D and λ, µ ∈ R.

Definition 2.34. The core of a DVB as above is the bundle

C = ker qDA ∩ ker qDE −→M.
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Importantly, we note that the interchange law implies that the restrictions to C of the two vector
bundle structures on D coincide, so C → M is naturally a vector bundle [53, §2]. The natural
inclusion C ↪→ D yields the core exact sequence, which is a short exact sequence of double vector
bundles, where C is seen as a DVB with side bundles 0M → M , and A ⊕M E is the DVB with
side bundles A→M and E →M .

0 C D A⊕M E 0

Remark 2.35. Apart from the sequence above, there are two other short exact sequences of vector
bundles (in the usual sense), sometimes called the core exact sequences over A and E. For instance,
the one over E reads

0 (qE)
!C DE (qDE )

!A 0,
τE (qDA )!

(2.16)

where DE simply denotes the vector bundle D → E, the shriek denotes the usual pullback of a
vector bundle along a smooth map, and the two maps read

τE(e, c) = 0E(e) +A c, (qDA )
!(d) = (qDE (d), q

D
A (d)).

Linear and core sections

For a double vector bundle D, there are now two distinct spaces of sections of D, namely, the
sections of the two projections qDA and qDE . We will denote them by Γ(A,D) and Γ(E,D), respec-
tively. By the symmetry of the definition of a DVB, let us focus solely on Γ(E,D). As the title
of this subsection suggests, there are two important special types of sections in Γ(E,D).

Definition 2.36. A linear section of D → E is a vector bundle morphism σ : E → D from
E →M to D → A, covering a section α : M → A. Linear sections are denoted by Γlin(E,D).

D A

E M

qDA

σ

qE

α

A core section is any section of D → E obtained in the following way: suppose β ∈ Γ(C) is a
section of the core C ⊂ D, and define βc : E → D as

βc(e) = β(qE(e)) +A 0E(e),

where the second term is necessary to ensure βc is a section of D → E. The space of core sections
is denoted by Γc(E,D).

The importance of these sections is in the following fact: as a C∞(E)-module, the space of
sections Γ(E,D) is generated by the linear and core sections. This is proved in [54, Proposition
2.2] and will often be used without reference.

The two duals of a double vector bundle

As the title of this subsection suggests, it is possible to dualize a DVB in two distinct ways, with
respect to either D → A or D → E. Let us focus on dualizing with respect to D → A.
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The dual of a DVB with respect to D → A is the DVB denoted D∗
A. Before writing out the

structure maps, we depict it in the following diagram.

D∗
A A

C∗ M

qA

qC∗ qA

qC∗

(2.17)

Here, all the maps are known but qC∗ , and we have to define the vector bundle structure D∗
A → C∗.

• The bundle projection qC∗ is defined for any ψ ∈ D∗
A over qA(ψ) = a and c ∈ CqA(a) as

⟨qC∗(ψ), c⟩ = ⟨ψ, 0A(a) +E c⟩ .

• Addition over C∗: for any ψ1, ψ2 ∈ D∗
A with qC∗(ψ1) = qC∗(ψ2) and qA(ψi) = ai ∈ A, define

⟨ψ1 +C ψ2, d⟩ = ⟨ψ1, d1⟩+ ⟨ψ2, d2⟩ ,

where d ∈ (qDA )
−1(a1 + a2) is decomposed as d = d1 +E d2 for some vectors di ∈ (qDA )

−1(ai).
Well-definedness of this map is straightforwardly shown using qC∗(ψ1) = qC∗(ψ2) and the
compatibility conditions.

• Homogeneous structure over C∗: for any ψ ∈ D∗
A and d ∈ D with qA(ψ) = qDA (d), define

⟨hλC∗(ψ), hλE(d)⟩ = λ ⟨ψ, d⟩ , for all λ ∈ R.

• Zero map over C∗: it is defined as the map 0C∗ : C∗ → D∗
A, given as

⟨0C∗(ζ), 0E(e) +A c⟩ = ⟨ζ, c⟩ ,

for any ζ ∈ C∗
x, e ∈ Ex and c ∈ Cx. By the short exact sequence (2.16) over E, it is enough

to define 0C∗(ζ) on such vectors.

We note the core of D∗
A can be identified with E∗ →M , using the linear isomorphism

E∗
x ∋ ϑ 7→ ϑ ∈ (qC∗)−1(0x) ∩ (qA)

−1(0x), ⟨ϑ, 0E(e) +A c⟩ = ⟨ϑ, e⟩ ,

for any e ∈ Ex, c ∈ Cx.
Remark 2.37. The two duals we obtain in this way fit into a triple vector bundle, called the
cotangent cube—for details see [36, Remark 3.12] or [11, Diagram 2.8].

2.5.3 VB-algebroids

Definition 2.38. A VB-algebroid is a double vector bundle D as in (2.14), equipped with a Lie
algebroid structure on D → E, i.e., an anchor ρD : D → TE and a Lie bracket [·, ·]D on the
sections Γ(E,D), with the following additional properties.

(i) The anchor ρD is a vector bundle morphism over a bundle map ρA : A→ TM covering idM .

D A

M

TE TM

qDA

ρD

qA

ρA

dqE
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(ii) The bracket [·, ·]D satisfies the following properties on the linear and core sections:

[Γlin(E,D),Γlin(E,D)] ⊂ Γlin(E,D),

[Γlin(E,D),Γc(E,D)] ⊂ Γc(E,D),

[Γc(E,D),Γc(E,D)] = 0.

(2.18)

Remark 2.39. The vector bundle A → M is automatically a Lie algebroid with anchor ρA, and
the bracket induced by the bracket on D ⇒ E, using the first of the three equalities above.

We now consider the infinitesimal analogues of the VB-groupoids from Example 2.30; for a general
integrability result of VB-algebroids to VB-groupoids, we direct the reader to [15].

Example 2.40.

(i) The tangent algebroid of a Lie algebroid A⇒M is the following VB-algebroid.

TA A

TM M

The structure of TA → A is given by the usual tangent bundle construction, whereas the
structure of TA → TM is obtained by differentiating the structure maps of A → M . The
bracket of [·, ·]TA is essentially defined by (2.18)—that is, for any section α ∈ Γ(A), we note
that dα : TM → TA is a linear section over α : M → A, and we thus define

[dα,dβ]TA = d[α, β], [dα, βc]TA = [α, β]c, [αc, βc]TA = 0,

where β ∈ Γ(A) is another section. Extending by bilinearity and the Leibniz rule, this
determines the bracket on all sections. The anchor of TA is defined as ρTA = J ◦ dρ, where
J : T (TM) → T (TM) is the canonical involution, see [63, §8.13]. With this structure, TA
becomes a VB-algebroid with the property that the bundle projection TA → A is a Lie
algebroid morphism over TM → M . Moreover, if A is the algebroid of G, then TA⇒ TM
is the Lie algebroid of the tangent groupoid TG ⇒ TM from Example 2.30 (i). For more
details, we direct the reader to [56, Theorems 5.1 and 7.1].

(ii) Let V be a representation of the Lie algebroid A⇒M . The prolongation VB-algebroid of A
by V is the following VB-algebroid.

A⊕ V A

0M M

The bundle structure A ⊕ V → A is just the usual pullback structure, whereas the bundle
structure over 0M is just the Whitney sum structure. The anchor and the bracket are given
for any α, β ∈ Γ(A) and ξ, η ∈ Γ(V ) by

[(α, ξ), (β, η)] = ([α, β],∇Aαη −∇Aβ ξ),
ρ(α, ξ) = ρ(α).

Assuming the algebroid and the representation can be integrated, this is the Lie algebroid
of the VB-groupoid from example 2.30 (ii).
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(iii) Alternatively, given any representation of A⇒M on V , we can form the action Lie algebroid
A⋉ V , which is a VB-algebroid on account of linearity of the action Γ(A)→ X(V ).

A⊕ V A

V M

Here, the anchor is given by the action, and the bracket is induced by the bracket on A, see
Remark 3.10 for more details on this construction.

The dual of a VB-algebroid

Given a VB-algebroid D, its dual VB-algebroid is defined as follows. First off, the underlying DVB
is the dual of the DVB D with respect to the fibration over A, just as in diagram (2.17).

D∗
A A

C∗ M

To see how D∗
A → C∗ becomes a Lie algebroid, note that since D ⇒ E is a Lie algebroid, D∗

E → E
carries a (fibrewise) linear Poisson structure. Moreover, this Poisson structure on D∗

E is also
linear with respect to the fibration over C∗, when D∗

E is viewed as a DVB (this is called a double
linear Poisson structure)—see [53, Theorem 2.4] or [36, Theorem 3.10]. Hence, (D∗

E)
∗
C∗ also has

a Lie algebroid structure. Now, the canonical pairing D∗
A ⊕C∗ D∗

E → R induces an isomorphism
(D∗

E)
∗
C∗ ∼= D∗

A of DVB’s, see [55, Theorems 9.2.2 and 9.2.4]. This yields the wanted VB-algebroid
structure on the double vector bundle D∗

A.

Example 2.41.

(i) The dual of the tangent algebroid TA⇒ TM is the cotangent algebroid T ∗A⇒ A∗.

(ii) Analogously as in Example 2.31, the dual of the Example 2.40 (ii) is precisely the action
VB-algebroid A⋉ V ∗ of the induced action of A on V ∗, defined by the Leibniz rule

ρ(α) ⟨ζ, ξ⟩ =
〈
∇Aαζ, ξ

〉
+
〈
ζ,∇Aαξ

〉
for any α ∈ Γ(A), ζ ∈ Γ(V ∗) and ξ ∈ Γ(V ).

Whitney sum of VB-algebroids

Just as in the case of VB-groupoids, the Whitney sum is a well-behaved operation in the world of
VB-algebroids. That is, given two VB-algebroids D1 ⇒ E1 and D2 ⇒ E2 covering the same Lie
algebroid A⇒M , we can define their Whitney sum with respect to the fibration over A.

D1 ⊕A D2 A

E1 ⊕M E2 M

Here, the vector bundle structure fibred over E1⊕ME2, the anchor, and the bracket are all defined
componentwise.
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2.6 Alternative model for the Weil complex

In this section, we provide an alternative model for representation-valued Weil cochains we have
seen in §2.3. This model was introduced in [16], and will be crucial in §4.3.6. Given a representation
V of an algebroid A ⇒ M , the idea is to view the cochain complex W •,q(A;V ) using the usual
complex underlying the algebroid cohomology, but of a larger algebroid. It turns out the right
algebroid to consider is the VB-algebroid, obtained as the Whitney sum of q copies of TA⇒ TM
and the action algebroid of the induced dual representation of A on V ∗:

Aq A

Mq M

Aq = ⊕qATA⊕A π
∗V ∗, (π : A→M)

Mq = ⊕qMTM ⊕M V ∗.
(2.19)

Let us illuminate its VB-algebroid structure.

• The vector bundle structure fibred over A is just the usual Whitney sum structure, while
the one fibred over Mq is induced componentwise by TA→ TM and π∗V ∗ → V ∗, that is,

(X1, . . . , Xq, (a, ζ)) +Mq (X
′
1, . . . , X

′
q, (a

′, ζ)) = (X1 +TM X ′
1, . . . , Xq +TM X ′

q, (a+ a′, ζ)),

0Mq(w1, . . . , wq, ζ) = (0TM (w1), . . . , 0TM (wq), (0x, ζ)),

where the vectors Xi ∈ TaA, X ′
i ∈ Ta′A satisfy dπ(Xi) = dπ(X ′

i), and ζ ∈ V ∗
π(a).

• As usual, the space of sections Γ(Mq,Aq) is generated as a C∞(Mq)-module by the linear
and core sections. In this case, these are sections of the following form. For α ∈ Γ(A),

Tα(w1, . . . , wq, ζ) = (dα(w1), . . . ,dα(wq), χα(ζ)),

Ziα(w1, . . . , wq, ζ) =
(
0TM (w1), . . . , 0TM (wi) +A

d

dλ

∣∣∣
λ=0

λαx, . . . , 0TM (wq), 0ζ

)
.

(2.20)

Here, wj ∈ TxM, ζ ∈ V ∗
x and we have introduced the following vectors in π∗V ∗,

χα(ζ) = (αx, ζ), and 0ζ = (0x, ζ).

• On the linear and core sections, for any α, β ∈ Γ(A), the bracket reads

[Tα,Tβ]Aq = T[α, β], [Tα,Ziβ]Aq = Zi[α, β], [Ziα,Zjβ]Aq = 0. (2.21)

The anchor is defined componentwise, using the anchors of TA⇒ TM and π∗V ∗ ⇒ V ∗.

2.6.1 Exterior cochains

With the VB-algebroid Aq ⇒Mq in mind, we now define the alternative model to Weil cochains.

Definition 2.42. Given any section ω ∈ Γ(Mq,Λ
pA∗

q),1 we say that:

(i) ω is skew-symmertic with respect to Aq → A, if for any σ ∈ Sq,

(σA)
∗ω = sgn(σ)ω,

where σA : Aq → Aq permutes the q components in ⊕qATA according to σ.
1The dual and the wedge are with respect to the bundle structure fibred over Mq.
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(ii) ω is multilinear with respect to Aq → A, if it is

(q + 1)-homogeneous: (hλA)
∗ω = λq+1ω,

and simple: (0iA)
∗ω = 0, (i = 1, . . . , q + 1),

where hAλ : Aq → Aq is the homogeneous structure of Aq → A, and the maps 0iA : Aq−1 → Aq
and 0q+1

A : ⊕qA TA→ Aq insert a zero at the i-th and (q + 1)-th factor, respectively.

A skew-symmetric and multilinear section with respect to Aq → A will be called an exterior
cochain, and the set of all exterior cochains will be denoted by

Γext(Mq,Λ
pA∗

q).

It is shown in [16, Proposition 4.10] that Γext(Mq,Λ
•A∗

q) ⊂ Γ(Mq,Λ
•A∗

q) is a subcomplex of
the usual cochain complex used to define the algebroid cohomology of Aq ⇒Mq. The differential
there is just the standard one: for any sections Xi ∈ Γ(Mq,Aq),

δω(X0, . . . , Xp) =
∑

i(−1)iLρAq (X
i)ω(X

0, . . . , X̂i, . . . , Xp)

+
∑

i<j ω([X
i, Xj ]Aq , X

0, . . . , Xi, . . . , Xj , . . . , Xp).
(2.22)

Here, L denotes the usual directional derivative of a function.
Remark 2.43. To demystify the abstract definition of multilinearity with respect to Aq → A, let us
try to see it as multilinearity in the usual sense. Denoting the exterior cochains at the level p = 0
by C∞

ext(Mq) := Γext(Mq,Λ
0A∗

q), they form a subset of C∞(⊕qMTM ⊕M V ∗). If ω ∈ C∞
ext(Mq)

is (q + 1)-homogeneous and simple, it is also linear in each component by a standard argument
as in Euler’s homogeneous function theorem. Hence, it is multilinear in the usual sense, and we
conclude

C∞
ext(Mq) = Γ(Λq(T ∗M)⊗ (V ∗)∗) ∼= Ωq(M ;V ).

Similarly, at level p = 1, multilinearity of ω ∈ Γext(Mq,Λ
1A∗

q) with respect to Aq → A is just a
terse way of expressing

ω(X1 +A h
λ
AX

′
1, X2 . . . , Xq, (a, ζ)) = ω(X1, . . . , Xq, (a, ζ)) + λω(X ′

1, . . . , Xq, (a, ζ)),

for any λ ∈ R and vectors X ′
1, Xi ∈ TaA, ζ ∈ V ∗

π(a), and similarly for the other arguments and for
linearity in (a, ζ). Going one level further, at p = 2 multilinearity with respect to Aq → A reads

ω
(
(X1 +A h

λ
AX

′
1, X2 . . . , Xq, (a, ζ)), (Y1 +A h

λ
AY

′
1 , Y2 . . . , Yq, (b, ζ))

)
= ω

(
(X1, . . . , Xq, (a, ζ)), (Y1, Y2 . . . , Yq, (b, ζ))

)
+ λω

(
(X ′

1, . . . , Xq, (a, ζ)), (Y
′
1 , Y2 . . . , Yq, (b, ζ))

)
,

where now the vectors Y ′
1 , Yi ∈ TbA and b ∈ π−1(a) satisfy dπ(Y ′

1) = dπ(X ′
1) and dπ(Yi) = dπ(Xi).

2.6.2 The isomorphism of the two models

We now describe the canonical identification of the model of exterior cochains with the model of
Weil cochains, called the evaluation map and denoted by

ev : Γext(Mq,Λ
pA∗

q) −→W p,q(A;V ). (2.23)

The wanted map ev is defined simply by evaluating ω on the generating sections; this is done via
auxiliary maps. More precisely, for any ω ∈ Γext(Mq,Λ

pA∗
q), we define

c̃k(ω) : ×pΓ(A)→ C∞(Mq),

c̃k(ω)(α1, . . . , αp−k |β1, . . . , βk) = ω(Z1β1, . . . ,Zkβk,Tα1, . . . ,Tαp−k),
(2.24)
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if k ≤ q, and zero for all k > q. In turn, these maps define functions

ck(ω)(α |β) ∈ C∞(⊕q−kM TM ⊕M V ∗)

ck(ω)(α |β)(w1, . . . , wq−k, ζ) = c̃k(ω)(α |β)(0x, . . . , 0x, w1, . . . , wq−k, ζ),
(2.25)

which are shown to be (q−k+1)-homogeneous, simple and skew-symmetric, so they correspond to
differential forms ck(ω)(α |β) ∈ Ωq−k(M ;V ). The maps ck(ω) can thus be stacked in a sequence
as terms of the wanted Weil cochain corresponding to ω,

ev(ω) :=
(
c0(ω), . . . , cp(ω)

)
∈W p,q(A;V ).

For any fixed q, this map provides the wanted isomorphism of the complex of exterior cochains
with the Weil complex, as shown in [16, Proposition A.3]. We observe that the complexity of the
simplicial differential (2.6) of Weil cochains is now encoded entirely in the Lie algebroid Aq ⇒Mq,
since the simplicial differential on exterior cochains (2.22) is just the standard one.

Remark 2.44. It is not hard to see that we can actually pick any vectors instead of 0x’s in the
defining equation (2.25), by multilinearity of ω over Aq → A. That is,

ck(ω)(α |β)(w1, . . . , wq−k, ζ) = c̃k(ω)(α |β)(w̃1, . . . , w̃k, w1, . . . , wq−k, ζ),

for any vectors w̃i ∈ TxM . For example, in the case p = 1, we have

c̃1(ω)(β)(w̃, w1, . . . , wq−1, ζ) = ω
(
0TM (w̃) +A

d
dλ

∣∣
λ=0

λβx, 0TM (w1), . . . 0TM (wq−1), 0ζ
)

= ω
(
0Mq(w̃, w1, . . . , wq−1, ζ)

)
+ c̃1(ω)(β)(0x, w1, . . . , wq−1, ζ),

where multilinearity over A was used in the second equality. The first term then vanishes by
multilinearity over Mq, since ω ∈ Γ(Mq,Λ

pA∗
q).

Remark 2.45. Although isomorphic, the two models are in practice very different to work with—
the Weil cochain model offers a more hands-on, computational approach, while the alternative
model offers more conceptual clarity.

2.6.3 Idea of proof of van Est theorem for representation-valued forms

Equipped with the model of exterior cochains, we now portray the idea of proof of Theorem 2.22.

• Analogously as with algebroids, one views the complex of forms Ω•,q(G;V ) using the complex
for the usual differentiable cohomology of the following VB-groupoid:

Gq G

Mq M

Gq = ⊕qGTG⊕G s
∗V ∗,

Mq = ⊕qMTM ⊕M V ∗.
(2.26)

Namely, one considers (q+1)-homogeneous, simple, skew-symmetric functions on the nerve
of Gq. As shown in [16, Proposition 4.8], they form a subcomplex

C∞
ext(G(•)

q ) ⊂ C∞(G(•)
q ).

The isomorphism of complexes F : Ω•,q(G;V )→ C∞
ext(G

(•)
q ) is given by evaluation.
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• Next, one shows that the following diagram commutes [16, Appendix A.3].

Ωp,q(G;V ) C∞
ext(G

(p)
q )

W p,q(G;V ) Γext(Mq,Λ
pA∗

q)

F

VE VEext

ev

Here, VEext denotes the restriction of the usual van Est map

C∞(G(•)
q )→ Γ(Mq,Λ

•A∗
q), (2.27)

which indeed maps to exterior cochains, since the canonical projections to the “ext” sub-
complexes commute with the van Est map ([16, Proposition 4.13]).

• One uses the ordinary van Est theorem for the van Est map C∞(G(•)
q )→ Ω•(Aq), together

with the following fact: the source fibre of a VB-groupoid is an affine bundle over the
corresponding source fibre of the base groupoid, hence Gq ⇒ Mq is source p0-connected
if G ⇒ M is. Hence, (2.27) is a quasi-isomorphism for all p ≤ p0 and quasi-injective for
p = p0 + 1, and thus so is VEext.
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Invariant linear connections on
representations

In this chapter, we present new results regarding invariant connections on general representations
of Lie groupoids and Lie algebroids. Invariant connections provide an important step towards
fully answering the question if representation-valued forms on the nerve of a Lie groupoid form a
double complex, as is the case with trivial coefficients. They were first considered in [51, Appendix
A], where the invariance condition was obtained and briefly studied. We hereby further develop
the theory, and provide certain improvements which will turn out to be crucial in §4. Hence,
this chapter also serves as an important stepping stone for advancing the theory of multiplicative
Ehresmann connections. The results obtained here can be found in the preprint [38].

3.1 The global picture

Let V be a representation of a Lie groupoid G ⇒ M . We now assume that a connection ∇
on the vector bundle V → M is given, with no a priori additional assumptions regarding the
compatibility of ∇ with the groupoid action G↷ V .

Definition 3.1. The exterior covariant derivative of V -valued forms Ωp,q(G;V ) is given by

d∇
s◦prp

: Ωp,q(G;V )→ Ωp,q+1(G;V ),

where ∇s◦prp denotes the pullback along s ◦ prp : G(p) →M of a given connection ∇ on V . When
no confusion arises, we will simply denote it by d∇.

The following result tells us precisely when d∇ commutes with δ. It was already obtained in
[51, Proposition A.7] for p = 1, however, we hereby prove it by computing the explicit formula for
the commutator

[d∇, δ] : Ωp,q(G;V )→ Ωp+1,q+1(G;V ) (3.1)

which was not obtained there, and will be needed in §4.

Theorem 3.2. Let ∇ be a connection on a representation V of a Lie groupoid G⇒M . The map
d∇ is a cochain map if and only if ∇ is G-invariant, that is, if the following tensor vanishes:

Θ ∈ Ω1(G; Hom(t∗V, s∗V )), Θ(X)ξ = ϕ(∇tXξ)−∇sXϕ(ξ), (3.2)

for any X ∈ X(G) and ξ ∈ Γ(t∗V ). Hence, if ∇ is G-invariant, d∇ preserves multiplicativity.
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Lemma 3.3. Let ∇ be a connection on a representation V of a Lie groupoid G ⇒ M . At level
p = 0, the commutator of δ and d∇ reads

(d∇
s
δ0 − δ0 d∇)ω = Θ ∧ t∗ω (3.3)

for any ω ∈ Ωq(M ;V ). At any higher level p ≥ 1, there holds

(d∇
s◦prp+1

δp − δp d∇
s◦prp

)ω = (−1)p(prp+1)
∗Θ ∧

(
f
(p+1)
p+1

)∗
ω (3.4)

for any ω ∈ Ωp,q(G;V ). Explicitly, the (q + 1)-form on G(p+1) on the right-hand side reads(
(prp+1)

∗Θ ∧
(
f
(p+1)
p+1

)∗
ω
)
(X1, . . . , Xq+1)

=

q+1∑
i=1

(−1)i+1Θ(Xp+1
i ) · ω((X1

1 , . . . , X
p
1 ), . . . ,

̂(X1
i , . . . , X

p
i ), . . . (X

1
q+1, . . . , X

p
q+1)),

for any tangent vectors Xi = (X1
i , . . . , X

p+1
i ) ∈ TG(p+1) from the same fibre.

Proof. We will make use of the basic fact that if E → B is any vector bundle equipped with
a connection ∇, and if π : N → B is any smooth map, then the pullback connection ∇π on
Ω•(N ;π∗E) is characterized by the following identity involving its exterior covariant derivative,

d∇
π
π∗ = π∗ d∇. (3.5)

Using it on the face maps π = f
(p+1)
i for i ≤ p, with connection ∇s◦prp in place of ∇, the identity

s ◦ prp ◦ f
(p+1)
i = s ◦ prp+1 yields

d∇
s◦prp+1

(f
(p+1)
i )∗ = (f

(p+1)
i )∗ d∇

s◦prp
.

Moreover, using (3.5) on π = f
(p+1)
p+1 , the identity s ◦ prp ◦ f

(p+1)
p+1 = s ◦ prp = t ◦ prp+1 yields

d∇
t◦prp+1

(f
(p+1)
p+1 )∗ = (f

(p+1)
p+1 )∗ d∇

s◦prp
.

Using these two equalities and the defining equation (2.3) of δ, we compute

d∇
s◦prp+1

δp − δp d∇
s◦prp

= (−1)p+1
(
d∇

s◦prp+1
Φ∗(f

(p+1)
p+1 )∗ − Φ∗(f

(p+1)
p+1 )∗ d∇

s◦prp)
= (−1)p+1

(
d∇

s◦prp+1
Φ∗ − Φ∗ d

∇t◦prp+1)
(f

(p+1)
p+1 )∗.

Let us expand the differential operator on the right-hand side of the last expression, on an arbitrary
form γ ∈ Ωq(G(p+1); (t ◦ prp+1)

∗V ):

(d∇
s◦prp+1

Φ∗γ − Φ∗ d
∇t◦prp+1

γ)(X1, . . . , Xq+1)

=
∑
i
(−1)i+1

(
∇s◦prp+1

Xi
◦ Φ− Φ ◦ ∇t◦prp+1

Xi

)
γ(X1, . . . , X̂i, . . . , Xq+1),

for any vectors Xi ∈ TG(p+1) over the same point, where the terms with sums over double indices
have cancelled out. But it is not hard to see that

∇s◦prp+1 ◦ Φ− Φ ◦ ∇t◦prp+1 = −pr∗p+1Θ,

which is enough to be checked on pullback sections (t ◦ prp+1)
∗ξ for ξ ∈ Γ(V ). Indeed, the stated

equality is immediate once we use the relation Φ◦pr∗p+1 = pr∗p+1◦ϕ. At last, taking γ = (f
(p+1)
p+1 )∗ω

concludes the proof of (3.4). Identity (3.3) is proved similarly. ■
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Theorem 3.2 now follows by surjectivity and submersivity of face maps and projections, since
the lemma above implies that Θ = 0 if and only if at any level p ≥ 0 (hence, at all levels)
the exterior covariant derivative commutes with the simplicial differential. In conclusion, any
G-invariant connection ∇ on V yields the columns of a curved double complex,

(Ω•,•(G;V ), δ,d∇).

We once again emphasize the notable feature that d∇ does not square to zero unless ∇ is flat, in
which case we obtain a flat double complex.

Ωq+1(M ;V ) Ωq+1(G; s∗V ) Ωq+1(G(2); (s ◦ pr2)∗V ) · · ·

Ωq(M ;V ) Ωq(G; s∗V ) Ωq(G(2); (s ◦ pr2)∗V ) · · ·

δ δ δ

d∇

δ

d∇

δ

d∇

δ

3.2 The infinitesimal picture

Now suppose V is a representation of a Lie algebroid A ⇒ M . As before, we now again assume
that a connection ∇ on the representation V → M is given, with no a priori assumptions on its
compatibility with the algebroid action A↷ V .

Definition 3.4. Let ∇ be a connection on a representation V of a Lie algebroid A ⇒ M . The
exterior covariant derivative of V -valued Weil cochains is the map

d∇ : W p,q(A;V )→W p,q+1(A;V ),

whose leading term is defined on any c ∈ W p,q(A;V ) as the exterior covariant derivative of its
leading term c0, that is,

(d∇c)0(α) = d∇c0(α).

The correction coefficients (d∇c)k are defined by

(−1)k(d∇c)k(α |β) = d∇ck(α |β)−
∑k

i=1 ck−1(βi, α |β1, . . . , β̂i, . . . , βk). (3.6)

In the definition above, the correction terms were obtained using the general principle. As al-
ways, one needs to check the obtained map is well-defined, which is a straightforward computation
that we have provided in Lemma 3.19.

Example 3.5. At p = 1, the exterior covariant derivative of c = (c0, c1) ∈W 1,q(A;V ) reads

(d∇c)0(α) = d∇c0(α), (d∇c)1(β) = c0(β)− d∇c1(β). (3.7)

This coincides with the operator defined in [51, Proposition A.10]. Going one level further, at
p = 2 we obtain:

(d∇c)0(α1, α2) = d∇c0(α1, α2),

(d∇c)1(α |β) = c0(β, α)− d∇c1(α |β),
(d∇c)2(β1, β2) = d∇c2(β1, β2)− c1(β1 |β2)− c1(β2 |β1),

(3.8)

for any c = (c0, c1, c2) ∈W 2,q(A;V ).

We now prove the infinitesimal analogue of Theorem 3.2.
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Theorem 3.6. Let ∇ be a connection on a representation V of a Lie algebroid A ⇒ M . The
map d∇ is a cochain map if and only if ∇ is A-invariant, that is, if there holds

∇Aα = ∇ρ(α) and ιρ(α)R
∇ = 0,

for any α ∈ A. In particular, the operator defined by (3.7) maps IM forms to IM forms.

Remark 3.7. In [51, Proposition A.8], it was shown that G-invariance implies A-invariance, and
that the converse also holds if G is source-connected. A new proof of this is given in Proposition
3.18, where the statement is seen as a consequence of the properties of the van Est map.

As with groupoids, we prove the theorem by computing the formula for the commutator

[d∇, δ] : W p,q(A;V )→W p+1,q+1(A;V ),

which will turn out to be vital later.

Lemma 3.8. Let V be a representation of a Lie algebroid A⇒M and let ∇ be a connection on
V . The commutator [d∇, δ] evaluated on a cochain c = (c0, . . . , cp) ∈W p,q(A;V ) reads

(d∇δc)k(α0, . . . , αp−k |β)− (δ d∇c)k(α0, . . . , αp−k |β)

=
∑p−k

i=0 (−1)iT (αi) ∧ ck(α0, . . . , α̂i, . . . , αp−k |β) (3.9)

+
∑k

j=1 θ(βj) · ck−1(α |β1, . . . , β̂j , . . . , βk),

where the tensor θ : A→ End(V ) and the map T : Γ(A)→ Ω1(M ; EndV ) are given by

θ(α) = ∇Aα −∇ρ(α),
T (α) = d∇θ(α)− ιρ(α)R∇.

(3.10)

Remark 3.9. The exterior covariant derivative d∇ in the definition of the map T is with respect
to the induced connection on EndV . We also note that (T, θ) ∈W 1,1(A; EndV ) is a Weil cochain
with values in the induced representation of A on EndV , since it clearly satisfies the Leibniz rule

T (fα) = fT (α) + df ⊗ θ(α).

In §3.4, we will see that this is actually an IM form with values in EndV , and we will use it
to define an obstruction class to the existence of A-invariant connections. The pair (T, θ) will
henceforth be called the A-invariance form of the connection ∇.

Proof. Let us first check the theorem holds at the level of leading terms. By the definition of maps
d∇ and δ, there holds

(d∇δc)0(α)− (δ d∇c)0(α) =
∑

i(−1)i
(
d∇L A

αi
−L A

αi
d∇

)
c0(α0, . . . , α̂i, . . . , αp),

so we must compute (d∇L A
α −L A

α d∇)γ for any γ ∈ Ωq(M ;V ). Notice that

L A
α γ = L ∇

ρ(α)γ + θ(α)γ,

and using Cartan’s magic formula, we get

d∇L ∇
X γ −L ∇

X d∇γ = (d∇)2ιXγ − ιX(d∇)2γ = −(ιXR∇) ∧ γ (3.11)

for any X ∈ X(M). A simple computation using these two identities shows

d∇L A
α γ −L A

α d∇γ = T (α) ∧ γ,
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proving our claim for the leading coefficient.
We now claim that it was actually enough to check that the formula (3.9) holds at the level

of leading coefficients. This follows from a similar argument as in Remark 3.10 after this proof,
and was inspired by the technique in the proof of [3, Proposition 4.1]. To be precise, first observe
that the right-hand side of equation (3.9) defines an operator

c 7→ (T, θ) ∧ c,

which maps Weil cochains to Weil cochains by Lemma 3.20, raising both the degree and the level
by 1. Hence, the case q ≤ dimM − 1 is proved. If q ≥ dimM , the idea is to apply the same
proof for the leading coefficient, but on a larger algebroid. Take any action of A on a surjective
submersion µ : P → M with dimP ≥ q + 1 and form the action algebroid A ⋉ P ⇒ P . The
surjective algebroid morphism p : A ⋉ P → A then induces a pullback of Weil cochains, denoted
p∗, defined by (3.13). The following naturality relations of the operators d∇ and (T, θ) ∧ · then
hold, as a consequence of the characterizing relation (3.5) of the pullback of forms with coefficients:

p∗ d∇ = d∇
µ
p∗,

p∗
(
(T, θ) ∧ c

)
= p∗(T, θ) ∧ p∗c,

where p∗(T, θ) ∈W 1,1(A⋉ P ;µ∗V ) is precisely the A-invariance form of the pullback connection
∇µ on the representation µ∗V of A⋉ P . Since p∗ is injective, we are done. ■

Remark 3.10. Suppose we are given two Weil cochains c, c′ ∈ W p,q(A;V ), and we want to show
c = c′. Observe that for any k ∈ {0, . . . , p− 1}, ck = c′k implies ck+1 = c′k+1 by the Leibniz rule,
provided q − k ≤ dimM . Hence, c0 = c′0 implies c = c′ provided q ≤ dimM , so in this case it
is enough to check that the leading terms coincide. On the other hand, if q > dimM , then the
first nontrivial component of a nonzero cochain c is cq−dimM , and we would like to see it as the
leading term. The following trick is a precise way of doing so.

Take any action of A ⇒ M on a surjective submersion µ : P → M , as in [46, Definition 3.1]
and consider the action algebroid A ⋉ P ⇒ P . For clarity, let us briefly recall its construction.
To begin with, its underlying vector bundle is the pullback bundle µ∗A = P ×M A→ P . As such,
its space of sections is canonically isomorphic as a C∞(P )-module to

Γ(µ∗A) ∼= C∞(P )⊗C∞(M) Γ(A),

and it is thus generated by Γ(A).1 The algebroid structure on A⋉ P is determined by

ρA⋉P (1⊗ α) = Xα,

[1⊗ α, 1⊗ β]A⋉P = 1⊗ [α, β]

on generators α, β ∈ Γ(A), and extended to the whole space by C∞(P )-linearity of the anchor
and the Leibniz rule of the bracket. Here, α 7→ Xα denotes the action Γ(A) → X(P ). We thus
obtain the following natural surjective submersion of Lie algebroids.

A⋉ P A

P M

p

µ

(3.12)

1The isomorphism C∞(P )⊗ Γ(A) → Γ(µ∗A) is given by h⊗ α 7→ (p 7→ (p, h(p)αµ(p))), and the tensor product
over C∞(M) identifies h⊗ fα = (f ◦ µ)h⊗ α, where h ∈ C∞(P ), α ∈ Γ(A) and f ∈ C∞(M).
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Moreover, a representation V of A induces a representation µ∗V of A⋉ P , determined by

∇A⋉P1⊗α (1⊗ ξ) = 1⊗∇Aαξ,

for any ξ ∈ Γ(V ), and extended by C∞(P )-linearity and the Leibniz rule. Now observe that the
pullback along the algebroid map (3.12) induces a monomorphism of Weil complexes,

p∗ : W p,q(A;V )→W p,q(A⋉ P ;µ∗V ),

(p∗c)k(1⊗ α1, . . . , 1⊗ αp−k | 1⊗ β1, . . . , 1⊗ βk) = µ∗ck(α |β),
(3.13)

defined on the generators and extended by the Leibniz rule in the antisymmetric arguments and by
C∞(P )-linearity in the symmetric ones. Since dimP ≥ dimM , p∗ is well-defined. The upshot now
is that in the case q > dimM , the first nontrivial term of a nonzero Weil cochain c ∈W p,q(A;V )
is cq−dimM , but choosing any space P with dimP ≥ q translates this term into (p∗c)0 ̸= 0. Hence,
showing c = c′ is equivalent to showing (p∗c)0 = (p∗c′)0.

Theorem 3.6 follows directly from the last lemma. In conclusion, an A-invariant connection
∇ on V yields the columns of a curved double complex,

(W •,•(A;V ), δ,d∇).

As in the case of groupoids, it has the obvious feature that d∇ does not square to zero unless ∇
is flat, in which case we obtain a flat double complex.

Ωq+1(M ;V ) W 1,q(A;V ) W 2,q+1(A;V ) · · ·

Ωq(M ;V ) W 1,q(A;V ) W 2,q(A;V ) · · ·

δ δ δ

d∇

δ

d∇

δ

d∇

δ

(3.14)

Remark 3.11. If ∇ is an A-invariant connection, its curvature tensor is an invariant form,

R∇ ∈ Ω2
inv(M ; EndV ),

with respect to the induced representation of A on EndV . This follows from computing

L A
α R

∇ = L ∇
ρ(α)R

∇︸ ︷︷ ︸
d∇

EndV
ιρ(α)R

∇

+ θ(α) ◦R∇ −R∇ ◦ θ(α) = 0,

where the under-brace is due to the Bianchi identity d∇
EndV

R∇ = 0.

3.3 Van Est map versus the exterior covariant derivative

We now establish the relationship of the van Est map with the exterior covariant derivative.

Theorem 3.12. Let ∇ be a connection on a representation V of a Lie groupoid G ⇒ M with
Lie algebroid A ⇒ M . If ∇ is G-invariant, then the van Est map commutes with the exterior
covariant derivatives:

VE d∇G = d∇AVE . (3.15)

Moreover, this equality holds on all normalized forms regardless of G-invariance of the connection
∇, so in particular, it holds for multiplicative forms.
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We recall from [3] that a form ω ∈ Ωp,q(G;V ) is said to be normalized, if its pullbacks along all
the degeneracy maps G(p−1) → G(p) vanish. Any multiplicative form ω ∈ Ωqm(G;V ) necessarily
satisfies u∗ω = 0, so it is normalized.

Lemma 3.13. Let ∇ be a connection on a representation V of a Lie groupoid G⇒M . If either
the connection ∇ is G-invariant, or a given form ω ∈ Ωp,q(G;V ) satisfies j∗pω = 0, then

Rαω = j∗pL
∇s◦prp

α(p) ω, (3.16)

for any α ∈ Γ(A).

Remark 3.14. Given a connection ∇ on a vector bundle V →M , the Lie derivative of a V -valued
differential form ω ∈ Ωq(M ;V ) is defined by Cartan’s formula, L ∇

X ω = d∇ιXω + ιX d∇ω for any
X ∈ X(M). Equivalently, we can use parallel transport:

(L ∇
X ω)x(Yi)i =

d

dλ

∣∣∣
λ=0

τ(γXx )∇λ,0
(
ω(d(ϕXλ )x(Yi))i

)
,

where γXx denotes the (maximal) integral path of X starting at x, and

τ(γXx )∇λ,0 : VγXx (λ) → Vx

denotes the parallel transport along γXx with respect to the connection ∇ from time λ to 0.

Proof. Consider first the level p = 1. Let us compute the difference(
Rαω − u∗L ∇s

αL ω
)
x
(Xi)i =

d

dλ

∣∣∣
λ=0

(
∆
ϕα

L
λ (1x)

− τ
(
γα

L

1x

)∇s

λ,0

)
ω
(
d(ϕα

L

λ )1x du(Xi)
)
i︸ ︷︷ ︸

ξ
γ
ρα
x (λ)

where ∆ denotes the action of G on V , and the expression denoted by ξ defines a section of V
along the path γραx . However, for any section ξ along the path γραx , there holds

d

dλ

∣∣∣
λ=0

(
∆
ϕα

L
λ (1x)

− τ
(
γα

L

1x

)∇s

λ,0

)
· ξγραx (λ) = ∇Aαx

ξ −∇ραxξ = θ(αx) · ξx,

where we have observed there holds τ
(
γα

L

1x

)∇s

= τ(s ◦ γαL

1x )∇ = τ(γραx )∇ since ∇s is a pullback
connection and s∗αL = ρα. This implies

Rαω − u∗L ∇s

αL ω = θ(α) · u∗ω. (3.17)

More generally, at any higher level p > 1, for a given ω ∈ Ωp,q(G;V ) we similarly obtain(
Rαω − j∗pL ∇s◦prp

α(p) ω
)
(g1,...,gp−1)

= θ(αs(gp−1)) · (j
∗
pω)(g1,...,gp−1), (3.18)

proving the lemma since G-invariance implies A-invariance. ■

Proof of Theorem 3.12. Let us first check the theorem holds at the level of leading terms,

(VE d∇ω)0 = (d∇VEω)0. (3.19)

We do so by first establishing the following identity for the case when either ∇ is G-invariant, or
the form ω satisfies j∗pω = 0:

Rα d
∇s◦prp

ω = d∇
s◦prp−1

Rαω. (3.20)
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Similarly to equation (3.11), the commutator of the V -valued Lie derivative with d∇ reads

L ∇s◦prp

α(p) d∇
s◦prp − d∇

s◦prp
L ∇s◦prp

α(p) = ια(p)R∇s◦prp ∧ · = (s ◦ prp)∗(ιραR∇) ∧ ·

Moreover, using the identity (3.5) on π = jp with ∇s◦prp as the connection, we get

d∇
s◦prp−1

j∗p = j∗p d
∇s◦prp

,

since s ◦ prp ◦ jp = s ◦ prp−1. Hence, by the last lemma, we obtain

Rα d
∇s◦prp

ω − d∇
s◦prp−1

Rαω = (s ◦ prp−1)
∗(ιραR

∇) ∧ j∗pω,

This proves the identity (3.20) and thus also (3.19) for the case when ∇ is G-invariant. Dropping
the assumption of invariance and instead assuming ω is normalizable, identity (3.20) now follows
by the fact that Rα preserves normalizability—more precisely, for any ω ∈ Ωp,q(G;V ) there holds

(jkp−1)
∗Rαω = Rα(j

k
p )

∗ω,

for any k ≤ p− 1, where jkp : G(p−1) → G(p) denotes the degeneracy map that inserts the unit into
the k-th place (hence jp = jpp). Hence, for any α1, . . . , αp ∈ Γ(A),

Rα1 . . . Rαp d
∇s◦prp

ω = Rα1 . . . Rαp−1 d
∇s◦prp−1

Rαpω (since j∗pω = 0)

= Rα1 . . . Rαp−2 d
∇s◦prp−1

Rαp−2Rαpω (since (jp−1
p )∗ω = 0)

...

= d∇Rα1 . . . Rαpω (since (j1p)
∗ω = 0)

From this the desired result for normalized forms follows.
To see that equation (3.19) was actually enough to show, we again use the trick from Remark

3.10. More precisely, we now note that if G ⇒ M acts on a surjective submersion µ : P → M ,
the action differentiates to an action Γ(A) → X(P ) of its Lie algebroid, and the obtained action
algebroid A⋉ P is now just the algebroid of the action groupoid G⋉ P . Denoting the respective
surjective submersive Lie groupoid and algebroid morphisms by pG : G⋉P → G and pA : A⋉P →
A, there now clearly holds

R1⊗α(pG)
∗ = (pG)

∗Rα, J1⊗α(pG)
∗ = (pG)

∗Jα.

Moreover, at level p = 0, both pullbacks (pG)
∗ and (pA)

∗ restrict simply to µ∗. Hence, the
naturality of van Est map follows:

Ωp,q(G;V ) Ωp,q(G⋉ P ;µ∗V )

W p,q(A;V ) W p,q(A⋉ P ;µ∗V )

(pG)∗

VE VE

(pA)∗

This concludes the proof. ■

3.4 Obstruction to existence of invariant connections

Given a representation V of either a Lie groupoid or an algebroid, we now construct the cohomo-
logical class which controls the existence of invariant connections on V . Let

Ainv(G;V ) and Ainv(A;V )

denote the sets of all invariant linear connections on V for the global and the infinitesimal case,
respectively. We start with the global case.
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The global case

We first observe that the form (3.2) controlling the G-invariance of a linear connection ∇ on a
representation V can be seen as an End(V )-valued form,

Θ ∈ Ω1(G; s∗EndV ), Θ(X)ξ = ϕ
(
∇tX(ϕ−1ξ)

)
−∇sXξ, (3.21)

for any ξ ∈ Γ(s∗V ). It is called the G-invariance form of the connection ∇. Without further ado:

Theorem 3.15. Let V →M be a representation of a Lie groupoid G⇒M .

(i) Given any connection ∇ on V →M , its G-invariance form (3.21) is multiplicative,

Θ ∈ Ω1
m(G; EndV ).

(ii) The set Ainv(G;V ) is an affine space over invariant, endomorphism-valued 1-forms

Ω1
inv(M ; EndV ).

(iii) The cohomological class of the G-invariance form Θ of any connection ∇ on V is independent
of the choice of connection ∇. We denote it by

obsAinv(G;V ) := [Θ] ∈ H1,1(G; EndV ).

(iv) A G-invariant connection on V exists if and only if obsAinv(G;V ) = 0.

Proof. The proof of (i) essentially consists of understanding what multiplicativity means for
End(V )-valued forms. By definition of the induced representation on End(V ), we need to check
that for any X ∈ X(G(2)) and ξ ∈ Γ((s ◦ pr2)∗V ) there holds

(m∗Θ)(X) · ξ = (pr∗2Θ)(X) · ξ +Φ
(
(pr∗1Θ)(X) · (Φ−1ξ)

)
,

where Φ: (s ◦ pr1)∗V → (s ◦ pr2)∗V is given by (g, h, ξ) 7→ (g, h, h−1 · ξ). By definition of Θ, the
terms on the right-hand side above equal

(pr∗2Θ)(X) · ξ = Φ2

(
∇t◦pr2X (Φ−1

2 ξ)
)
−∇s◦pr2X ξ (3.22)

Φ
(
(pr∗1Θ)(X) · (Φ−1ξ)

)
= Φ2Φ1

(
∇t◦pr1X (Φ−1

1 Φ−1
2 ξ)

)
− Φ2

(
∇s◦pr1X (Φ−1

2 ξ)
)
, (3.23)

where we are denoting by Φi (i = 1, 2) the vector bundle morphisms covering idG(2) , determined
by the identities Φi(pr

∗
i η) = pr∗iϕ(η) for any η ∈ Γ(t∗V ). They are given by:

(t ◦ pr1)∗V (s ◦ pr1)∗V (s ◦ pr2)∗V pr∗i (t
∗V ) pr∗i (s

∗V )

(g, h, ξt(g)) (g, h, g−1 · ξt(g))

(g, h, ξs(g)) (g, h, h−1 · ξs(g)) t∗V s∗V

Φ1 Φ2 Φi

ϕ

Identities (3.22) and (3.23) are easily shown on pullback sections, i.e., those of the form ξ = pr∗2η
and Φ−1ξ = pr∗1η for η ∈ Γ(s∗V ), respectively, by observing there holds Φ = Φ2. Notice that the
first term of (3.22) and the second term of (3.23) cancel out since s ◦ pr1 = t ◦ pr2, hence we just
need to check Θ satisfies

(m∗Θ)(X) · ξ = Φ2Φ1

(
∇t◦pr1X (Φ−1

1 Φ−1
2 ξ)

)
−∇s◦pr2X ξ,

This is clear since t ◦m = t ◦ pr1, s ◦m = s ◦ pr2 and the map Φm : (t ◦ pr1)∗V → (s ◦ pr2)∗V
determined by Φmm

∗ = m∗ϕ clearly equals Φm = Φ2Φ1, hence (i) is proved.
The points (ii), (iii) and (iv) are direct consequences of the following observation: if ∇̃ and ∇

are two connections on V with respective invariance forms Θ̃ and Θ, then

Θ̃−Θ = −δ0γ
where γ = ∇̃ − ∇ ∈ Ω1(M ; EndV ). This easily follows from the identity s∗γ = ∇̃s − ∇s and a
similar one for t∗γ, concluding the proof. ■
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The infinitesimal case

We now prove the infinitesimal analogue of Theorem 3.15.

Theorem 3.16. Let V →M be a representation of a Lie algebroid A⇒M .

(i) Given any connection ∇ on V →M , its A-invariance form (3.10) is multiplicative:

(T, θ) ∈ Ω1
im(A; EndV ).

(ii) The set Ainv(A;V ) is an affine space over invariant, endomorphism-valued 1-forms

Ω1
inv(M ; EndV ).

(iii) The cohomological class of the A-invariance form (T, θ) of any connection ∇ on V is inde-
pendent of the choice of connection ∇. We denote it by

obsAinv(A;V ) := [(T, θ)] ∈ H1,1(A; EndV ).

(iv) An A-invariant connection on V exists if and only if obsAinv(A;V ) = 0.

Proof. The proof of (i) consists of a straightforward computation verifying the condition (C.1) for
the map T , which we will now carry out. Writing out the map T in full, it has a formula similar
to the usual curvature tensor,

T (α)(X)ξ = ∇X∇Aαξ −∇Aα∇Xξ +∇[ρα,X]ξ, (3.24)

for any α ∈ Γ(A), X ∈ X(M) and ξ ∈ Γ(V ). If β ∈ Γ(A) is another section, then

L A
α (Tβ)(X)ξ = ∇Aα (T (β)(X)ξ)− T (β)(X)∇Aαξ − T (β)([ρα,X])ξ

= ∇Aα (∇X∇Aβ ξ −∇Aβ∇Xξ +∇[ρβ,X]ξ)

− (∇X∇Aβ −∇Aβ∇X +∇[ρβ,X])∇Aαξ
− (∇[ρα,X]∇Aβ ξ −∇Aβ∇[ρα,X]ξ +∇[ρβ,[ρα,X]]ξ)

In this expression, the following terms come in pairs with respect to interchanging α and β:
first and fifth, third and eighth, sixth and seventh. Hence, subtracting L A

β (Tα)(X)ξ from this
expression kills these terms. We are left with

L A
α (Tβ)(X)ξ −L A

β (Tα)(X)ξ = ∇X∇A[α,β]ξ −∇
A
[α,β]∇Xξ +∇[[ρα,ρβ],X]ξ = T [α, β](X)ξ,

where we have used the flatness∇A[α,β] = [∇Aα ,∇Aβ ] of the representation∇A and the Jacobi identity
on X(M). This proves (i).

The remaining points (ii), (iii) and (iv) are direct consequences of the following more general
observation. If ∇̃ and ∇ are two connections on V with respective invariance forms (T̃ , θ̃) and
(T, θ), then there holds

(T̃ , θ̃)− (T, θ) = −δ0γ, (3.25)

where γ = ∇̃ − ∇ ∈ Ω1(M ; EndV ). To see this, we first note that on the level of symbols, we
clearly have θ̃(α)− θ(α) = −γ(ρα). For the leading terms, we insert ∇+ γ in place of connection
∇ in the equation (3.24) to obtain

T̃ (α)(X)ξ = T (α)(X)ξ + γ(X)∇Aαξ −∇Aα (γ(X)ξ) + γ([ρα,X])ξ

= T (α)(X)ξ − (L A
α γ)(X)ξ,

that is, T̃ (α) = T (α)−L A
α γ. This concludes the proof. ■
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Example 3.17. As an ill-behaved example, we consider the general linear algebroid gl(V ) ⇒ M
of a vector bundle V → M . It has a natural representation on the vector bundle V by simply
applying the derivation:

∇A(D,X)ξ = Dξ,

for any derivation (D,X) ∈ Γ(gl(V )) and ξ ∈ Γ(V ). This representation does not admit an
invariant connection on V . Indeed, the existence of such a connection ∇ would mean there holds
∇X = D for any derivation (D,X), which is clearly false since we can take D = ∇̃X for some
connection ∇̃ ̸= ∇. Later, in Proposition 4.28, we will see this is a manifestation of the fact that
End(V ) is nonabelian as a Lie algebra bundle with the fibrewise commutator.

Finally, we show that the van Est map relates the global and infinitesimal invariance forms.

Proposition 3.18. Let A be the Lie algebroid of G. For any connection ∇ on a representation
V of G, the van Est map sends the G-invariance form of ∇ to its A-invariance form:

VE (Θ) = (T, θ). (3.26)

In particular, G-invariance implies A-invariance of ∇, and if G is source-connected, the converse
also holds. Moreover, the van Est map relates the obstruction classes:

VE (obsAinv(G;V )) = obsAinv(A;V ).

Proof. The second part follows from the first part and Theorem 3.15 (i), since the restriction of
the van Est map to multiplicative forms is injective when G is source-connected. That the van
Est map relates the obstruction classes is also a direct consequence of (3.26).

Let us prove the identity (3.26). We begin by proving that the symbols coincide: for any
α ∈ Γ(A) and ξ ∈ Γ(V ), there holds

u∗(Θ(αL)) · ξ = u∗(Θ(αL) · s∗ξ) = u∗
(
ϕ
(
∇tαL(ϕ

−1s∗ξ)
))
− u∗(∇sαLs

∗ξ).

The second term clearly equals ∇ραξ since s∗αL = ρα. Using parallel transport, we can write the
first term at any g ∈ G as

ϕ
(
∇tαL(ϕ

−1s∗ξ)
)
g
= g−1 · d

dλ

∣∣∣
λ=0

τ(γα
L

g )∇
t

λ,0︸ ︷︷ ︸
idVt(g)

(
ϕα

L

λ (g)︸ ︷︷ ︸
gϕα

L

λ (1s(g))

·ξϕραλ (s(g))

)
=

d

dλ

∣∣∣
λ=0

ϕα
L

λ (1s(g)) · ξϕραλ (s(g)),

which equals (s∗∇Aαξ)g. We have used here that the action is linear and t∗αL = 0. By tensoriality
of Θ, we have shown Θ(αL) = s∗θ(α) and thus proved that the symbols coincide.

For the leading terms, we need to show RαΘ = T (α). To this end, we first use multiplicativity
of Θ with equation (3.16) to express the left-hand side as RαΘ = u∗L ∇s

αL Θ where∇s is the induced
connection on s∗ End(V ). That is, for any X ∈ X(M) and ξ ∈ Γ(V ),

(RαΘ)(X) · ξ = u∗(L ∇s

αL Θ)(X) · ξ = u∗
(
(L ∇s

αL Θ)(Y ) · s∗ξ
)

= u∗
(
∇sαL(Θ(Y ) · s∗ξ)−Θ(Y ) · ∇sαLs

∗ξ −Θ[αL, Y ] · s∗ξ
)

where Y ∈ X(G) extends u∗X on u(M) and can be chosen s-projectable to s∗Y = X. Expanding
the three terms on the right-hand side and denoting by ∇t = ϕ∇tϕ−1 the pullback connection
along t on the bundle s∗V → G, we get

∇sαL

(
Θ(Y ) · s∗ξ

)
= ∇sαL∇

t
Y s

∗ξ − s∗∇ρα∇Xξ,

Θ(Y ) · ∇sαLs
∗ξ = ∇tY∇sαLs

∗ξ − s∗∇X∇ραξ,

Θ[αL, Y ] · s∗ξ = ∇t[αL,Y ]s
∗ξ − s∗∇[ρα,X]ξ,
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where we have observed that s∗[αL, Y ] = [ρα,X]. Hence, we obtain

(RαΘ)(X) · ξ = u∗
( (
∇sαL∇

t
Y −∇

t
Y∇sαL −∇

t
[αL,Y ]

)
s∗ξ︸ ︷︷ ︸

=:S(α)(Y )·s∗ξ

)
−R∇(ρα,X) · ξ.

We observe that the expression denoted by S is tensorial in both Y and s∗ξ (but not in α), so it
defines a map S : Γ(A)→ Ω1(G; s∗ EndV ). Moreover, we can express it as

S(α)(Y ) · s∗ξ = R∇t

(αL, Y ) · s∗ξ +∇tY
(
Θ(αL) · s∗ξ

)
−Θ(αL) · ∇tY s∗ξ.

Since R∇t

= ϕR∇t
ϕ−1 and R∇t

= t∗R∇, the first term vanishes by t∗αL = 0. Hence, it is enough
to show that

u∗
(
∇tY

(
Θ(αL) · s∗ξ

)
−Θ(αL) · ∇tY s∗ξ

)
= ∇X(θ(α) · ξ)− θ(α) · ∇Xξ,

but this is clear since u∗Θ(αL) = θ(α) and u∗∇tY = ∇X since Y extends u∗X. ■

3.A Appendix: Auxiliary computations

Lemma 3.19. Let ∇ be a connection on a representation V of a Lie algebroid A⇒M . The map
d∇ : W p,q(A;V )→W p,q+1(A;V ) given by (3.6) is well-defined.

Proof. Given c = (c0, . . . , cp) ∈W p,q(A;V ), we would like to show that

d∇c = ((d∇c)0, . . . , (d
∇c)p)

defines a Weil cochain. Letting α = (α1, . . . , αp−k), β = (β1, . . . , βk) and f ∈ C∞(M), we
straightforwardly compute:

(−1)k(d∇c)k(fα1, . . . , αp−k |β) = d∇
(
fck(α |β) + df ∧ ck+1(α2, . . . , αp−k |α1, β)

)
−
∑

i

(
fck−1(βi, α |β1, . . . , β̂i, . . . , βk)− df ∧ ck(βi, α2, . . . , αp−k |α1, β1, . . . , β̂i, . . . , βk)

)
= f

(
d∇ck(α |β)−

∑
i ck−1(βi, α |β1, . . . , β̂i, . . . , βk)

)
+ df ∧

(
ck(α |β) +

∑
i ck(βi, α2, . . . , αp−k |α1, β1, . . . , β̂i, . . . , βk)− d∇ck+1(α2, . . . , αp−k |α1, β)

)
= f(−1)k(d∇c)k(α |β)− df ∧ (−1)k+1(d∇c)k+1(α2, . . . , αp−k |α1, β),

where we have used the Leibniz identity for c in the first and second line, and the graded Leibniz
rule for d∇ in the third and fourth. In the last line, we recognized that the expressions in the
parentheses in the third and fourth line are precisely the defining expressions for (−1)k(d∇c)k and
−(−1)k+1(d∇c)k+1, respectively. Cancelling the factor (−1)k on both sides finishes the proof. ■

Lemma 3.20. Let V be a representation of a Lie algebroid A ⇒ M . For any c ∈ W p,q(A;V )
and (T, θ) ∈ W 1,1(A; EndV ), the following expression defines the coefficients of a Weil cochain
(T, θ) ∧ c ∈W p+1,q+1(A;V ).(

(T, θ) ∧ c
)
k
(α0, . . . , αp−k |β) =

∑p−k
i=0 (−1)iT (αi) ∧ ck(α0, . . . , α̂i, . . . , αp−k |β)

+
∑k

j=1 θ(βj) · ck−1(α |β1, . . . , β̂j , . . . , βk),
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Proof. For any α = (α0, . . . , αp−k), β = (β1, . . . , βk) and f ∈ C∞(M), we compute:(
(T , θ) ∧ c

)
k
(fα0, . . . , αp−k |β) = T (fα0)︸ ︷︷ ︸

fT (α0)+df⊗θ(α0)

∧ ck(α1, . . . , αp−k |β)

+
∑p−k

i=1 (−1)iT (αi) ∧ ck(fα0, α1, . . . , α̂i, . . . , αp−k |β)︸ ︷︷ ︸
fck(α0,...,α̂i,...,αp−k |β)+df∧ck+1(α1,...,α̂i,...,αp−k |α0,β)

+
∑k

j=1 θ(βj) · ck−1(fα0, . . . , αp−k |β1, . . . β̂i, . . . , βk)︸ ︷︷ ︸
fck−1(α0,...,αp−k |β1,...β̂i,...,βk)+df∧ck(α1,...,αp−k |α0,β1,...β̂i,...,βk)

Exchanging df with T (αi) yields an additional minus, and separating the terms with f and df
yields(

(T , θ) ∧ c
)
k
(fα0, . . . , αp−k |β) = f

(
(T, θ) ∧ c

)
k
(α0, . . . , αp−k |β)

+ df ∧
(
−
∑p−k

i=1 (−1)iT (αi) ∧ ck+1(α1, . . . , α̂i, . . . , αp−k |α0, β)

+ θ(α0)ck(α1, . . . , αp−k |β) +
∑k

j=1 θ(βj)ck(α1, . . . , αp−k |α0, β1, . . . , β̂j , . . . , βk)
)
.

Now just observe that the terms in the parentheses in the second and third line add up to(
(T, θ) ∧ c

)
k+1

(α1, . . . , αp−k |α0, β). ■
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Chapter 4

Multiplicative Ehresmann connections

In this chapter, we present our contributions to the theory of multiplicative Ehresmann connec-
tions on Lie groupoids and Lie algebroids. These developments will be crucial for our desired
generalization of Yang–Mills theory, however, we believe they are interesting and useful in their
own light. The results presented here can be found in the preprint [38].

4.1 Bundles of ideals

In the remainder of this thesis, we will consider a special class of representations: subrepresenta-
tions of the adjoint representation Ad: G↷ ker ρ. Note that the latter is only a representation in
the set-theoretic sense unless ker ρ is a vector bundle (that is, unless G is regular), so we instead
phrase this in the following way.

Definition 4.1. On a Lie groupoid G⇒M , a vector bundle k ⊂ ker ρ is called a bundle of ideals,
if for any g ∈ G the map Ad: G↷ ker ρ restricts to a map

Adg : ks(g) → kt(g).

This means precisely that Ad: G↷ k is a representation of G.
On a Lie algebroid A⇒M , a vector bundle k ⊂ ker ρ is said to be a bundle of ideals if for any

α ∈ Γ(A) and ξ ∈ Γ(k) there holds

[α, ξ] ∈ Γ(k). (4.1)

Remark 4.2. The terminology comes from [51], however, it is not standard. In [45], a vector
bundle k ⊂ ker ρ satisfying (4.1) is instead called a naïve ideal of a Lie algebroid.

If A is the Lie algebroid of G, then

[α, ξ]x =
d

dλ

∣∣∣
λ=0

Ad
ϕα

L
λ (1x)

(
ξϕραλ (x)

)
,

holds at every x ∈M , so that if k is a bundle of ideals on G, it is also a bundle of ideals on A. In
other words, the map (α, ξ) 7→ [α, ξ] is just the infinitesimal version of the adjoint representation
of G⇒M on k, i.e., a flat A-connection on k→M , which we will denote by ∇Aαξ = [α, ξ].
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Example 4.3. The main class of examples of bundles of ideals on Lie groupoids comes from sur-
jective submersive groupoid morphisms Φ: G→ H covering the identity, where one takes k to be
the kernel of the associated Lie algebroid morphism, k = ker dΦ|M . Not all bundles of ideals arise
in this way—given a bundle of ideals k on G ⇒ M , we define its smearing as the distribution
K ⊂ TG,

Kg := d(Lg)1s(g)(ks(g)) = d(Rg)1t(g)(kt(g)). (4.2)

It is easy to see K is involutive. If the corresponding foliation F(K) on G is simple, the natural
projection Φ: G→ G/F(K) is a surjective submersive Lie groupoid morphism with ker dΦ|M = k.
On the other hand, on Lie algebroids, every bundle of ideals k is clearly the kernel of the fibrewise
surjective Lie algebroid morphism ϕ : A→ A/k that covers the identity.

4.2 The global picture

4.2.1 Basic definitions

In the study of bundles of ideals, the notion of a multiplicative connection offers a richer framework
than that of an invariant connection. To lay the groundwork, we begin by recalling the definition
and highlighting some fundamental properties.

Definition 4.4. Let k be a bundle of ideals on a Lie groupoidG⇒M . A multiplicative Ehresmann
connection for k is a distribution E ⊂ TG which is also a wide Lie subgroupoid of TG ⇒ TM ,
satisfying

TG = E ⊕K,

where K is the smearing of k, defined by (4.2).

Example 4.5. If k comes from a surjective submersive Lie groupoid morphism Φ: G → H, there
holds K = ker dΦ, hence E is an Ehresmann connection in the usual sense, with the additional
property of being multiplicative.

A multiplicative Ehresmann connection can alternatively be viewed as a splitting of the fol-
lowing short exact sequence of VB-groupoids covering G⇒M .

0 K TG TG/K 0

0 0M TM TM 0

In fact, there are several equivalent descriptions of multiplicative Ehresmann connections, among
which we particularly favor the description with differential forms. Given a multiplicative Ehres-
mann connection E ⊂ TG, we can define a differential form ω ∈ Ω1(G; s∗k) on G with values in
the pullback bundle s∗k→ G,

ω(X) = d(Lg−1)g(v(X)) ∈ ks(g), (4.3)

for any X ∈ TgG, where v(X) is the so-called vertical component in the unique decomposition
X = h(X) + v(X) ∈ Eg ⊕Kg = TgG. Here, the vector h(X) is called the horizontal component
of X. The differential form just defined favors two characteristic properties.
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Proposition 4.6 ([51, Proposition 2.8]). Let G ⇒ M be a Lie groupoid. Given a multiplicative
Ehresmann connection E ⊂ TG, the corresponding 1-form ω ∈ Ω1(G; s∗k) satisfies:

(i) ω is multiplicative: for any composable pair (X,Y ) ∈ T(g,h)G(2), there holds

ωgh(dm(X,Y )) = Adh−1 ◦ ωg(X) + ωh(Y ).

(ii) ω restricts to identity on k:

ω|k = idk.

Conversely, given such a form ω, E = kerω defines a multiplicative Ehresmann connection.

Remark 4.7. Another way of expressing the differential form ω is by means of the Maurer–Cartan
form on G; this is a vector bundle isomorphism, defined on any tangent vector X ∈ ker dtg by
ΘMC(X) = d(Lg−1)

g
(X).

ker dt s∗A

G

ΘMC

Given a multiplicative Ehresmann connection E, its connection form ω is defined in terms of the
Maurer–Cartan form simply by ω = ΘMC ◦v. Moreover, we note that by multiplicativity, property
(ii) above is equivalent to ω|K = ΘMC |K , or in other words, ω(ξL) = s∗ξ for any section ξ ∈ Γ(k).

We will denote the set of forms satisfying the properties from the last proposition as

A (G; k) = {ω ∈ Ω1
m(G; k) | ω|k = idk},

and sometimes simply call them multiplicative connections on G. The following observation will be
needed in the next section: a multiplicative connection defines a distribution Es ⊂ ker ds ⊂ TG,

Es = E ∩ ker ds.

Clearly, this distribution satisfies the following two properties:

ker ds = Es ⊕K, (4.4)

d(Rh)g(E
s
g) = Esgh, for any (g, h) ∈ G(2). (4.5)

The second property will be referred to as right-invariance of Es. In terms of the connection
1-form ω, it reads:

(Rh)
∗(ω|ker dsg) = Adh−1 ◦ ω|ker dsgh ,

for any composable pair (g, h) ∈ G(2).

Remark 4.8. In the particular case when G is regular and k = ker ρ, these two properties imply
that for any x ∈M , Es|Gx defines a principal connection on the principal Gxx-bundle t : Gx → Ox.
If G is the gauge groupoid of a principal bundle P → M , we recover the classical notion of a
principal connection on P .
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4.2.2 Induced linear connection on bundles of ideals

In this section, we show that any multiplicative Ehresmann connection ω for a bundle of ideals
k, induces a linear connection ∇ on k → M . Later, in Proposition 4.27, we will see that ∇ is
actually a part of the infinitesimal data contained within ω. In what follows, ∇ is constructed
using a global approach, in terms of the given Lie groupoid G ⇒ M , since this will turn out to
be useful for the subsequent sections.

To begin, let us denote by v : TG→ K and h : TG→ E the vertical and horizontal projection
(both are morphisms of vector bundles over G) with respect to a given multiplicative Ehresmann
connection that complements k.

Proposition 4.9. Let G ⇒ M be a Lie groupoid with a multiplicative Ehresmann connection
ω ∈ A (G; k). Let the map ∇ : X(M)× Γ(k)→ Γ(k) be given by:

∇Xξ = v[h(Y ), ξL]|M (4.6)

where Y ∈ X(G) is any lift of X along the source map, i.e., s∗Y = X, and the bracket denotes
the Lie bracket on TG. The following holds.

(i) ∇ defines a linear connection on k.

(ii) The left-invariant extension of ∇Xξ reads (∇Xξ)L = v[h(Y ), ξL].

(iii) ∇ preserves the Lie bracket on the bundle of ideals:

∇X [ξ, η]k = [∇Xξ, η]k + [ξ,∇Xη]k. (4.7)

In particular, k is a locally trivial Lie algebra bundle.

Remark 4.10. The defining equation (4.6) above is similar to [51, Equation 2.4], where ∇ is
obtained by first integrating k to a bundle of simply-connected Lie groups. In fact, our definition
of ∇ was motivated by the referenced equation, and our aim was to construct it entirely in terms
of the groupoid G, which is of paramount importance in the next section.

Proof. First, we prove that our definition (4.6) is independent of the choice of the lift Y ∈ X(G)
of X along s : G → M . Pick another such lift Ỹ ∈ X(G), so Y − Ỹ ∈ Γ(ker ds), and hence
Z := h(Y − Ỹ ) ∈ Γ(Es). Note that the flow ϕξ

L

λ = Rexp(λξ) of a left-invariant vector field ξL is
given by the right translation along the (target) bisection exp(λξ), hence by (4.5),(

(ϕξ
L

λ )∗Z
)
g
∈ Esg , (4.8)

for all λ ∈ R. This implies [Z, ξL] = [h(Y ), ξL]− [h(Ỹ ), ξL] ∈ Γ(Es). Since this difference is
horizontal, the vertical parts of the two terms in the difference coincide, proving the expression
v[h(Y ), ξL] is independent of the lift Y , and hence the same thus holds for ∇. Let us now show
∇ defines a connection. For C∞(M)-linearity in the first argument of the map ∇, pick any
f ∈ C∞(M) and observe that if Y is a lift of X, then (f ◦s)Y is a lift of fX. Now use the Leibniz
rule of the Lie bracket on TG to obtain

[h((f ◦ s)Y ), ξL] = (f ◦ s)[h(Y ), ξL]− d(f ◦ s)(ξL)h(Y ).

The second term vanishes since k ⊂ ker ds and the first term gives us the wanted C∞(M)-linearity
when its vertical part is evaluated at the units. For the Leibniz rule of ∇, observe there holds
(fξ)L = (f ◦ s)ξL, so the Leibniz rule of the Lie bracket on TG yields

[h(Y ), (f ◦ s)ξL] = (f ◦ s)[h(Y ), ξL] + d(f ◦ s)(h(Y ))ξL.
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Since ds1x(h(Y )) = ds1x(Y ) = Xx, vertically project and evaluate at the units to conclude.
To prove (ii), we must show that v[h(Y ), ξL] ∈ Γ(K) is left-invariant. For brevity, we will

assume that Y is a horizontal lift of X along the source map, so h(Y ) = Y . Our technique of
proving (ii) utilizes bisections on G: fix g ∈ G, denote s(g) = x, and pick any local (source)
bisection σ : U → G with σ(x) = g such that1

im dσx ⊂ Eg. (4.9)

The left translation by σ, given as the diffeomorphism

Lσ : t
−1(U)→ t−1(t ◦ σ(U)), Lσ(h) = σ(t(h))h,

then preserves the splitting ThG = Eh ⊕Kh for any h ∈ Gx, i.e., its differential restricts to

d(Lσ)h : Eh → Egh. (4.10)

This follows from a simple computation: differentiate the equation Lσ = m ◦ (σ ◦ t, id) which
defines Lσ and use it on an arbitrary horizontal vector v ∈ Eh to obtain

d(Lσ)h(v) = dm(g,h)(dσx(dth(v))︸ ︷︷ ︸
∈Eg

, v) ∈ Egh,

where we have used (4.9) and the assumption that E is multiplicative. We now use the left
translation Lσ to locally write (Lσ)∗[Y, ξ

L] = [(Lσ)∗Y, ξ
L] and thus

d(Lσ)1x [Y, ξ
L]− [Y, ξL]g = [(Lσ)∗Y − Y, ξL]g =

d

dλ

∣∣∣
λ=0

(
(ϕξ

L

λ )∗((Lσ)∗Y − Y )
)
g
.

For convenience, let us denote kλ := exp(−λξ)x = ϕξ
L

−λ(1x) ∈ G
x
x. We have(

(ϕξ
L

λ )∗((Lσ)∗Y − Y )
)
g
= d(ϕξ

L

λ )gkλ
(
d(Lσ)kλ(Y )− Ygkλ

)
.

By (4.10), the difference d(Lσ)kλ(Y )− Ygkλ is horizontal, and since ds annihilates it by the fact
that s ◦ Lσ = s, it must be contained in Esgkλ for all λ ∈ R. But since the flow of ξL is given by
right translations, (4.5) now implies

d(Lσ)1x [Y, ξ
L]− [Y, ξL]g ∈ Esg ,

and taking the vertical part of this expression yields

v[Y, ξL]g = v(d(Lσ)1x [Y, ξ
L]) = v(d(Lσ)1x(h[Y, ξ

L]1x + v[Y, ξL]1x)) = d(Lg)1x(v[Y, ξ
L]1x),

where we have again used (4.10) on the third equality, together with the fact that Lσ restricts on
t-fibres to the usual left-translation. This proves (ii).

Finally, preservation of the Lie bracket in (iii) easily follows from the Jacobi identity of the
Lie bracket on TG. That is, supposing Y is a horizontal lift of X along the source map,

(∇X [ξ, η]k)L = v[Y, [ξ, η]L] = v[Y, [ξL, ηL]] = v[[Y, ξL], ηL] + v[ξL, [Y, ηL]]

and now observe that in the first term on the right-hand side, h[Y, ξL] is horizontal and s-
projectable to zero, hence it is a section of Es, so by (4.5) the bracket [h[Y, ξL], ηL] is again
a section of Es and vanishes when vertically projected. Now use involutivity of K. ■

1Such a choice of a local bisection is always possible, by a similar proof as in [55, Proposition 1.4.9].
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Remark 4.11. Instead of working with lifts along s : G→M and left-invariant extensions, we can
work with lifts along t : G→M and right-invariant extensions. In fact, there holds

(∇Xξ)R = v[h(W ), ξR],

for any lift W ∈ X(G) of X ∈ X(M) along t : G → M , and any ξ ∈ Γ(k). This follows from the
following two facts: firstly, if Y is a lift of X along the source map, then inv∗Y is a lift of X along
the target map; secondly, for any ξ ∈ Γ(k), there holds ξL = −inv∗(ξR), which is a consequence
of the equality d(inv)|k = −idk that comes from the theory of Lie groups. Hence:

v[h(W ), ξR] = v[inv∗(h(Y )),−inv∗(ξL)] = −v(inv∗[h(Y ), ξL])

= −inv∗(v[h(Y ), ξL]) = −inv∗(∇Xξ)L = (∇Xξ)R,

where we have observed that inv∗ commutes with both v and h.

The linear connection ∇ on k obtained in Proposition 4.9 has a particularly nice expression
when differentiating with respect to vectors tangent to the orbit foliation, as seen below.

Corollary 4.12. Let G ⇒ M be a Lie groupoid with a multiplicative Ehresmann connection
ω ∈ A (G; k). For any α ∈ Γ(A) and ξ ∈ Γ(k), there holds

∇ρ(α)ξ = [h(α), ξ], (4.11)

where the bracket denotes the Lie bracket on the algebroid A.

Proof. The vector field h(α)L ∈ X(G) is a horizontal lift of ρ(α) along the source map, hence
we can use Proposition 4.9 (ii), to write (∇ρ(α)ξ)L = v[h(α)L, ξL] = v([h(α), ξ]L). Containment
[Γ(A),Γ(k)] ⊂ Γ(k) ensures that [h(α), ξ]L is already vertical. ■

4.2.3 Horizontal exterior covariant derivative

We now show that any multiplicative Ehresmann connection ω gives rise to the horizontal exterior
covariant derivative on k-valued forms. Just like the operator d∇ for an invariant connection ∇,
this operator will turn out to be a cochain map. Before defining it, we observe that a bundle of
ideals k determines an intrinsic subcomplex of (Ω•,q(G; k), δ).

Definition 4.13. A form α ∈ Ωp,q(G; k) is said to be horizontal, if it vanishes when evaluated on
a p-tuple of composable vectors from K, i.e., ιXα = 0 for any X ∈ K(p), where

K(p) = (K × · · · ×K︸ ︷︷ ︸
p copies

) ∩ TG(p).

The set of such forms will be denoted by

Ωp,q(G; k)Hor = Γ(Λq(K(p))◦ ⊗ (s ◦ prp)∗k).

This definition applies when p ≥ 1; at level p = 0, all forms are defined to be horizontal. At any
fixed q, we obtain a subcomplex (Ω•,q(G; k)Hor, δ) ⊂ (Ω•,q(G; k), δ). This follows from Definition
(2.2) since K ⊂ ker ds∩ker dt and Definition (2.3) since K ⇒ 0M is a subgroupoid of TG⇒ TM .
It is called the horizontal subcomplex of Ω•,q(G; k).

A multiplicative Ehresmann connection ω ∈ A (G; k) induces a horizontal projection of tangent
vectors in TG(p), by projecting all the components. That is,

h : TG(p) → E(p) = (E × · · · × E︸ ︷︷ ︸
p copies

) ∩ TG(p), h(X1, . . . , Xp) = (h(X1), . . . , h(Xp)).
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In turn, we obtain a horizontal projection of differential forms, given by the precomposition with
the horizontal projection TG(p) h→ E(p) ↪→ TG(p) in all arguments. We denote it by

h∗ : Ωp,q(G; k)→ Ωp,q(G; k)Hor.

By multiplicativity of E = kerω, it is also clear from the defining equation (2.3) of the simplicial
differential δ that h∗ is a cochain map,

h∗δ = δh∗.

Definition 4.14. Let G ⇒ M be a Lie groupoid with a multiplicative Ehresmann connection
ω ∈ A (G; k). The horizontal exterior covariant derivative is defined as the map

Dω = h∗ d∇ : Ωp,q(G; k)→ Ωp,q+1(G; k),

where ∇ is the induced connection by ω on k. Namely, for any ϑ ∈ Ωp,q(G; k),

(Dωϑ)(X0, . . . , Xq) = (d∇
s◦prp

ϑ)(h(X0), . . . , h(Xq)),

for any given vector fields Xi ∈ X(G(p)).

The task at hand is to show that Dω is a cochain map; we will also see that in general, the
connection ∇ induced by ω is not G-invariant, so that d∇ is not a cochain map.2 To this end, we
need to compute the tensor Θ appearing in Theorem 3.2. We note that the means of defining the
connection ∇ entirely in terms of the groupoid G as in equation (4.6) turns out to be crucial for
this purpose, together with the left-invariance property in Proposition 4.9 (ii).

The tensor Θ relates the pullback connections ∇s and ∇t on the pullback bundles s∗k → G
and t∗k → G. Note that these vector bundles are now both canonically isomorphic to K → G,
with the isomorphisms given by restricting the Maurer–Cartan forms, that is,

s∗k→ K, (g, ξs(g)) 7→ d(Lg)1s(g)(ξs(g)),

t∗k→ K, (g, ξt(g)) 7→ d(Rg)1t(g)(ξt(g)).
(4.12)

This means that ∇s and ∇t can both be seen as connections on the vector bundle K → G. In
what follows, these identifications will be employed, in order to relate the two pullback connections
simply by their difference ∇t −∇s, thus avoiding notational complications. Importantly, we will
show that ∇tX −∇sX depends only on the vertical component of X. We begin with a few simple
observations.

Lemma 4.15. Let G ⇒ M be a Lie groupoid with a multiplicative Ehresmann connection ω ∈
A (G; k). For any ξ ∈ Γ(k) and X ∈ X(G) we have:

∇sX(ξL) = v[h(X), ξL], (4.13)

∇tX(ξR) = v[h(X), ξR]. (4.14)

Proof. We only prove (4.13); the proof of (4.14) is similar. By definition of ∇s and Proposition
4.9 (ii), (4.13) already holds whenever X ∈ X(G) is an s-projectable vector field, since ξL is
identified under (4.12) with s∗ξ. However, for any fixed ξ ∈ Γ(k), the map X(G) → Γ(K) given
as X 7→ v[h(X), ξL] is C∞(G)-linear. This implies that the right-hand side of (4.13) depends on
X pointwise, making the requirement of s-projectability redundant. ■

2More precisely, if ∇ is G-invariant, then k is abelian; the converse holds if G is source-connected. This is a
direct consequence of Proposition 3.18 and the fact that infinitesimally, invariance of ∇ is equivalent to k being
abelian, as shown in Proposition 4.28.
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Remark 4.16 (Restriction of ∇s to a K-connection is independent of ω). Importantly, note that
the last lemma implies ∇sX(ξL) = 0 for any vertical vector X ∈ K and any ξ ∈ Γ(k). By virtue of
Leibniz rule, the restricted K-connection on K (again denoted by ∇s) is completely determined
by this condition, i.e., that it vanishes on left-invariant sections of K. This shows that the K-
connection ∇s is intrinsic—it is independent of the choice of a multiplicative connection. Under
the isomorphism (4.12), it coincides with the trivial pullback connection on s∗k→ G restricted to
K, since the latter is defined precisely by the property that it vanishes on the pullback sections,
and these are identified with left-invariant sections of K. More explicitly, in a local frame (bi)i of
k over an open subset U ⊂ M , any Y ∈ Γ(K) may be expressed as Y = Y ibLi for some functions
Y i ∈ C∞(s−1(U)), so that

∇sXY = X(Y i)bLi

for any X ∈ Kg, g ∈ s−1(U).

Corollary 4.17. Let G ⇒ M be a Lie groupoid with a multiplicative Ehresmann connection
ω ∈ A (G; k). For any X ∈ X(G) and Y ∈ Γ(K) there holds:

∇tXY −∇sXY = ∇tv(X)Y −∇
s
v(X)Y. (4.15)

Proof. Since both sides of equation (4.15) are C∞(G)-linear in Y , it is enough to show that this
equality holds for any left-invariant section Y ∈ Γ(K). Pick any local frame (bi)i of k over an
open subset U ⊂ M , and expand the left-invariant section Y with respect to the right-invariant
extension of the local frame (bi)i. That is, write Y = Y ibRi for some functions Y i ∈ C∞(t−1(U)),
using the summation convention. The left-hand side reads:

∇tX(Y ibRi )− v[h(X), Y ibRi ] = Y i∇tX(bRi ) +X(Y i)bRi − Y iv[h(X), bRi ]− (h(X)Y i)bRi

= (v(X)Y i)bRi = ∇tv(X)Y

where we have used the Leibniz rules for ∇t and for the Lie bracket on K in the second equality,
and Lemma 4.15 in the third. The obtained expression clearly equals the right-hand side of
equation (4.15) since ∇sv(X)Y = 0 due to left-invariance of Y . ■

Theorem 4.18. Let G ⇒ M be a Lie groupoid with a multiplicative Ehresmann connection
ω ∈ A (G; k). The horizontal exterior covariant derivative Dω is a cochain map, i.e.,

δDω = Dωδ. (4.16)

In particular, Dω maps multiplicative forms to multiplicative forms.

Proof. Corollary 4.17 states that the tensor Θ equals

Θ(X)ξ = ϕ(∇tv(X)ξ)−∇
s
v(X)ϕ(ξ)

for any X ∈ X(G) and ξ ∈ Γ(t∗k), where ϕ : t∗k → s∗k is the bundle isomorphism given by
(g, v) 7→ (g,Adg−1(v)) and ∇s and ∇t denote the trivial connections on the pullback bundles (as
in Remark 4.16). Since h∗ is a cochain map, we have

[Dω, δ] = h∗d∇δ − δh∗d∇ = h∗[d∇, δ],

which vanishes by the expression for [d∇, δ] from Lemma (3.3) since Θ(h(X)) = 0. ■
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In conclusion, a multiplicative Ehresmann connection yields the columns of a curved double
complex, depicted in the diagram below, with the feature that Dω does not square to zero unless
E = kerω is involutive.

Ωq+1(M ; k) Ωq+1(G; s∗k) Ωq+1(G(2); (s ◦ pr2)∗k) · · ·

Ωq(M ; k) Ωq(G; s∗k) Ωq(G(2); (s ◦ pr2)∗k) · · ·

δ δ δ

d∇

δ

Dω

δ

Dω

δ

(4.17)

In the case when E is involutive, a short computation shows we have

(Dω)2ϑ = h∗(R∇s◦prp∧ ϑ),

for any ϑ ∈ Ωp,q(G; k). Since involutivity of E also implies ∇ is flat, (Dω)2 = 0 follows.

Remark 4.19. We observe that the proof generalizes to the following setting: suppose V is an
arbitrary representation of G⇒M equipped with a linear connection ∇, and E is a multiplicative
Ehresmann connection for a fixed bundle of ideals k. Then D = h∗ ◦ d∇ is a cochain map
Ω•,q(G;V )→ Ω•,q+1(G;V ) if and only if there holds h∗Θ = 0, where Θ is the G-invariance form
of ∇ from (3.2). Furthermore, taking k = 0M recovers the framework from §3, so the usual exterior
covariant derivative can be seen as a special case of the horizontal exterior covariant derivative.

4.2.4 Curvature

Definition 4.20. The curvature Ωω ∈ Ω2(G; s∗k) of a multiplicative Ehresmann connection ω ∈
A (G; k) on a Lie groupoid G⇒M is given by

Ωω = Dωω.

In what follows we state several important properties of the curvature form, generalizing
the ones already known from the theory of principal bundles. The following result is already
established in [51, Propositions 2.22 and 2.24], however, a direct proof of (i) below is now possible
due to our results from §4.2.3, and also a simpler proof of the structure equation in (iii) on account
of our construction of ∇ in Proposition 4.9.

Proposition 4.21. Let ω ∈ A (G; k) be a multiplicative Ehresmann connection on G ⇒ M . Its
curvature satisfies the following properties.

(i) Ωω is a multiplicative form.

(ii) For any horizontal vector fields X,Y ∈ Γ(E) there holds

d(Lg)1s(g)Ω
ω
g (X,Y ) = h([X,Y ]g)− [X,Y ]g. (4.18)

In particular, the curvature Ωω vanishes if and only if E is involutive.

(iii) The structure equation for Ωω holds:

Ωω = d∇
s
ω +

1

2
[ω, ω]s∗k. (4.19)

(iv) The Bianchi identity for Ωω holds:

DωΩω = 0. (4.20)
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Remark 4.22. The bracket on Ω•(G; s∗k) which appears in equation (4.19) is the bracket of forms
induced by the Lie bracket on the bundle of Lie algebras s∗k → G. Skew-symmetry of the latter
and graded commutativity of the wedge product ensure there holds

[α, β]s∗k = (−1)kl+1[β, α]s∗k.

Moreover, the graded Leibniz rule applies:

d∇
s
[α, β]s∗k = [d∇

s
α, β]s∗k + (−1)k[α,d∇s

β]s∗k, (4.21)

which follows from the fact that the induced connection ∇ preserves the Lie bracket on k.

Proof. Multiplicativity of Ωω is a direct consequence of Theorem 4.18. To show (ii), we note that
if X,Y ∈ Γ(E), then there holds

Ωω(X,Y ) = ∇sXω(Y )−∇sY ω(X)− ω([X,Y ]) = −ω([X,Y ])

and now use the defining equation (4.3) of ω to conclude (ii).
To prove (iii), first write out the right-hand side of equation (4.19):(

d∇
s
ω +

1

2
[ω, ω]s∗k

)
(X,Y ) = ∇sXω(Y )−∇sY ω(X)− ω([X,Y ]) + [ω(X), ω(Y )]s∗k,

for any vector fields X,Y ∈ X(G). Note that both sides of (4.19) are C∞(G)-linear and moreover,
any vertical vector can be extended to a vertical left-invariant vector field, and any horizontal
vector can be extended to a horizontal s-projectable vector field on G. Hence, it is enough to
consider all possible combinations of X,Y being either vertical and left-invariant, or horizontal
and s-projectable. If both X and Y are horizontal and s-projectable, both sides of (4.19) evaluate
to −ω([X,Y ]), as already seen above. Furthermore, if both are vertical and left-invariant, i.e.,
X = ξL and Y = ηL for some ξ, η ∈ Γ(k), then both sides of (4.19) vanish since [X,Y ] = [ξ, η]L

and so ω([X,Y ]) = s∗[ξ, η]s∗k = [ω(X), ω(Y )]s∗k. Finally, suppose that X = ξL for some ξ ∈ Γ(k)
and Y ∈ Γ(E) is s-projectable to some vector field s∗Y = U ∈ X(M). We need to show that the
following identity holds:

∇sY ω(X) = ω([Y,X]).

Notice that at any g ∈ G, we have

∇sY ω(X)|g = ∇sY (s∗ξ)|g = s∗(∇Uξ)|g = (g, v[Y, ξL]1s(g)),

ωg([Y,X]) = (g,d(Lg−1)g(v[Y,X]g)),

where we have used the defining equation (4.6) of ∇ in the first line, and the defining equation
(4.3) of ω in the second. These expressions coincide by left-invariance of v[Y, ξL] from Proposition
4.9 (ii).

The proof of the Bianchi identity is a matter of applying the structure equation:

d∇
s
Ωω = d∇

s
(d∇

s
ω +

1

2
[ω, ω]s∗k) = R∇s ∧ ω + [d∇

s
ω, ω]s∗k (4.22)

where we have denoted by R∇s ∈ Γ(Λ2(T ∗G) ⊗ End(s∗k)) the usual curvature tensor of the
pullback connection ∇s on s∗k→ G. Inserting any three horizontal vectors into this equation now
yields zero since E = kerω. ■

Remark 4.23. If we insert the structure equation into (4.22) once more, we see that the Bianchi
identity can also be written in the alternative form

d∇
s
Ωω + [ω,Ωω]s∗k = R∇s ∧ ω.
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4.3 The infinitesimal picture

As observed in [51], any multiplicative Ehresmann connection is mapped with the van Est map to
an infinitesimal multiplicative form whose symbol restricts to the identity map on the bundle of
ideals k ⊂ ker ρ. Importantly, this infinitesimal notion of a multiplicative connection makes sense
on its own, without the need for a given algebroid to be integrable.

4.3.1 Infinitesimal multiplicative connections

As in the case of groupoids, we start this section by briefly recalling some definitions and results
regarding infinitesimal multiplicative connections.

Definition 4.24. Let k ⊂ A be a bundle of ideals on a Lie algebroid A ⇒ M . An infinitesimal
multiplicative connection (more briefly, an IM connection) for k, is a k-valued IM form (C, v) ∈
Ω1
im(A; k), whose symbol v : A→ k restricts on k to the identity:

v|k = idk. (4.23)

The set of all IM connections on A for k is denoted A (A, k).

Remark 4.25. If a Lie groupoid G integrates A, it is clear that the van Est map takes multiplicative
Ehresmann connections to IM connections, since the symbol of (C, v) = VE (ω) for any form
ω ∈ Ω1

m(G; s
∗V ) is given by v = ω|A. Together with this observation, Corollary 2.24 implies that

if G has simply-connected source fibres, the van Est map restricts to a bijective correspondence
between multiplicative Ehresmann connections on G and IM connections on A.

It is important to recognize that the defining property (4.23) of an IM connection (C, v) means
precisely that its symbol v is a splitting of the following short exact sequence of vector bundles:

0 k A A/k 0
v

(4.24)

So, let us denote by H = ker(v) the horizontal subbundle of A, and denote by α = v(α) + h(α)
the unique decomposition of any vector α ∈ A, pertaining to the splitting A = k ⊕ H given by
the symbol. We will call v(α) ∈ k and h(α) ∈ H the vertical and horizontal component of α,
respectively.

Associated coupling data of an IM connection

The splitting of (4.24), determined by the symbol of an IM connection (C, v), enables us to split
the information which is contained within the leading term C into the following two objects.

(i) A linear connection ∇ on the bundle of ideals k, given by ∇ = C|k, that is

∇Xξ = C(ξ)(X). (4.25)

(ii) A tensor field U ∈ Γ(H∗ ⊗ T ∗M ⊗ k), given by

U(α)(X) = −C(α)(X). (4.26)

The pair (∇, U) constructed above will be called the coupling data of an IM connection (C, v),
which, owing to the Leibniz identity, indeed consists of a connection and a tensor field. In other
words, we can write

C(α) = ∇(vα)− U(hα), (4.27)
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for any α ∈ Γ(A). To see the meaning behind the tensor U , note that compatibility condition
(C.2) implies

v[h(α), h(β)] = U(hα)(ρβ), (4.28)

so that the orbital part of U measures the failure of the splitting (4.24) to be a splitting of Lie
algebroids, i.e, U vanishes on TF precisely when H is a Lie subalgebroid of A. However, as we
will see, U does not encode the whole information about the curvature of (C, v), since we also
need to account for the curvature R∇ of ∇. This will become clearer in §4.3.4.

Turning to the linear connection ∇, we see that its construction is more direct than in the
groupoid case (Proposition 4.9). If A is the Lie algebroid of a Lie groupoid G equipped with
the IM connection (C, v) = VE (ω) for a multiplicative Ehresmann connection ω, then the two
linear connections on k coincide—this is shown in Proposition 4.27 below. Before proving it, let
us establish the infinitesimal version of Corollary 4.12.

Proposition 4.26. Let A be a Lie algebroid with an IM connection (C, v) ∈ A (A; k). For any
α ∈ Γ(A) and ξ ∈ Γ(k), there holds

∇ρ(α)ξ = [h(α), ξ]. (4.29)

Proof. Equation (4.29) is shown with a straightforward computation:

∇ρ(α)ξ = C(ξ)(ρα) = L A
ξ v(α)− v[ξ, α] = [ξ, v(α)] + [α, ξ] = [h(α), ξ],

where we have used the definition of ∇ and condition (C.2). ■

Proposition 4.27. Let ω ∈ A (G; k) be a multiplicative Ehresmann connection on a Lie groupoid
G ⇒ M . Let A be its Lie algebroid, endowed with the IM connection (C, v) = VE (ω). The two
linear connections induced by ω and (C, v), respectively defined by equations (4.6) and (4.25),
coincide.

Proof. We need to show that for any ξ ∈ Γ(k) and X ∈ X(M), there holds

C(ξ)x(X) = v[Y, ξL]1x

for any x ∈M , where Y is any horizontal s-lift of X. Letting gλ = ϕξ
L

−λ(1x), the right side equals

v[Y, ξL]1x =
d

dλ

∣∣∣
λ=0

v
(
d(ϕξ

L

λ )gλ(Ygλ)
)
.

The flow of a left-invariant vector field is given by the right translation along the bisection exp(λξ),
i.e., ϕξ

L

λ = Rexp(λξ) and differentiating Rexp(λξ) = m ◦ (id, ϕξ
L

λ ◦ u ◦ s), we get

d
(
Rexp(λξ)

)
gλ
(Y ) = dm

(
Ygλ ,d(ϕ

ξL

λ )1x du(Xx)
)

Now observe that since E is multiplicative, v : TG→ K is a groupoid morphism. But since Y is
horizontal, we obtain

v[Y, ξL]1x =
d

dλ

∣∣∣
λ=0

d(Lgλ)v
(
d(ϕξ

L

λ )1x du(Xx)
)
. (4.30)

On the other hand, we have

C(ξ)x(X) =
d

dλ

∣∣∣
λ=0

Adg−1
λ︸ ︷︷ ︸

kx→kx

(
ω(d(ϕξ

L

λ ) du(Xx))︸ ︷︷ ︸
in kx for all λ

)
,

so we can apply the chain rule to differentiate this expression. But since u∗ω = 0, this yields
precisely the expression (4.30), concluding the proof. ■
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To conclude this section, we note that the compatibility conditions (C.1)–(C.3) for an IM con-
nection (C, v) can actually be rewritten entirely in terms of ∇ and U , as shown in [51, Propositions
5.11 and 5.13]. We record these rewritten conditions here for our convenience. The following holds
for all α, β ∈ Γ(A) and ξ, η ∈ Γ(k):

(i) The connection ∇ preserves the Lie bracket on k:

∇[ξ, η]k = [∇ξ, η]k + [ξ,∇η]k. (S.1)

In particular, k is a locally trivial bundle of Lie algebras.

(ii) The curvature tensor R∇ of ∇ relates to U as follows:

ιρ(α)R
∇ · ξ = [U(hα), ξ]k. (S.2)

(iii) The tensor U acts on the bracket of sections as:

U(h[α, β]) = L ∇
ρ(α)U(hβ)−L ∇

ρ(β)U(hα) +∇U(hα)(ρβ). (S.3)

Using the point (ii) above, we can now show that A-invariance of the connection ∇ is equivalent
to the bundle of ideals k being abelian.

Proposition 4.28. Let A be a Lie algebroid with an IM connection (C, v) ∈ A (A; k). The
connection ∇ = C|k is A-invariant if and only if the bundle of ideals k is abelian.

Proof. Equation (4.29) implies that for any α ∈ Γ(A), we have

∇Aα −∇ρ(α) = [v(α), ·], (4.31)

so it is clear that ∇Aα = ∇ρ(α) holds if and only if k is abelian. In this case, ιρ(α)R∇ = 0 is implied
by the identity (S.2). ■

4.3.2 Horizontal projection of Weil cochains

Following the same approach as in the Lie groupoid picture, we begin by providing the infinitesimal
analogue of horizontal forms on the nerve (Definition 4.13).

Definition 4.29. A Weil cochain c = (c0, . . . , cp) ∈W p,q(A; k) is said to be horizontal if

ci(· | ξ, ·) = 0, for all i ≥ 1 and ξ ∈ Γ(k).

Note this is a condition on correction terms only. It is clear from equation (2.6) that δ maps hori-
zontal cochains to horizontal cochains, so at each fixed q ≥ 0 we obtain the horizontal subcomplex

W •,q(A; k)Hor ≤W •,q(A; k).

Equation (2.11) ensures the van Est map restricts to a map between horizontal subcomplexes.

Example 4.30. At level p = 1, horizontal cochains c = (c0, c1) are simply the ones whose symbol
restricts on k to zero:

c1|k = 0.

It is clear from definition (2.8) of δ0 that any cohomologically trivial form is horizontal (and
multiplicative), that is, im δ0 ⊂ Ω•

im(A; k)
Hor. On a transitive algebroid, every IM form of degree

q ≥ 2 is horizontal by condition (C.3), that is, Ωqim(A; k) = Ωqim(A; k)
Hor.
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Just as with multiplicative connections on Lie groupoids, we expect an IM connection for k to
induce a horizontal projection of Weil cochains,

h∗ : W p,q(A; k)→W p,q(A; k)Hor.

However, in contrast with the case of groupoids, there is now no straightforward and intuitive
way of defining h∗. The issue, essentially, lies in the model W p,q(A; k) that we are using to
describe forms in the infinitesimal setting. We overcome this obstacle in §4.3.6, by employing the
alternative viewpoint of exterior cochains from §2.6. The idea is the following.

• Firstly, note that an IM connection (C, v) can equivalently be described in terms of an
Ehresmann connection E ⊂ TA for the projection A → A/k. Infinitesimal multiplicativity
of (C, v) is equivalent to E being a VB-subalgebroid of TA.

• Secondly, observe that on exterior cochains, the horizontal projection has a simple definition.
Namely, as with the groupoid case, the map h∗ on this alternative model is given by the
precomposition with the map h : TA→ E (Definition 4.48).

• At last, use the isomorphism between the two models to derive the wanted formula for h∗ on
Weil cochains and infer its elementary properties (Theorem 4.53). Importantly, establishing
the properties of h∗ is significantly easier if done in the realm of exterior cochains—it is
more conceptual and less combinatorial/computational.

Ultimately, this procedure yields the map h∗ for Weil cochains, which we will now describe.
Preliminarily, note that since V = k, we may introduce the pairing

Ωk(M ;Sj(A∗)⊗ k)× Ωℓ(M ; k)
∧̇−−→ Ωk+ℓ(M ;Sj−1(A∗)⊗ k),

(γ ∧̇ ϑ)(β1, . . . , βj−1)(X1, . . . , Xk+ℓ)

=
1

k!ℓ!

∑
σ∈Sk+ℓ

(sgnσ)γ
(
ϑ(Xσ(1), . . . , Xσ(ℓ)), β1, . . . , βj−1

)
(Xσ(ℓ+1), . . . , Xσ(ℓ+k)).

(4.32)

We will actually only need the case ℓ = 1, when ϑ is a 1-form. The form we obtain by pairing γ
consecutively with 1-forms ϑ1, . . . , ϑℓ ∈ Ω1(M ; k), where ℓ ≤ j, will be denoted

γ ∧̇ (ϑ1, . . . , ϑℓ) := γ ∧̇ ϑℓ ∧̇ ϑℓ−1 ∧̇ · · · ∧̇ ϑ1 ∈ Ωk+ℓ(M ;Sj−ℓ(A∗)⊗ k). (4.33)

It will turn out that we only need the case when j = ℓ, i.e., when we use up all the symmetric
arguments by pairing with 1-forms. A short computation shows that (4.33), evaluated on vector
fields X1, . . . , Xk+ℓ ∈ X(M), reads(

γ ∧̇ (ϑ1, . . . , ϑℓ)
)
(X1, . . . , Xk+ℓ)

=
1

k!

∑
σ∈Sk+ℓ

(sgnσ)γ
(
ϑ1(Xσ(1)), . . . , ϑℓ(Xσ(ℓ))

)
(Xσ(ℓ+1), . . . , Xσ(ℓ+k)).

(4.34)

Definition 4.31. The horizontal projection of Weil cochains, induced by an IM connection (C, v) ∈
A (A; k) on a Lie algebroid A, is defined as the map

h∗ : W p,q(A; k)→W p,q(A; k)Hor,

whose leading term for a given c ∈W p,q(A; k) is given by

(h∗c)0(α1, . . . , αp) =

p∑
j=0

(−1)j
∑
σ∈S(j,p−j)

(sgnσ)cj(ασ(j+1), . . . , ασ(p)) ∧̇ (Cασ(1), . . . , Cασ(j)),
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where S(j,p−j) ⊂ Sp denotes the set of (j, p− j)-shuffles. The correction terms are given as

(h∗c)k(α1, . . . αp−k |β1, . . . , βk)

=

p∑
j=k

(−1)j−k
∑
σ∈S(j−k,p−j)

(sgnσ)cj(ασ(j−k+1), . . . , ασ(p−k) |hβ, ·) ∧̇ (Cασ(1), . . . , Cασ(j−k)).

The last correction term here simply reads (h∗c)p(β) = cp(hβ).

That the correction terms of h∗ indeed satisfy the Leibniz identity is a direct consequence of
Theorem 4.53. One can also show well-definedness of h∗ directly, using Lemma 4.34 (ii) and (v).

Example 4.32. We now write down the formula for the horizontal projection for low levels p. The
most important case is p = 1, where the above definition reads

(h∗c)0(α) = c0(α)− c1 ∧̇ Cα, (h∗c)1(β) = c1(hβ). (4.35)

In other words, (α 7→ c1 ∧̇ Cα, β 7→ c1(vβ)) is the vertical part of c. We remark that by definition
of ∧̇ , the second term in the leading coefficient reads

(c1 ∧̇ Cα)(X1, . . . , Xq) =
∑

i(−1)i+1c1(Cα(Xi))(X1, . . . , X̂i, . . . , Xq).

At level p = 2, we obtain

(h∗c)0(α1, α2) = c0(α1, α2)− (c1(α2) ∧̇ Cα1 − c1(α1) ∧̇ Cα2) + c2 ∧̇ (Cα1, Cα2),

(h∗c)1(α |β) = c1(α |hβ)− c2(hβ, ·) ∧̇ Cα,
(h∗c)2(β1, β2) = c2(hβ1, hβ2).

We observe that the k-th correction term (h∗c)k of the horizontal projection of a Weil cochain c
contains all the higher correction terms cℓ, for ℓ ≥ k.

Remark 4.33. The pairing (4.32) should be regarded as follows. Restricting any one of the sym-
metric arguments of γ ∈ Ωk(M ;Sj(A∗)⊗k) to k, we obtain a tensor from Ωk(M ;Sj−1(A∗)⊗End k),
which will again for simplicity just be denoted γ. The pairing ∧̇ is then related to the following
natural pairing: for any vector bundle V →M , we can define

∧ : Ωk(M ; EndV )× Ωℓ(M ;V )→ Ωk+ℓ(M ;V ),

(γ ∧ ϑ)(X1, . . . , Xk+ℓ) =
1

k!ℓ!

∑
σ∈Sk+ℓ

sgn(σ) γ(Xσ(1), . . . , Xσ(k)) · ϑ(Xσ(k+1), . . . , Xσ(k+ℓ)),

and by an easy combinatorial exercise, the two pairings are related by

γ ∧̇ ϑ = (−1)kℓγ ∧ ϑ, (4.36)

where we have omitted the arguments β1, . . . , βj−1. The usual wedge ∧ is, in a way, more natural
to work with, but it would introduce some additional complications regarding the signs if we used
it in place of ∧̇ in the definition of h∗. In the following lemma, we use this relation to infer some
important properties of ∧̇ .
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Lemma 4.34. The pairing (4.32) satisfies the following properties, for any γ ∈ Ωk(M ;Sj(A∗)⊗k).

(i) γ ∧̇ (ϑ1, . . . , ϑj) is alternating and C∞(M)-multilinear in ϑ1, . . . , ϑj ∈ Ω1(M ; k).

(ii) For a simple tensor ϑ⊗ ξ, where ϑ ∈ Ω1(M) and ξ ∈ Γ(k), there holds

γ ∧̇ (ϑ⊗ ξ) = ϑ ∧ γ(ξ, ·).

More generally, if 1-forms ϑ2, . . . , ϑℓ ∈ Ω1(M ; k) are given, then

γ ∧̇ (ϑ⊗ ξ, ϑ2, . . . , ϑℓ) = ϑ ∧
(
γ(ξ, ·) ∧̇ (ϑ2, . . . , ϑℓ)

)
.

(iii) For any ϑ ∈ Ωℓ(M ; k) and X ∈ X(M), there holds

ιX(γ ∧̇ ϑ) = γ ∧̇ (ιXϑ) + (−1)ℓ(ιXγ) ∧̇ ϑ.

(iv) For any ϑ ∈ Ωℓ(M ; k) and α ∈ Γ(A), there holds

L A
α (γ ∧̇ ϑ) = (L A

α γ) ∧̇ ϑ+ γ ∧̇ (L A
α ϑ).

(v) If γ = cj is the j-th correction term of c = (c0, . . . , cp) ∈W p,q(A; k), then there holds

cj(fα1, α2, . . . , αp−j) ∧̇ (ϑ1, . . . , ϑi)

= fcj(α) ∧̇ ϑ+ (−1)i df ∧ cj+1(α2, . . . , αp−j |α1, ·) ∧̇ ϑ,

for any sections α1, . . . , αp−j ∈ Γ(A), forms ϑ1, . . . , ϑi ∈ Ω1(M ; k) where i ≤ j, and any
function f ∈ C∞(M).

Proof. Properties (i) and (ii) are clear from the definition. Property (iii) is easily inferred from
relation (4.36) by noting that the identity

ιX(T ∧ ϑ) = (ιXT ) ∧ ϑ+ (−1)kT ∧ (ιXϑ)

holds for any T ∈ Ωk(M ; EndV ) and ϑ ∈ Ωℓ(M ;V ), for any given vector bundle V → M . The
statement (iv) is a consequence of the following general fact: if an A-connection ∇A on V is given,
then L A is distributive over ∧, that is,

L A
α (T ∧ ϑ) = (L A

α T ) ∧ ϑ+ T ∧ (L A
α ϑ), (4.37)

where L A
α T is defined, as usual, by the chain rule (L A

α T ) · ξ = L A
α (T · ξ) − T · ∇Aαξ, for any

ξ ∈ Γ(V ). It then follows from relation (4.36) that L A is distributive over ∧̇ as well. Finally,
item (v) is a straightforward consequence of item (ii), combined with the Leibniz rule for c. ■

We now arrive to the crucial property of the horizontal projection h∗.

Proposition 4.35. Let A be a Lie algebroid with an IM connection (C, v) ∈ A (A; k) for a bundle
of ideals k. The horizontal projection of Weil cochains is a cochain map, that is,

h∗δ = δh∗.

This is a direct consequence of Proposition 4.50 and Theorem 4.53 since the two models are
isomorphic, however, the last lemma enables us to prove it directly. The computation for the
general case is tedious, so we only provide a direct proof for the level p = 1, revealing the key
ingredient is infinitesimal multiplicativity of (C, v).
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Proof. Let c = (c0, c1) ∈ W 1,q(A; k) be a Weil 1-cochain; we begin with the leading term. Using
the definition (2.9) of δ together with the definition of h∗, we obtain

(h∗δc)0(α1, α2) = (δc)0(α1, α2)−
(
(δc)1(α2 | ·) ∧̇ Cα1 − (δc)1(α1 | ·) ∧̇ Cα2

)
+(((((((((

(δc)2 ∧̇ (Cα1, Cα2)

= L A
α1
c0(α2)−L A

α2
c0(α1)− c0[α1, α2]− (−L A

α2
c1 ∧̇ Cα1 + L A

α1
c1 ∧̇ Cα2),

where we have used that k ⊂ ker ρ. We now apply Lemma 4.34 (iv) on the last two terms, and
combine with the first two terms to obtain

(h∗δc)0(α1, α2) = L A
α1
(h∗c)0(α2)−L A

α2
(h∗c)0(α1)−

(
c0[α1, α2]− c1 ∧̇ (L A

α1
Cα2 −L A

α2
Cα1)

)
.

Using the condition (C.1) for the IM connection (C, v) shows this is equal to (δh∗c)0(α1, α2). We
next inspect the first correction term:

(h∗δc)1(α |β) = (δc)1(α |hβ)− (δc)2(hβ, ·) ∧̇ Cα
= −L A

α (c1(hβ)) + c1[α, hβ] + ιρ(β)c0(α) + (ιρ(β)c1) ∧̇ Cα,

where we have observed that ρ(hβ) = ρ(β). On the other hand,

(δh∗c)1(α |β) = −L A
α ((h∗c)1(β)) + (h∗c)1[α, β] + ιρ(β)(h

∗c)0(α)

= −L A
α (c1(hβ)) + c1(h[α, β]) + ιρ(β)c0(α)− ιρ(β)(c1 ∧̇ Cα).

Using the condition (C.2) on the IM connection, we get

h[α, β] = [α, hβ] + ιρ(β)Cα,

and now use Lemma 4.34 (iii) to conclude (h∗δc)1 = (δh∗c)1. The equality for the second correction
term is simple and left to the reader. ■

4.3.3 Horizontal exterior covariant derivative

Definition 4.36. Let A be a Lie algebroid with an IM connection (C, v) ∈ A (A; k). The horizontal
exterior covariant derivative of Weil cochains is defined as the map

D(C,v) = h∗ d∇ : W p,q(A; k)→W p,q+1(A; k)Hor,

where ∇ = C|k is the induced connection on k.

Example 4.37. The most important case is p = 1, where equations (3.7) and (4.35) yield

(D(C,v)c)0(α) = d∇c0(α)− (d∇c)1 ∧̇ Cα,
(D(C,v)c)1(β) = (d∇c)1(hβ),

(4.38)

where we recall that (d∇c)1(β) = c0(β) − d∇(c1(β)) for any β ∈ Γ(A), hence the second term of
the leading coefficient, for any vectors Xi ∈ X(M), reads(

(d∇c)1 ∧̇ Cα
)
(X0, . . . , Xq) =

∑
i(−1)i

(
c0(Cα(Xi))− d∇c1(Cα(Xi))

)
(X0, . . . , X̂i, . . . , Xq).

We now prove the infinitesimal analogue of Theorem 4.18.

Theorem 4.38. Let A be a Lie algebroid with an IM connection (C, v) ∈ A (A; k). The horizontal
exterior covariant derivative is a cochain map, that is,

δD(C,v) = D(C,v)δ.

In particular, D(C,v) maps IM forms to IM forms.
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In other words, an IM connection yields the columns of a curved double complex, depicted in
the diagram below, with the feature that D(C,v) does not square to zero unless (C, v) is flat, which
we will see is equivalent to U = 0 and R∇ = 0 in the next section.

Ωq+1(M ; k) W 1,q(A; k) W 2,q+1(A; k) · · ·

Ωq(M ; k) W 1,q(A; k) W 2,q(A; k) · · ·

δ δ δ

d∇

δ

D(C,v)

δ

D(C,v)

δ

(4.39)

Proof. First observe that by Proposition 4.35, [D(C,v), δ] = h∗[d∇, δ]. As in the case of groupoids,
we will use the explicit expression for [d∇, δ] from Lemma 3.8, and to do so, we first have to
compute the invariance form (T, θ) of connection ∇ = C|k, given by (3.10). Equation (4.31)
already states that the tensor θ : A→ End k reads

θ(α) = [vα, ·],

and on the other hand, the map T : Γ(A)→ Ω1(M ; End k) equals

T (α) · ξ = ∇(θ(α) · ξ)− θ(α) · ∇ξ − ιρ(α)R∇ = ∇[vα, ξ]− [vα,∇ξ]− [U(hα), ξ]

= [∇(vα)− U(hα), ξ] = [Cα, ξ],

where we have used the properties (S.1) and (S.2) of the IM connection (C, v). Hence, we need to
show h∗(T, θ) = 0. This is a simple computation: for the leading term,

(h∗(T, θ))0(α)(X)ξ = T (α)(X)ξ − θ(Cα(X))ξ = [Cα(X), ξ]− [Cα(X), ξ] = 0,

and for the symbol, (h∗(T, θ))1(α) = θ(hα) = 0. ■

4.3.4 Curvature

From now on, we will sometimes use the simplified notation

c(α) = (c0(α), c1(α)) ∈ Ωq(M ; k)× Ωq−1(M ; k),

for any Weil cochain c = (c0, c1) ∈W 1,q(A; k), where α ∈ Γ(A).

Definition 4.39. Given a Lie algebroid A with an IM connection (C, v) ∈ A (A; k), its curvature
is the horizontal IM form Ω(C,v) ∈ Ω2

im(A; k)
Hor, defined as

Ω(C,v) = D(C,v)(C, v).

To obtain an explicit formula for the curvature, simply note that (d∇(C, v))1 = C − d∇v
restricts on the bundle of ideals k to zero, hence we get

Ω(C,v)α = (d∇Cα, Chα) = (R∇ · vα− d∇U(hα),−U(hα)) (4.40)

for any α ∈ Γ(A), where we have used the expression (4.27) for C in terms of ∇ and U . We
observe that this coincides with [51, equation 5.9], where a different approach for obtaining the
formula for the curvature was used.

Remark 4.40. By definition, all the compatibility conditions for Ω(C,v) must follow from those
for (C, v). More precisely, one can show that the condition (C.2) for Ω(C,v) is equivalent to (S.3)
for (C, v); moreover, the condition (C.1) for Ω(C,v) may be split into three pieces, by considering
Ω(C,v)[α, β] for α and β either horizontal or vertical sections:
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• When both are vertical, the condition translates to: the curvature tensor R∇ takes values in
the bundle Der(k) ⊂ End(k) consisting of fibrewise derivations of the bracket on k. In other
words, for any ξ, η ∈ k there holds

R∇ · [ξ, η] = [R∇ · ξ, η] + [ξ,R∇ · η]. (4.41)

This is a direct consequence of condition (S.1).

• When one is horizontal and one vertical, the condition reads ιρα d∇
End k

R∇ = 0, where ∇End k

denotes the induced connection on End k→M . However, the Bianchi identity d∇
End k

R∇ = 0
already holds for any connection ∇, so this case is trivial.

• When both are horizontal, one straightforwardly checks that the obtained condition is equiv-
alent to the equation one gets when applying d∇ to both sides of identity (S.3).

Since we have discovered the horizontal exterior covariant derivative of IM forms in equation
(4.38), it now becomes easy to establish the infinitesimal version of the Bianchi identity (4.20) for
the curvature of an IM connection.

Theorem 4.41 (Infinitesimal Bianchi identity). The horizontal exterior covariant derivative of
the curvature of any IM connection (C, v) ∈ A (A; k) on a Lie algebroid A vanishes:

D(C,v)Ω(C,v) = 0. (4.42)

Proof. Using the explicit expression (4.40) for the curvature, we first compute:

(d∇Ω(C,v))1(α) = d∇Cα− d∇C(hα) = d∇C(vα) = R∇ · vα,

for any α ∈ Γ(A). Hence,

D(C,v)Ω(C,v)α = (d∇ d∇Cα︸ ︷︷ ︸
R∇∧ Cα

−R∇ ∧̇ Cα,R∇ · v(hα)) = 0,

where we have used the relation (4.36) between ∧̇ and ∧. ■

4.3.5 Van Est map and the horizontal exterior covariant derivative

In this section we inspect the relationship between the van Est map and the horizontal exterior
covariant derivative in the global and infinitesimal realm. The following theorem states they
commute at the level of multiplicative forms, and the proof will also reveal that they do not
commute on general cochains.

Theorem 4.42. Let ω ∈ A (G; k) be a multiplicative Ehresmann connection on a Lie groupoid
G. Let A be its Lie algebroid, endowed with the IM connection (C, v) = VE (ω). The van Est map
commutes with the horizontal exterior covariant derivatives at the level of multiplicative forms,
that is, the following diagram commutes.

Ω•
m(G; k) Ω•+1

m (G; k)

Ω•
im(A; k) Ω•+1

im (A; k)

Dω

VE VE

D(C,v)

(4.43)
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Lemma 4.43. Let ω ∈ A (G; k) be a multiplicative connection on a Lie groupoid G ⇒ M . The
commutator [VE , h∗] : Ωp,q(G; k) → W p,q(A; k)Hor at level p = 1 has a vanishing symbol, and its
leading term equals

VE (h∗η)0(α)(Xi)i − (h∗VE η)0(α)(Xi)i =
d

dλ

∣∣∣
λ=0

(v∗δη)(gλ,g−1
λ )

(
Xλ
i ,d(inv)hX

λ
i

)
i

for any η ∈ Ωq(G; s∗k), α ∈ Γ(A) and Xi ∈ TxM . Here, we have denoted gλ = ϕα
L

λ (1x) and
Xλ
i = d(ϕα

L

λ ) du(Xi), and v∗ = id− h∗ denotes the vertical projection of differential forms.

Remark 4.44. The lemma suggests that VE and h∗ commute only up to a cochain homotopy Ψ,
as portrayed in the (noncommutative) diagram below. Specifically, the formula for Ψ2 can be
read from the equation above, whereas Ψ1 = 0. However, this more general statement will not be
further explored here.

· · · Ωp−1,q(G; k) Ωp,q(G; k) Ωp+1,q(G; k) · · ·

· · · W p−1,q(G; k) W p,q(G; k) W p+1,q(G; k) · · ·

δp−1 δp

Ψp VE h∗ h∗VE Ψp+1

δp−1 δp

Proof. We begin with the symbol, where the computation is simple—for any section β ∈ Γ(A),

VE (h∗η)1(β) = Jβ(h
∗η) = u∗ιβL(h∗η) = u∗h∗ιhβLη = u∗ιhβLη = (h∗VE η)1(β),

where we have used that E ⊂ TG is a wide subgroupoid. For the leading term, first observe that
the vertical projection v∗ = id− h∗ enables us to write

(Rαh
∗η)x(Xi)i = (Rαη)x(Xi)i − (Rαv

∗η)x(Xi)i,

for any vectors Xi ∈ TxM . Observe that

(v∗η)(Xi)i = η(vXi + hXi)i − η(hXi)i

=

q∑
k=1

∑
σ∈S(k,q−k)

sgn(σ)η(vXσ(1), . . . , vXσ(k), hXσ(k+1), . . . , hXσ(q)),

hence (Rαv
∗η)x(Xi)i may be expressed as a sum of terms of the form (up to a sign)

d

dλ

∣∣∣
λ=0

Ad
ϕα

L
λ (1x)

· η(vY λ
1 , . . . , vY

λ
k , hY

λ
k+1, . . . , hY

λ
q ) (4.44)

for some k ∈ {1, . . . , q}, where we are denoting Y λ
i = Xλ

σ(i) for a fixed permutation σ ∈ S(k,q−k),
and Xλ

i = d(ϕα
L

λ ) du(Xi). We now use the formula for the simplicial differential,

δη(g,h)(vi, wi)i = ηh(wi)i − ηgh(dm(g,h)(vi, wi))i +Adh−1 · ηg(vi)i,

with arrows g = gλ := ϕα
L

λ (1x), h = g−1 and vectors

vi =

{
vY λ

i if i ≤ k,
hY λ

i if i > k,
wi =

{
0 if i ≤ k,
d(inv)hY λ

i if i > k.
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Using these vectors allows us to write (4.44) as

(4.44) = ηgh(dm(g,h)(vi, wi))i + δη(g,h)(vi, wi)i =: (⋆) + (⋆⋆)

It is not hard to see there holds

dm(vi, wi) =

{
Adgλ · ω(Y λ

i ) if i ≤ k,
du(Y 0

i ) if i > k,

hence the first term (⋆) becomes

(⋆) =
d

dλ

∣∣∣
λ=0

η1x
(
Adgλ · ω(Y

λ
1 ), . . . ,Adgλ · ω(Y

λ
k ),du(Y

0
k+1), . . . ,du(Y

0
q )

)
=

k∑
i=1

η1x

(
ω(du(Y 0

1 )), . . . ,
d

dλ

∣∣∣
λ=0

Adgλ · ω(Y
λ
i )︸ ︷︷ ︸

C(α)(Y 0
i )

, . . . , ω(du(Y 0
k )),du(Y

0
k+1), . . . ,du(Y

0
q )

)
.

Since u∗ω = 0 by multiplicativity of the connection ω, the expression above is nonzero only in the
case when k = 1. Assuming for a moment that η is multiplicative, we thus obtain

(Rαv
∗η)x(Xi)i =

d
dλ

∣∣
λ=0

∑
i ϕ

αL

λ (1x) · η(hXλ
1 , . . . , vX

λ
i , . . . , hX

λ
q )

=
∑

i(−1)i+1η1x(Cα(Xi), du(X1), . . . , d̂u(Xi), . . . ,du(Xq))

= (c1 ∧̇ Cα)(Xi)i,

where we are denoting by c1 the symbol of VE (η). Since the leading term is c0(α) = Rαη, this
proves the lemma for the case when η is multiplicative. If η is not multiplicative, the term (⋆⋆)
becomes

(⋆⋆) =
d

dλ

∣∣∣
λ=0

δη(gλ,g−1
λ )

(
(vY λ

1 , 0), . . . , (vY
λ
k , 0), (hY

λ
k+1,d(inv)hY

λ
k+1), . . . , (hY

λ
q ,d(inv)hY

λ
q )

)
.

Finally, observe that on TG(2) there holds

h(Y λ
i , d(inv)hY

λ
i ) = (hY λ

i , d(inv)hY
λ
i ),

v(Y λ
i , d(inv)hY

λ
i ) = (vY λ

i , 0).

This establishes the wanted formula for the leading terms. ■

Proof of Theorem 4.42. We need to check VE (h∗ d∇η) = h∗ d∇VE (η) holds for any multiplicative
form η ∈ Ωqm(G; s∗k). By the lemma above, we have

VE (h∗ d∇η)0(α)(Xi) = (h∗ d∇VE η)0(α)(Xi)i +
d

dλ

∣∣∣
λ=0

(v∗δ d∇η)(gλ,g−1
λ )

(
Xλ
i ,d(inv)hX

λ
i

)
i

where we have already used on the first term that VE commutes with d∇ on multiplicative
forms, as established in Theorem 3.12. To show that the second term vanishes, first note that
multiplicativity of the form η implies

v∗δ d∇η = −v∗[d∇, δ]η.

As already observed in the lemma, v∗ acts on individual arguments of a given form by either the
horizontal or the vertical projection, so the second component d(inv)hXλ

i of any vector is either
untouched by v∗ or sent to zero. This is important since by the formula for the commutator (3.4),
the second components are inserted into Θ, and so by the fact that h∗Θ = 0 from Corollary 4.17,
the second term on the right-hand side above vanishes. This proves the theorem for leading terms;
that the symbols coincide follows directly from the last lemma. ■
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Corollary 4.45. Let ω ∈ A (G; k) be a multiplicative Ehresmann connection on a Lie groupoid
G, and let A be its Lie algebroid, endowed with the IM connection (C, v) = VE (ω). The van Est
map takes the curvature of ω to the curvature of (C, v), that is,

Ω(C,v) = VE (Ωω).

4.3.6 IM connections as VB-algebroids

In this subsection, we will first see that the viewpoint of IM connections as VB-subalgebroids of
TA, known from [51], is just a manifestation of the model isomorphism (2.23) between Weil and
exterior cochains. Secondly, the main purpose of this section is to derive the desired horizontal
projection h∗ of Weil cochains, which is done by employing the viewpoint of exterior cochains.

First note that the differential of the projection ϕ : A→ B = A/k, with ϕ viewed as a surjective
submersion between smooth manifolds, defines a short exact sequence of VB-algebroids.

0 ker dϕ TA TB 0

0 0M TM TM 0

dϕ

(4.45)

As was observed in [51, Lemma 5.2], there is a canonical identification of K := ker dϕ with
A⊕M k = π∗k, given by the injective map

i : A⊕M k→ TA, i(α, ξ) =
d

dλ

∣∣∣
λ=0

(α+ λξ) (4.46)

whose image is precisely K due to dimensional reasons and k = kerϕ. It is easy to see that the
formula for i can be rewritten in the following way, which will be more useful later:

i(α, ξ) = 0A(α) +TM
d

dλ

∣∣∣
λ=0

λξ. (4.47)

Now, to obtain the correspondence of IM connections A (A; k) with VB-subalgebroids of TA
complementary to K, suppose we are given a splitting vTA : TA → K of the sequence (4.45),
covering the identity on A⇒M . Such a splitting can be identified via i : A⊕M k→ K with a Lie
algebroid morphism ν : TA→ A⊕M k satisfying ν ◦ i = idπ∗k.

TA A⊕M k

A A

TM 0M

M M

ν

idA

Since it is C∞(A)-linear, ν can thus be viewed as an element ν ∈ Γext(M1,Λ
1A∗

1). Using the
identification of models (2.23), one then obtains an IM form

(C, v) = ev(ν) ∈ Ω1
im(A; k),

whose multiplicativity corresponds to ν being a VB-algebroid morphism, and the condition v|k =
idk corresponds to ν ◦ i = idπ∗k. Explicitly, the pair (C, v) reads

C(α)(w) = prk
(
ν(dα(w))

)
, (w ∈ TxM) (4.48)

v(α) = prk(ν(αc)), (4.49)
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where αc ∈ Γ(TM, TA) is the core section induced by α ∈ Γ(A). It is implicit here that the vector
ν(αc(w)) is independent of the choice of w ∈ TxM , since vTA(0TM (w)) equals the zero of the core
0A(0x) = 0TM (0x), so we obtain

vTA(αc(w)) = vTA
(
0TM (w) +A

d

dλ

∣∣∣
λ=0

λαx

)
= vTA

( d

dλ

∣∣∣
λ=0

λαx

)
.

In other words,

vTA
( d

dλ

∣∣∣
λ=0

λαx

)
=

d

dλ

∣∣∣
λ=0

λv(αx). (4.50)

Since any exterior cochain ν ∈ Γext(M1,A∗
1) is determined by its values on the linear and core

sections of A1, identities (4.48) and (4.49) also tell us how an IM connection (C, v) induces ν.
Summing up, any IM connection can alternatively be viewed as a wide VB-subalgebroid E ⊂ TA:

E A

TM M

The core of E is H = ker v, so we now view v : A→ k as the induced splitting of the core A→M
of the tangent algebroid TA⇒ TM .3

Horizontal projection of exterior cochains

The purpose of this subsection is to derive the formula for the horizontal projection h∗ of Weil
cochains, induced by an IM connection (Definition 4.31). Let us first identify the notion of
horizontality (Definition 4.29) for the alternative model of exterior cochains.

Definition 4.46. Suppose k ⊂ A is a bundle of ideals on a Lie algebroid A ⇒ M . A cochain
ω ∈ Γext(Mq,Λ

pA∗
q) is said to be horizontal, if for any ξ ∈ Γ(k) and i = 1, . . . , q, there holds

ιZi(ξ)ω = 0,

where Zi(ξ) is a core section, see (2.20). We denote the space of horizontal exterior cochains by

Γext(Mq,Λ
pA∗

q)
Hor ⊂ Γext(Mq,Λ

pA∗
q).

That this forms a subcomplex (for a fixed q) is a consequence of the fact that the evaluation
map is an isomorphism of cochain complexes that clearly maps horizontal exterior cochains to
horizontal Weil cochains, which themselves form a subcomplex. For clarity, we prove this directly.

Proposition 4.47. Γext(Mq,Λ
pA∗

q)
Hor is a subcomplex of Γext(Mq,Λ

pA∗
q).

Proof. Assuming ιZi(ξ)ω = 0, use the definition (2.22) of δ to get

(ιZi(ξ)δω)(X
1, . . . , Xp) = LρAq (Zi(ξ))ω(X

1, . . . , Xp) +
∑p

j=1 ω([Zi(ξ), Xj ]Aq , X
1, . . . , X̂j , . . . , Xp),

for any sections Xi ∈ Γ(Mq,Aq). To see the first term vanishes, note that the anchor ρAq is defined
componentwise, and the anchor ρTA is defined as the composition of the canonical involution on
T (TM) with dρ : TA→ T (TM). Hence, it suffices to compute:

dρ
(
d0(w) +A

d
dλ

∣∣
λ=0

λξ
)
= dρ( d

dλ

∣∣
λ=0

λξ) = d
dλ

∣∣
λ=0

λρ(ξ) = 0,

3The fact that Γ(A) → Γ(TM,TA), α 7→ αc is not a morphism of Lie algebras gives another perspective on why
the induced core splitting v : A → M is, in general, not a splitting of Lie algebroids, but merely of vector bundles.
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since k ⊂ ker ρ. For the remaining terms, using the fact that the Lie bracket on Aq is defined
componentwise, together with the definition of the Lie bracket on TA, we first use (2.21) to write

[Zi(ξ),Zj(α)]Aq = 0, [Zi(ξ),T(α)]Aq = Zi([ξ, α]),

for any α ∈ Γ(A). Notice that [ξ, α] ∈ Γ(k) on account of k being a bundle of ideals, hence by
multilinearity of ω with respect to Aq →Mq and the fact that Γ(Mq,Aq) is generated by the linear
and core sections as a C∞(Mq)-module, the second term also vanishes. ■

There is now a straightforward way of defining the horizontal projection of exterior cochains,
given an IM connection for k.

Definition 4.48. Let E ⊂ TA be an IM connection for a bundle of ideals k on A⇒ M , and let
us denote by h : TA→ E ↪→ TA the VB-algebroid morphism over idA and idTM ,

h(X) = X −A vTA(X). (4.51)

The horizontal projection of exterior cochains is the map

h∗ : Γext(Mq,Λ
pA∗

q)→ Γext(Mq,Λ
pA∗

q)
Hor,

(h∗ω)(w1,...,wq ,ζ)(X
1, . . . , Xp) = ω(w1,...,wq ,ζ)(hX

1, . . . , hXp),

for any vectors Xi = (Xi
1, . . . , X

i
q, (a

i, ζ)) with dπ(Xi
j) = wj ∈ TxM and ai ∈ Ax. Here, we have

denoted by h : Aq → Aq the VB-algebroid morphism covering idA and idMq , induced by (4.51).
Namely, h : Aq → Aq is defined on any vector Xi as above by

hXi = (hXi
1, . . . , hX

i
q, (a

i, ζ)).

Remark 4.49. We will use the same letter h (resp., v) for all three horizontal (resp., vertical)
projections of vectors in Aq, TA, and A, as it will always be contextually clear which one is used.

What follows is the most important property of h∗, the proof of which is now almost trivial.
Theorem 4.53 will imply that the same holds for Weil cochains, where proving this is tedious.

Proposition 4.50. Let E ⊂ TA be an IM connection for a bundle of ideals k on A ⇒ M . The
horizontal projection of exterior cochains is a cochain map, that is:

δh∗ = h∗δ.

Proof. Inspecting the defining equation (2.22) of δ, we observe that this is a direct consequence
of h : Aq → Aq being a Lie algebroid morphism, since this just means

ρAq(hX) = ρAq(X), h[X,Y ]TA = [hX, hY ]TA,

for any sections X,Y ∈ Γ(Mq,Aq). ■

We can now start deriving the formula for h∗ on Weil cochains. Looking at equation (2.24),
we see that to do so, we need to see how the horizontal projection acts on the generators of the
module Γ(Mq,Aq). The following lemma shows how to express the horizontal projection of any
generator as a linear combination of the generators, with respect to the structure on Aq →Mq.

Lemma 4.51. Let E ⊂ TA be an IM connection for a bundle of ideals k on A. For any section
α ∈ Γ(A), the linear and core sections Tα,Ziα ∈ Γ(Mq,Aq) satisfy:

h(Tα)(w1, . . . , wq, ζ) = Tα(w1, . . . , wq, ζ)−Mq

∑Mq

i Zi(Cα(wi))(w1, . . . , wq, ζ),

h(Ziα) = Zi(hα),

for any vectors wj ∈ TxM and ζ ∈ V ∗
x . Here, the superscript on the sum indicates that the

summation is with respect to Aq →Mq.
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Proof. The formula for the core sections is clear from the definition of Ziα and equation (4.50).
For the linear sections, we first write

h(Tα)(w1, . . . , wq, ζ) = (hdα(w1), . . . , h dα(wq), χα(ζ)),

so we have to compute hdα(wi) for any wi ∈ TxM . Observe there holds

hdα(wi) = dα(wi)−A v dα(wi)
=

(
dα(wi) +TM 0TM (wi)

)
−A

(
0A(αx) +TM

d
dλ

∣∣
λ=0

λC(α)(wi)
)

=
(
dα(wi)−A 0A(αx)

)
+TM

(
0TM (wi)−A d

dλ

∣∣
λ=0

λC(α)(wi)
)

= dα(wi)−TM
(
0TM (wi) +A

d
dλ

∣∣
λ=0

λC(α)(wi)
)

(4.52)

where we have used identities (4.47) and (4.48) on the second equality and compatibility of the
two vector bundle structures on TA on the third. On the fourth, we have used that the two bundle
structures coincide on the core A → M , so in particular, the two scalar multiplications coincide
on the vector d

dλ

∣∣
λ=0

λC(α)(wi). Now, since the addition (over Mq) is componentwise, we obtain

h(Tα)(w1, . . . , wq, ζ)

= Tα(w1, . . . , wq, ζ)−Mq

(
0TM (w1) +A

d
dλ

∣∣
λ=0

λC(α)(w1), . . . , 0TM (wq) +A
d
dλ

∣∣
λ=0

λC(α)(wq), 0ζ
)

= Tα(w1, . . . , wq, ζ)−Mq

∑Mq

i

(
0TM (w1), . . . , 0TM (wi) +A

d
dλ

∣∣
λ=0

λC(α)(wi), . . . , 0TM (wq), 0ζ
)
,

from which the claimed formula for linear sections follows. ■

Remark 4.52. Intuitively, equation (4.52) should be seen as a formula for how to horizontally
project dα within the fibre of TA → TM instead of TA → A. As a consequence, it tells us how
to horizontally project Tα within the fibre of Aq → Mq instead of Aq → A. Henceforth, we will
denote the Mq-vertical component of Tα by

u(Tα) ∈ Γ(Mq,Aq), u(Tα)(w1, . . . , wq, ζ) =
∑Mq

i Zi(Cα(wi))(w1, . . . , wq, ζ),

for any vectors wi ∈ TxM and ζ ∈ V ∗
x .

To obtain some insight for deriving the general formula for h∗ on Weil cochains, let us first
deal with the simplest nontrivial case: p = 1. By the last lemma, for any ω ∈ Γext(Mq,Λ

1A∗
q),

c̃0(h
∗ω)(α) = ω(hTα) = ω(Tα)− ω(uTα),

where the first term is just c̃0(ω)(α). The second term reads

ω(uTα)(w1, . . . , wq, ζ) =
∑

i ω
(
Zi(Cα(wi))

)
(w1, . . . , wq, ζ)

=
∑

i(−1)i+1ω
(
Z1(Cα(wi))

)
(wi, w1, . . . , ŵi, . . . , wq, ζ) (4.53)

= 1
(q−1)!

∑
σ∈Sq

sgn(σ)ω
(
Z1(Cα(wσ(1)))

)
(wσ(1), . . . , wσ(q), ζ), (4.54)

where we have used the skew-symmetry of ω with respect to Aq → A in the second equality. In
the last line, we have merely rewritten the expression (4.53) with permutations because this form
will be useful in the general proof. In any case, by Remark 2.44, the line (4.53) equals

ω(uTα)(w1, . . . , wq, ζ) =
∑

i(−1)i+1c1(ω)(Cα(wi))(w1, . . . , ŵi, . . . , wq, ζ),

which finally yields the formula (4.35), that is,

c0(h
∗ω)(α) = c0(ω)(α)− c1(ω) ∧̇ Cα.

At the level of symbols, c1(h∗ω)(β) = c1(ω)(hβ) is also clear from the last lemma. We now provide
the desired derivation for h∗ on Weil cochains for the general case p ≥ 1, preliminarily noting that
exactly the same ideas will be used as above, though the procedure will be combinatorially heavier.
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Theorem 4.53. Let E ⊂ TA be an IM connection for a bundle of ideals k on A. The model
isomorphism ev : Γext(Mq,Λ

pA∗
q)→W p,q(A; k) commutes with the horizontal projections,

ev ◦ h∗ = h∗ ◦ ev,

where h∗ on the left and the right side correspond to Definitions 4.48 and 4.31, respectively.

Proof. Let us first deal with the leading term. For ω ∈ Γext(Mq,Λ
pA∗

q), we begin by computing

c̃0(h
∗ω)(α1, . . . , αp) = ω(hTα1, . . . , hTαp) = ω

(
Tα1 −Mq uTα1, . . . ,Tαp −Mq uTαp

)
=

∑p
j=0(−1)j

∑
σ∈S(j,p−j)

sgn(σ)ω(uTασ(1), . . . , uTασ(j),Tασ(j+1), . . . ,Tασ(p)), (4.55)

where we have used multilinearity of ω with respect to Aq →Mq and grouped the terms with the
same number of Mq-vertical arguments. The arguments have also been rearranged using skew-
symmetry with respect to Aq →Mq, so that the Mq-vertical arguments appear first. To establish
the theorem at the level of leading terms, we thus have to show

ω
(
uTα1, . . . , uTαj ,Tαj+1, . . . ,Tαp

)
= cj(ω)(αj+1, . . . , αp) ∧̇ (Cα1, . . . , Cαj). (4.56)

The plan now is to transform each of the sections uTαi on the left-hand side into a core section
of Aq ⇒Mq. We do this step by step, starting with uTα1 and proceeding towards the right. For
any vectors w1, . . . , wq ∈ TxM and ζ ∈ V ∗

x , we have

ω
(
uTα1, . . . , uTαj ,Tαj+1, . . . ,Tαp

)
(w1, . . . , wq, ζ) (4.57)

= ω
(∑

i Zi(Cα1(wi)), uTα2, . . . , uTαj ,Tαj+1, . . . ,Tαp
)
(w1, . . . , wq, ζ)

= 1
(q−1)!

∑
σ∈Sq

sgn(σ)ω
(
Z1(Cα1(wσ(1))), uTα2︸ ︷︷ ︸∑

i≥2 Zi(Cα2(wσ(i)))

, . . . , uTαj ,Tαj+1, . . . ,Tαp
)
(wσ(1), . . . , wσ(q), ζ),

where we have used Lemma 4.51 on the first equality and a similar identity as (4.54) on the second
equality (see Intermezzo 4.54 below). Importantly, the under-brace follows from

ιZiαιZiβω = 0, (4.58)

for any α, β ∈ Γ(A), as a consequence of multilinearity of ω with respect to both vector bundle
structures, and the general fact that linear differential forms on vector bundles vanish whenever
two vertical vectors are inserted.
Intermezzo 4.54. We observe that the following generalization of the equation (4.54) holds: for
any ω ∈ Γext(Mq,Λ

pA∗
q) and for any given ℓ ≥ 1, skew-symmetry of ω with respect to Aq → A

implies

ω
(∑Mq

i≥ℓ Zi(Cα(wi)), X
2, . . . , Xp

)
(w1, . . . , wq, ζ)

=
∑

i≥ℓ(−1)i−ℓω
(
Zℓ(Cα(wi)), X2, . . . , Xp

)
(w1, . . . , wℓ−1, wi, wℓ, . . . , ŵi, . . . , wq, ζ)

= 1
(q−ℓ)!

∑
σ∈Sℓ−1

q
sgn(σ)ω

(
Zℓ(Cα(wσ(ℓ))), X2, . . . , Xp

)
(wσ(1), . . . , wσ(q), ζ),

for any vectors Xi ∈ Aq over (w1, . . . , wq, ζ), where Sℓ−1
q ⊂ Sq denotes the permutations which

restrict to the identity on {1, . . . , ℓ− 1}. In the second line, we have used Lemma 4.51.
By the intermezzo, the computation (4.57) continues as

(4.57) = 1
(q−1)!(q−2)!

∑
σ∈Sq

∑
σ̃∈S1

q
sgn(σ) sgn(σ̃)·

· ω
(
Z1(Cα1(wσ(1))),Z2(Cα2(wσσ̃(2))), uTα3, . . . ,Tαj+1, . . . ,Tαp

)
(wσσ̃(1), wσσ̃(1), . . . , wσσ̃(q), ζ).
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By introducing τ = σσ̃, the condition σ̃(1) = 1 becomes τ(1) = σ(1), so we can replace the second
sum

∑
σ̃∈S1

q
with

∑
τ∈Sq ,τ(1)=σ(1)

. The summand is then independent of σ, and since there are
(q − 1)! permutations σ in Sq with a fixed σ(1), we get

(4.57) = 1
(q−2)!

∑
τ∈Sq

sgn(τ)ω
(
Z1(Cα1(wτ(1))),Z2(Cα2(wτ(2))), uTα3, . . . ,Tαp

)
(wτ(1), . . . , wτ(q), ζ).

Repeating this procedure on each of the remaining sections uTαi, we are left with

(4.57) = 1
(q−j)!

∑
τ∈Sq

sgn(τ)ω
(
Z1(Cα1(wτ(1))), . . . ,Zj(Cαj(wτ(j))),Tαj+1 . . . ,Tαp

)
(wτ(1), . . . , wτ(q), ζ)

= 1
(q−j)!

∑
τ∈Sq

sgn(τ)cj(ω)(αj+1, . . . , αp | Cα1(wτ(1)), . . . , Cαj(wτ(j)))(wτ(j+1), . . . , wτ(p)),

where we have used Remark 2.44 in the second equality. Comparing this expression with (4.34)
proves the wanted identity (4.56), in turn proving the theorem at the level of leading terms.

Finally, for correction terms, first observe that a similar identity as in (4.55) holds:

c̃k(h
∗ω)(α1, . . . , αp−k |β1, . . . , βk) = ω(hZ1β1, . . . , hZkβk, hTα1, . . . , hTαp−k)

=
∑p

j=k(−1)
j−k∑

σ∈(j−k,p−j)

sgn(σ)ω(hZ1β1, . . . , hZkβk, uTασ(1), . . . , uTασ(j),Tασ(j+1), . . . ,Tασ(p−k)).

We now have to prove the following equality for any sections αi, βj ∈ Γ(A):

ω(hZ1β1, . . . , hZkβk, uTα1, . . . , uTαj ,Tαj+1, . . . ,Tαp−k)
= cj(ω)(αj+1, . . . , αp−k |hβ1, . . . , hβk) ∧̇ (Cα1, . . . , Cαj).

This holds since h(Ziβ) = Zi(hβ) for any β ∈ Γ(A) by Lemma 4.51, by using the identical
procedure as for the leading term. ■

4.4 Obstruction to existence of multiplicative connections

In this section, we develop the necessary and sufficient condition for the existence of (infinitesimal)
multiplicative Ehresmann connections. This generalizes the case for groupoid extensions [48,
Proposition 6.13], and establishes the infinitesimal analogue. As we will see, the obstruction
is fairly simple to obtain as soon as one considers the right cohomology—that of the horizontal
subcomplexes of the Bott–Shulman–Stasheff and Weil complex introduced in the previous sections.

The global case

Definition 4.55. Let k be a bundle of ideals on a Lie groupoidG⇒M . The horizontal cohomology
of k-valued forms on G is the cohomology of the horizontal subcomplex from Definition 4.13, i.e.,

Hp,q(G; k)Hor := Hp
(
Ω•,q(G; k)Hor, δ

)
.

We now construct the obstruction class for the existence of multiplicative connections for a
bundle of ideals k. Suppose E ⊂ TG is any (not necessarily multiplicative) distribution on G
complementing K, and let ω ∈ Ω1(G; s∗k) be the corresponding 1-form defined by equation (4.3),
i.e., ω is the vertical projection under the isomorphism K ∼= s∗k. Since δ ◦ δ = 0, we obtain a
cocycle δω, which is horizontal, i.e., it vanishes on K(2):

δω(X,Y ) = ω(Y )− ω(dm(X,Y )) + Adh−1ω(X)

= d(Lh−1)Y − d(Lh−1g−1)(d(Lg)(Y ) + d(Rh)(X)) + Adh−1 d(Lg−1)X = 0,
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for any X ∈ Kg and Y ∈ Kh where s(g) = t(h). Hence, we may define

obsA (G;k) = [δω] ∈ H2,1(G; k)Hor. (4.59)

The difference of two 1-forms ω and ω̃, corresponding to different distributions, is horizontal since
their restrictions to K equal the Maurer–Cartan form, ω̃|K = ω|K = ΘMC |K . Therefore, the class
above is independent of the choice of the distribution E.

Proposition 4.56. A multiplicative Ehresmann connection on a Lie groupoid G for a bundle of
ideals k exists if and only if the class obsA (G;k) vanishes.

Proof. Clearly, the existence of a multiplicative connection implies the vanishing of the obstruction
class. Conversely, if the class (4.59) vanishes, there is a horizontal form α ∈ Ω1(G; s∗k)Hor with

δ(ω + α) = 0,

where ω corresponds to a fixed distribution E, as above. This means that the form α corrects the
connection ω, making ω + α a multiplicative Ehresmann connection. ■

Remark 4.57. This obstruction class can be used to provide alternative proofs of the following
two results from [51]; this is currently a work in progress.

• Morita invariance of existence of multiplicative Ehresmann connections [51, Theorem 4.1].
This follows directly from the to-be-proved Morita invariance of horizontal cohomology. For
Lie groupoid extensions, this was already proved in [48, Theorem 6.9]; our work in progress
concerns generalizing this result to arbitrary bundles of ideals.

• Existence of multiplicative Ehresmann connections on proper Lie groupoids for arbitrary
bundles of ideals [51, Theorem 4.2]. This statement is a direct consequence of a to-be-
proved version of vanishing cohomology theorem for (horizontal!) cohomology on proper Lie
groupoids, with values in a representation.

The infinitesimal case

Definition 4.58. Let k be a bundle of ideals on a Lie algebroid A ⇒ M . The horizontal co-
homology of k-valued Weil cochains on A is the cohomology of the horizontal subcomplex from
Definition 4.29, that is,

Hp,q(A; k)Hor := Hp
(
W •,q(A; k)Hor, δ

)
.

The construction of the obstruction class now proceeds as follows. Pick any triple of the
following form: a splitting v : A → k of the short exact sequence (4.24), a linear connection on
k→M and a tensor U ∈ Γ(H∗ ⊗ T ∗M ⊗ k), where H = ker v (for example, U = 0). Combine the
connection and the tensor to obtain a map C : Γ(A)→ Ω1(M ; k),

C(α) = ∇(vα)− U(hα),

which clearly satisfies C(fα) = fC(α) + df ⊗ vα, so it defines a Weil cochain (C, v) ∈W 1,1(A; k).
Since δ ◦ δ = 0, we obtain a cocycle δ(C, v), which is horizontal—indeed, by equation (C.2) we get

δ(C, v)1(α | ξ) = −[α, v(ξ)] + v[α, ξ] = 0,

and δ(C, v)2 vanishes automatically since 2 = k ≥ q = 1. Hence, we may define

obsA (A;k) = [δ(C, v)] ∈ H2,1(A; k)Hor. (4.60)

If (C̃, ṽ) is another cochain obtained as above, the difference (C̃, ṽ) − (C, v) is clearly horizontal
since both ṽ and v are splittings of (4.24), hence the class above is independent of the choice of
the triple (v,∇, U). The proof of the following is analogous to that of Proposition 4.56.

108



Multiplicative Ehresmann connections

Proposition 4.59. An IM connection on a Lie algebroid A for a bundle of ideals k exists if and
only if the class obsA (A;k) vanishes. Moreover, if A ⇒ M is the algebroid of G ⇒ M and k is a
bundle of ideals on G, then the van Est map relates the two obstruction classes:

VE (obsA (G;k)) = obsA (A;k).

Proof. The proof of the first part of the proposition is analogous to the groupoid case. For
the second part, note that if a form ω ∈ Ω1(G; s∗k) satisfies ω|K = ΘMC , then the symbol of
(C, v) = VE (ω) is given on any ξ ∈ Γ(k) by v(ξ) = ω(ξL)|M = (s∗ξ)|M = ξ, so v|k = idk, and hence

VE (obsA (G;k)) = VE [δω] = [VE (δω)] = [δ(VE (ω))] = [δ(C, v)] = obsA (A;k). ■
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Chapter 5

Foliated and multiplicative
Yang–Mills theory

5.1 Introduction

As already stated in the introduction, Yang–Mills theory is fundamental to the Standard Model
of elementary particle physics, describing the dynamics of the carriers of fundamental forces of
nature—gauge bosons. The central mathematical notion which appears as its foundation is that
of the curvature of a connection on a principal bundle; Yang–Mills theory boils down to an
application of the variational principle to this geometrical framework, yielding an equivalence
between the critical points of the Yang–Mills action, defined as the L2-norm of the curvature,
and the solutions to a certain partial differential equation, called the Yang–Mills equation. The
simplest example is the case of a trivial U(1)-bundle on Minkowski space, where the Yang–Mills
equation corresponds precisely to two of the four Maxwell equations, and the remaining two are
captured by the Bianchi identity. They respectively read

d ⋆ F = 0 and dF = 0,

where ⋆ denotes the Hodge star operator on Minkowski space M , and the curvature F ∈ Ω2(M)
is interpreted as the electromagnetic field strength. As already mentioned in the introduction,
classical Yang–Mills theory on principal bundles can be seen as a far-reaching generalization of
the theory of electromagnetism, providing a coordinate-invariant way of writing the differential
equations that govern the dynamics of gauge bosons in physics, on an arbitrary fixed spacetime.

From the mathematical point of view, the interpretation of Yang–Mills theory is that by
considering critical points of the Yang–Mills action, one aims to find those connections on a
given principal bundle which minimize the L2-norm of the curvature; this may be viewed as the
next best scenario to having a flat connection. The research presented here provides a two-fold
generalization of Yang–Mills theory: from principal bundles to possibly non-transitive and non-
integrable Lie algebroids. To motivate this generalization, we start by interpreting connections
on principal bundles within the framework of Lie groupoids and algebroids. Recall that a given
principal bundle

G↷ P →M

gives rise to its gauge groupoid, whose Hom-sets are defined as the G-equivariant maps between the
fibres of P → M . Its Lie algebroid fits into the following short exact sequence of Lie algebroids,
commonly referred to as the Atiyah sequence,

0 ad(P ) TP
G TM 0,
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where ad(P ) = (P × g)/G is the adjoint bundle with respect to the adjoint representation of G
on its Lie algebra g, and G acts on TP by the differential of the action. Since G-equivariance
is built into the above sequence, its splittings are in a one-to-one correspondence with principal
connections on P . This was first noted by Atiyah and Bott in [5], and it offers an important
insight: Yang–Mills theory on principal bundles is actually about critical splittings of the Atiyah
sequence.

This perspective provides a straightforward way of generalizing Yang–Mills theory from prin-
cipal bundles to arbitrary Lie algebroids. That is, for a regular Lie algebroid A, we can consider
the critical splittings of the short exact sequence,

0 ker ρ A TF 0.
ρ (5.1)

The resulting dynamics take place only along the orbital directions TF , so it is instructive to think
of the resulting framework as a foliated Yang–Mills theory. Although simple and straightforward,
this generalization alone already gives rise to some interesting examples (§5.2.4). On the other
hand, the drawbacks of this framework are the following.

• It cannot describe the dynamics of gauge fields in transversal directions to the orbit foliation.

• It works only for the case when the bundle of ideals is taken as the whole isotropy, k = ker ρ,
hence it works only for regular algebroids.

• It requires additional assumptions on the orbit foliation, as well as on the Riemannian metric
on the base manifold, which is part of the input data.

These drawbacks are all resolved by extending the theory to the setting of multiplicative connec-
tions. Despite the downsides, the formulation of the foliated Yang–Mills theory is an important
stepping stone for developing the multiplicative Yang–Mills theory, since it becomes clearer what
the ingredients should be for the multiplicative scenario. Let us thus begin with the foliated case.

5.2 Foliated Yang–Mills theory

We begin by considering a regular Lie algebroid A⇒M , with the bundle of ideals k taken as the
whole isotropy bundle, k = ker ρ. As motivated in the introduction, consider the set of splittings
of the short exact sequence

0 k A TF 0,
ρ

which will be denoted by

Split(A) = {σ ∈ Ω1(TF ;A) | ρσ = idTF}.

Observe that Split(A) is an affine space modelled on the vector space Ω1(TF ; k). Moving on, any
splitting σ induces a leafwise connection on k, which is a TF-connection, given by

∇σ : Γ(TF)× Γ(k)→ Γ(k), ∇σXξ = [σ(X), ξ]. (5.2)

The curvature F σ ∈ Ω2(TF ; k) of a splitting σ is defined by

F σ(X,Y ) = σ[X,Y ]− [σ(X), σ(Y )]. (5.3)

The following properties are simple and straightforward consequences of the Jacobi identity on A.
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Proposition 5.1. For a regular Lie algebroid A ⇒ M , a splitting σ ∈ Split(A) satisfies the
following properties.

(i) ∇σ preserves the Lie bracket on k: for any ξ, η ∈ Γ(k) there holds

∇σ[ξ, η] = [∇σξ, η] + [ξ,∇ση].

(ii) The curvature F σ of σ satisfies the leafwise Bianchi identity,

d∇
σ
F σ = 0. (5.4)

(iii) The curvature tensor R∇σ ∈ Ω2(TF ; End k) of ∇σ satisfies

R∇σ · ξ = [ξ, F σ],

for any ξ ∈ Γ(k).

Remark 5.2. Property (i) can be used to infer the well-known fact that the isotropy bundle of Lie
algebras of a Lie algebroid is locally trivial when restricted to an orbit.

5.2.1 Yang–Mills data

As already mentioned, similarly to the classical case of principal bundles, to construct an action
functional, it is necessary to impose some data on a given Lie algebroid in order to construct a
foliated (or multiplicative) Yang–Mills theory.

Definition 5.3. A Yang–Mills data for a bundle of ideals k ⊂ ker ρ on a Lie algebroid A⇒M is
the following additional data:

(i) An ad-invariant metric ⟨·, ·⟩k on k, that is, a positive-definite metric ⟨·, ·⟩k, such that

ρ(α) ⟨ξ, η⟩k = ⟨[α, ξ], η⟩k + ⟨ξ, [α, η]⟩k ,

for any sections ξ, η ∈ Γ(k) and α ∈ Γ(A).

(ii) A Riemannian metric g = ⟨·, ·⟩ on the base manifold M . We also assume M is orientable
and choose an orientation on M , thus giving rise to the Riemannian volume form volM .

The importance of assuming an ad-invariant metric on the isotropy bundle is that the leafwise
connection ∇σ, induced by any splitting, is compatible with it.

Lemma 5.4. Let A⇒M be a regular Lie algebroid and let ⟨·, ·⟩k be an ad-invariant metric on k.
For any splitting σ ∈ Split(A), the induced leafwise connection ∇σ on k is compatible with ⟨·, ·⟩k.
That is,

X ⟨ξ, η⟩k = ⟨∇
σ
Xξ, η⟩k + ⟨ξ,∇

σ
Xη⟩k

for any X ∈ Γ(TF) and ξ, η ∈ Γ(k).

Remark 5.5 (Existence of ad-invariant metrics). In the case of a principal G-bundle P , an ad-
invariant metric on ad(P ) exists whenever the structure Lie group G is compact. In fact, it is
actually enough to assume there exists a compact integration of the structure Lie algebra g (not
necessarily G) and that the structure Lie group G is connected; see [31, Theorem 3.6.2] and
Lemma 5.16. For more general algebroids, to establish the existence of an ad-invariant metric, it
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is sufficient to assume A is integrable by a proper groupoid G. In this case, one first constructs
an Ad-invariant metric, that is,

⟨ξ, η⟩k = ⟨Adgξ,Adgη⟩k , for all g ∈ G and ξ, η ∈ ks(g).

The construction is by means of a standard averaging argument using a Haar system and a cutoff
function [24]; this may be seen as the groupoid version of the construction of an Ad-invariant
inner product on the Lie algebra of a compact Lie group. Differentiation then shows that the
obtained Ad-invariant metric is also ad-invariant.
As already mentioned in the introduction, the foliated Yang–Mills theory demands additional
assumptions on the foliation and the Riemannian metric on the base. Namely, we will assume:

• The orbit foliation F is a simple foliation, i.e., the leaves of F are the fibres of a smooth
submersion π : M → N (with connected fibres), where N =M/F is the leaf space of F .

• The metric g on M is π-invariant, that is, it induces a (necessarily unique) Riemannian
metric on the orbit space N , such that π : M → N is a Riemannian submersion. More
precisely, the induced metric π∗g on N reads

(π∗g)y(v, w) = gx((dπ
⊥
x )

−1(v), (dπ⊥x )
−1(w)), for all v, w ∈ TyN, (5.5)

where x ∈ π−1(y), and we have denoted by dπ⊥x : (ker dπx)
⊥ ∼=−→ TyN the restriction of dπ

to the orthogonal subspace. Importantly, the right-hand side is independent of the choice
of x ∈ π−1(y). Such metrics always exist—we refer to [26, §2.1] for more background.

• The orbit foliation F is transversely orientable, i.e., the normal bundle TM/TF is orientable,
which in this case simply means the leaf space N is orientable; we choose an orientation.

Definition 5.6. A regular Lie algebroid A⇒M , together with a Yang–Mills data for k = ker ρ,
satisfying the conditions above, will be called a foliated Yang–Mills algebroid.

Although the Lemma 5.4 holds trivially, it has the following important nontrivial corollary, where
the additional assumptions above come to light. First, observe that the metric on M induces a
symmetric C∞(M)-bilinear pairing on k-valued foliated differential forms on the base,

⟨·, ·⟩k : Ω
k(TF ; k)× Ωk(TF ; k)→ C∞(M).

In turn, this induces an inner product on compactly supported foliated forms:1

⟨⟨·, ·⟩⟩k : Ω
k
c (TF ; k)× Ωkc (TF ; k)→ R, ⟨⟨α, β⟩⟩k =

∫
M
⟨α, β⟩k volM .

Nondegeneracy of this pairing amounts to the fundamental lemma of calculus of variations. For
the proof of the following result, we will assume the reader is familiar with the Hodge star operator;
we direct to [42, §7.2], [34, §14.1] for a reference.

Proposition 5.7. Let A ⇒ M be a foliated Yang–Mills algebroid with a splitting σ ∈ Split(A).
For any two compactly supported foliated forms α ∈ Ωk−1

c (TF ; k), β ∈ Ωkc (TF ; k), there holds

⟨⟨d∇σ
α, β⟩⟩k = (−1)k⟨⟨α, ⋆−1

F d∇
σ
⋆Fβ⟩⟩k, (5.6)

where
⋆F : Ω•(TF ; k)

∼=→ Ωd−•(TF ; k), (d = dimF)
is the leafwise Hodge star operator with respect to the induced metric and orientation on TF . In
other words, the formal adjoint δ∇σ to the exterior differential d∇σ on Ωkc (TF ; k) equals

δ∇
σ
= (−1)k ⋆−1

F d∇
σ
⋆F .

1If we instead assumed (M, g) is pseudo-Riemannian, ⟨⟨·, ·⟩⟩k would be nondegenerate instead of positive-definite.
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Proof. The proof closely follows that of [5, Equation 4.9], with the necessary changes to account
for foliated forms. We first introduce a pairing of foliated k-valued forms,

Ωk(TF ; k)× Ωl(TF ; k)→ Ωk+l(TF),

(α ∧ β)(X1, . . . , Xk+l) =
∑
σ∈S(k,l)

(sgnσ)
〈
α(Xσ(1), . . . , Xσ(k)), β(Xσ(k+1), . . . , Xσ(k+l))

〉
k
.

The notation for this pairing comes from [5], and it is non-standard. Lemma 5.4 ensures d∇
σ

behaves as a derivation under this pairing, more precisely,

d(α ∧ β) = d∇
σ
α ∧ β + (−1)kα ∧ d∇

σ
β, (5.7)

where d on the left-hand side is the de Rham differential on foliated forms (which can also be
viewed as the algebroid structure on TF).

Now suppose α and β are compactly supported, of degrees k− 1 and k, respectively, as in the
statement of the corollary. Since M is oriented and F is transversely orientable, the vector bundle
TF is also orientable. Pick an orientation, and note that g induces a metric on TF , so there is
an associated Hodge star operator ⋆F on TF and a volume form volTF ∈ Ωd(TF). We may thus
take the exterior derivative of the form α ∧ ⋆Fβ ∈ Ωd−1(TF) and obtain

d(α ∧ ⋆Fβ) = d∇
σ
α ∧ ⋆Fβ + (−1)k−1α ∧ d∇

σ
⋆Fβ ∈ Ωd(TF)

Integrating this form along the fibres of π : M → N and using Stokes’ theorem, we get∫
F
d∇

σ
α ∧ ⋆Fβ = (−1)k

∫
F
α ∧ d∇

σ
⋆Fβ ∈ C∞(N). (5.8)

Note that by the definition of the Hodge star operator, we have

d∇
σ
α ∧ ⋆Fβ =

〈
d∇

σ
α, β

〉
k
volTF ,

α ∧ d∇
σ
⋆Fβ = α ∧ ⋆F (⋆

−1
F d∇

σ
⋆Fβ) =

〈
α, ⋆−1

F d∇
σ
⋆Fβ

〉
volTF .

Therefore, integrating (5.8) with respect to the volume form volN associated to the metric π∗g
and the chosen orientation on N , we obtain∫

N

(∫
F

〈
d∇

σ
α, β

〉
k
volTF

)
volN =

∫
N

(∫
F

〈
α, ⋆−1

F d∇
σ
⋆Fβ

〉
volTF

)
volN

The proof is finished once we recognize π-invariance of g implies volM = ±(prTF )∗volTF ∧π∗volN ,
where prTF : TM → TF is the splitting given by the metric g. We make the choice of orientation
on TF in such a way that we obtain the positive sign. ■

Remark 5.8 (Relation of ⋆F with ⋆). It is natural to ask how the foliated Hodge star operator ⋆F
is related to the usual ⋆. To obtain the relationship, start with the defining identity of ⋆F ,

α ∧ ⋆Fβ = ⟨α, β⟩ volTF ,

where α, β ∈ Ω•(TF) are usual foliated forms. By π-invariance of the metric on M , pulling back
along the orthogonal projection prTF (induced by the metric) and wedging with π∗volN gives

prTF
∗(α ∧ ⋆Fβ)︸ ︷︷ ︸

(prTF
∗α)∧ prTF

∗(⋆Fβ)

∧π∗volN = ⟨α, β⟩ volM = (prTF
∗α) ∧ ⋆ (prTF∗β).

Since this holds for any α, we conclude

prTF
∗(⋆Fβ) ∧ π∗volN = ⋆ (prTF

∗β).
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5.2.2 Foliated Yang–Mills action

The definition of the following action functional is motivated by the classical Yang–Mills theory
on principal bundles.

Definition 5.9. Let A⇒M be a foliated Yang–Mills algebroid. The foliated Yang–Mills action
functional is defined as the map

S : Splitc(A)→ R, S (σ) =

∫
M
⟨F σ, F σ⟩k volM = ⟨⟨F σ, F σ⟩⟩k, (5.9)

where we have denoted by

Splitc(A) = {σ ∈ Split(A) | F σ is compactly supported}

the set of asymptotically flat splittings. Such a splitting σ ∈ Splitc(A) of the sequence (5.1) is
said to be critical for S , if there holds

d

dλ

∣∣∣
λ=0

S (σ + λτ) = 0,

for any τ ∈ Ω1
c(TF ; k).

Remark 5.10. The definition relies on compactly supported forms to make sure the action S is
well-defined, since we are not assuming the base manifold M is compact. To see that Splitc(A) is
an affine space modelled on the vector space Ω1

c(TF ; k), observe that under an affine deformation

σ → σ + τ

of a splitting σ ∈ Split(A) by a form τ ∈ Ω1(TF ; k), the curvature transforms as

F σ+τ = F σ − d∇
σ
τ − 1

2
[τ, τ ]. (5.10)

Indeed, for any vector fields X,Y ∈ Γ(TF) tangent to the foliation F , there holds

F σ+τ (X,Y ) = (σ + τ)[X,Y ]− [(σ + τ)(X), (σ + τ)(Y )]

= F σ(X,Y )− ([σ(X), τ(Y )] + [τ(X), σ(Y )]− τ [X,Y ])− [τ(X), τ(Y )].

Theorem 5.11. Let A ⇒ M be a foliated Yang–Mills algebroid. A splitting σ ∈ Splitc(A) is
critical if and only if its curvature F σ is a solution to the foliated Yang–Mills equation,

d∇
σ
⋆F F

σ = 0. (5.11)

Moreover, the Hessian of S at any critical splitting σ is given by the quadratic form

Hσ(τ) = ⟨⟨δ∇
σ
d∇

σ
τ − ⋆F [⋆FF σ, τ ], τ⟩⟩k,

for any τ ∈ Ω1
c(TF ; k), under the identification of the tangent space of Splitc(A) with Ω1

c(M ; k).

Proof. We use the equation (5.10) to compute

S (σ + λτ) = ⟨⟨F σ+λτ , F σ+λτ ⟩⟩k
= S (σ)− 2λ⟨⟨F σ,d∇σ

τ⟩⟩k − λ
2
(
⟨⟨F σ, [τ, τ ]⟩⟩k − ⟨⟨d

∇σ
τ,d∇

σ
τ⟩⟩k

)
+O(λ3).

(5.12)
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Differentiating at λ = 0, we obtain

d

dλ

∣∣∣
λ=0

S (σ + λτ) = −2⟨⟨F σ, d∇σ
τ⟩⟩k = −2⟨⟨δ

∇σ
F σ, τ⟩⟩k,

where we have used Proposition 5.7. By the non-degeneracy of ⟨⟨·, ·⟩⟩k, this expression vanishes for
all τ ∈ Ω1

c(TF ; k) if and only if the curvature F σ satisfies the foliated Yang–Mills equation.
For the second part, first note that the Hessian at a critical point σ is defined as

Hσ(τ) =
1

2

d2

dλ2
S (σ + λτ)

∣∣∣
λ=0

= ⟨⟨d∇σ
τ,d∇

σ
τ⟩⟩k − ⟨⟨F

σ, [τ, τ ]⟩⟩k

where we have read out the second order coefficient in the expansion (5.12). To bring this into
the desired form, first use Proposition 5.7 on the first term. For the second term, note that for
any F ∈ Ω2

c(TF ; k) and any α, β ∈ Ω1
c(TF ; k), there holds

⟨⟨[α, β], F ⟩⟩k =
∫
M

(
[α, β] ∧ ⋆FF

)
∧ q∗volN =

∫
M

(
α ∧ [β, ⋆FF ]

)
∧ q∗volN = ⟨⟨α, ⋆F [⋆FF, β]⟩⟩k,

where volN ∈ Ωm−d(N) denotes the Riemannian volume form on the orbit space, and we have
used ad-invariance in the second equality, or rather, its consequence

[α, β] ∧ γ = α ∧ [β, γ],

which holds for k-valued foliated forms of arbitrary degree. On the last equality, we have also used
a property of the Hodge star operator, namely that

(⋆F )
2 = (−1)k(d−k) (5.13)

holds on forms of degree k. ■

Example 5.12 (Self-dual and anti self-dual solutions). If the orbit foliation is 4-dimensional, and
supposing that the curvature of a splitting σ satisfies

F σ = ± ⋆F F σ,

then the Bianchi identity implies F σ is a solution to the foliated Yang–Mills equation. Note that
only ±1 is allowed as the prefactor in above equality, on account of the identity (5.13). This is
the foliated version of [4, equations (3.7) and (3.8)].

Remark 5.13. The last part of the proof shows that any F ∈ Ω2
c(TF ; k) induces a map

F̂ : Ω1
c(TF ; k)→ Ω1

c(TF ; k), F̂ (α) = ⋆F [⋆FF, α],

which is characterized by the equality ⟨⟨F̂ (α), β⟩⟩k = ⟨⟨F, [α, β]⟩⟩k, therefore it is self-adjoint.

We now inspect how underdetermined the foliated Yang–Mills equation is, i.e., in what ways
we can deform a critical splitting so that it remains critical.

Proposition 5.14. Let A⇒M be a foliated Yang–Mills algebroid, and suppose σ ∈ Splitc(A) is
a critical splitting. For any α ∈ Ω1

c(TF ; k), the splitting σ+ α is critical if and only if there holds

F̂ σ+α(α) = δ∇
σ
(d∇

σ
α+ 1

2 [α, α]).

In particular, when the isotropy k is abelian, the splitting σ+α is critical if and only if d∇F
α = 0,

where ∇F denotes the canonical flat leafwise connection on k.
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Proof. Noting that d∇
σ+α

= d∇
σ
+ [α, ·], we calculate

δ∇
σ+α

F σ+α = ⋆−1
F (d∇

σ
+ [α, ·]) ⋆F F σ+α = ⋆−1

F d∇
σ
⋆F F

σ+α + F̂ σ+α(α)

= −δ∇σ
(d∇

σ
α+ 1

2 [α, α]) + F̂ σ+α(α),

where we have used the identities (5.10) and (5.13) together with the assumption that σ is critical
and Theorem 5.11. In the abelian case, criticality of σ + α is thus equivalent to δ∇F

d∇
F
α = 0,

but then 0 = ⟨⟨δ∇F
d∇

F
α, α⟩⟩k = ⟨⟨d∇

F
α,d∇

F
α⟩⟩k means d∇

F
α = 0 by positive-definiteness. ■

Remark 5.15. The computation in the proof above also provides us with the means of describing
the (formal) tangent space to the space of solutions of the foliated Yang–Mills equation, at any
critical splitting σ ∈ Split(A). Namely, identifying the tangent space of Splitc(A) with Ω1

c(TF ; k),
it consists of all τ ∈ Ω1

c(TF ; k) such that

d
dλ

∣∣
λ=0

δ∇
σ+λτ

F σ+λτ = F̂ σ(τ)− δ∇σ
d∇

σ
τ = 0.

In other words, the tangent space to solutions of (5.11) at a critical splitting σ is precisely kerHσ.

5.2.3 Gauge invariance

In the classical setting of a principal G-bundle P → M , Yang–Mills theory has an important
feature: the action functional is invariant under G-equivariant bundle automorphisms P → P
(called gauge transformations). A natural question is how to extend this notion to the foliated
Yang–Mills setting. To obtain an idea for this, one needs to first interpret gauge transformations in
the groupoid language: they are closely related to inner automorphisms of the gauge groupoid (see
Example 2.10). We recall an inner automorphism is defined as the conjugation with a bisection
b : M → G of a Lie groupoid G ⇒ M . This notion makes sense on an arbitrary Lie groupoid G,
hence, to extend gauge invariance to foliated Yang–Mills theory, the first idea is to assume that
a given Lie algebroid A is integrable, and show the foliated Yang–Mills action is invariant under
inner automorphisms of an integrating groupoid.

Hence, let G be a Lie groupoid integrating A. We begin by showing that if G is s-connected,
ad-invariance of ⟨·, ·⟩k is equivalent to its Ad-invariance. Preliminarily, we must note that any
bundle of ideals on a Lie algebroid A is necessarily also a bundle of ideals on G, provided G has
connected source fibres, so we automatically get a representation Ad: G ↷ k from ad: A ↷ k.
This is shown in [57, Appendix B], and the desired result relies on the method of proof therein.

Lemma 5.16. Let ⟨·, ·⟩k be an ad-invariant metric on a bundle of ideals k of a Lie algebroid
A, and suppose a Lie groupoid G integrates A. If G has connected s-fibres, then ⟨·, ·⟩k is also
Ad-invariant, that is, for any g ∈ G and ξ, η ∈ ks(g), there holds

⟨Adgξ,Adgη⟩k = ⟨ξ, η⟩k . (5.14)

Conversely, Ad-invariance implies ad-invariance regardless of connectivity of s-fibres of G.

Proof. This is shown by a standard trick, namely, we first show that the equality above holds for
all g in a neighborhood of the units u(M) ⊂ G. Since any neighborhood of the units generates
G by s-connectedness (for instance, see [55, Proposition 1.5.8]), the equality (5.14) then holds for
all g ∈ G. Hence, it is enough to show that for any ξ, η ∈ Γ(k), there holds〈

Adgλ(ξs(gλ)),Adgλ(ηs(gλ))
〉
k
=

〈
ξs(gλ), ηs(gλ)

〉
k
, where gλ := ϕα

L

λ (1x), (5.15)

for any α ∈ Γ(A) and all times λ for which the integral path of αL through 1x is defined.
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To show this, we utilize the notion of derivations (Example 2.5 (iv)). We recall that on any
vector bundle V →M , the flow of a derivation (D,X) ∈ Γ(gl(V )) is defined as the vector bundle
map ΦDλ : V → V covering the flow ϕXλ of X ∈ X(M), denoted ΦDλ (x) : Vx → VϕXλ (x), which is the
solution to the following differential equation.

d

dλ
(ΦDλ )

∗(ξ) = (ΦDλ )
∗(Dξ),

ΦD0 = idV .

V V

M M

ΦD
λ

ϕXλ

(5.16)

Here, we have denoted (ΦDλ )
∗(ξ)x = ΦD−λ(ϕ

X
λ (x))ξϕXλ (x). Given a metric ⟨·, ·⟩V on V , a derivation

(D,X) is said to be compatible with the metric, if there holds

X ⟨ξ, η⟩V = ⟨Dξ, η⟩V + ⟨ξ,Dη⟩V for all ξ, η ∈ Γ(V ). (5.17)

Now, this is equivalent to saying that the flow ΦDλ acts on V by isometries.2 In our case, we
take the vector bundle V = k. Letting α ∈ Γ(A), we may assume without loss of generality that
ρ(α) ∈ X(M) is complete, so that αL is also complete (see [55, Theorem 3.6.4]), and hence defines
a derivation ([α, ·], ρ(α)) ∈ Γ(gl(k)). It is shown in [57, Equation (43)] that its flow equals

Φ
[α,·]
λ = Adexp(λα),

that is, Φ[α,·]
λ equals the induced Lie algebroid map associated to the inner automorphism Iexp(λα)

of G, induced by the bisection exp(λα)—see the discussion after the proof and Remark 5.18 for
details. Using ad-invariance of ⟨·, ·⟩k, we conclude Adexp(λα) acts on k by isometries. Since for any
ξ ∈ kx, there holds Adexp(λα)(ξ) = Adg−1

λ
(ξ) where gλ is as in equation (5.15), we are done. ■

Finally, fix a bisection b ∈ Bis(G) of the integrating groupoid G⇒M of A⇒M , that is,

b : M → G, t ◦ b = idM , s ◦ b = φ, (5.18)

where φ : M →M is a diffeomorphism. Consider the associated inner automorphism, defined as

Ib : G→ G,

Ib(g) = b(t(g))−1gb(s(g)).

G G

M M

Ib

φ

(5.19)

As portrayed in the diagram, Ib is a Lie groupoid automorphism covering φ on the base. Let
Adb := (Ib)∗ : A→ A denote the induced Lie algebroid morphism over φ. It induces the following
isomorphism of short exact sequences of Lie algebroids covering φ on the base.

0 k A TF 0

0 k A TF 0

Adb|k

ρ

Adb φ∗

ρ

Since we are working with target bisections, the restriction of Adb to k is given on any ξ ∈ kx by

Adb(ξ) = Adb(x)−1(ξ) ∈ kφ(x). (5.20)

2Proving this is tantamount to proving that the parallel transport of a metric connection acts on V by isometries.
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Now, any splitting σ ∈ Split(A) can be pulled back along the Lie algebroid automorphism Adb.
The obtained splitting, denoted σb = (Adb)

∗σ, is defined by the identity

Adb|k ◦ σb = σ ◦ φ∗.

We are now ready to demonstrate the desired gauge invariance of the foliated Yang–Mills action.

Theorem 5.17. Let A be a foliated Yang–Mills algebroid, and suppose a Lie groupoid G with
connected s-fibres integrates A. The foliated Yang–Mills action is invariant under inner automor-
phisms of G covering an orientation-preserving isometry φ of the base. That is, for any bisection
b ∈ Bis(G) covering such a base map φ, there holds

S (σb) = S (σ),

for any splitting σ. In particular, the splitting σb is critical for S if and only if σ is.

Proof. A short calculation shows that the curvature F σb ∈ Ω2(TF ; k) of the splitting σb reads

F σb |x = Adb(x) ◦ (φ∗F σ)x,

for all x ∈M , where the pullback φ∗ : Ω•(TF ; k)→ Ω•(TF ;φ∗k) is defined on simple tensors as

φ∗(γ ⊗ ξ) = φ∗γ ⊗ ξ. (5.21)

Using Lemma 5.16 together with the assumption on the map φ concludes the proof. ■

Remark 5.18. As seen in Example 2.9, an important class of bisections is defined by the exponential
map, exp(λα), for a given section α ∈ Γ(A) and λ ∈ R. For instance, if αx ∈ ker(ρx) for all
x ∈M , then for any λ ∈ R the global bisection exp(λα) covers the identity on the base, hence it
automatically satisfies the conditions of the theorem above.

At this point, it is important to recognize that there is a more general fact here at play: the map
Adb is a Lie algebroid automorphism, covering an orientation-preserving isometry φ on the base
(by assumption), which restricts on k to a Lie algebra bundle automorphism which is moreover an
isometry (with respect to ⟨·, ·⟩k). In general, since any such Lie algebroid automorphism preserves
all structure at hand, it is clear that the action functional is invariant under its pullbacks. In
particular, we have the following two special cases:

• In the case when G does not have connected s-fibres, the theorem still holds under the
additional assumptions that k is a bundle of ideals for G and ⟨·, ·⟩k is Ad-invariant.

• Infinitesimal gauge invariance. As observed in the proof of Lemma 5.16, ad-invariance
ensures that the flow of the derivation ([α, ·], ρ(α)) ∈ Γ(gl(A)) acts on k by isometries, hence
we may pull back a splitting along the flow of such a derivation. Of course, one has to
assume that ρ(α) is complete, so that the flow is globally defined. The action functional will
remain invariant under such a pullback whenever the flow of ρ(α) is an orientation-preserving
isometry of the base. As mentioned, this is trivially fulfilled when α ∈ Γ(k).

5.2.4 Examples

In the transitive and integrable case, i.e., when A is the Atiyah algebroid of a principal bundle, the
framework above recovers the classical Yang–Mills theory. We now consider some more examples.
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Abelian isotropy

Before diving into specific examples, we note that when the isotropy bundle of Lie algebras k is
abelian, the TF-connection ∇σ on k is independent of the choice of splitting σ ∈ Split(A), and
its curvature tensor R∇σ vanishes by Proposition 5.1 (iii). Therefore, k admits a canonical flat
TF-connection, which we will denote by ∇F . However, we emphasize that the curvature F σ of
a splitting σ can still be nonzero, so the foliated Yang–Mills equation can in general still admit
nontrivial solutions. Moreover, note that a metric on k is ad-invariant if and only if it is compatible
with the canonical flat TF-connection. In this case, the foliated Yang–Mills equation reads

d∇
F
⋆F F

σ = 0.

Presymplectic forms

As a first specific example, we consider the well-known transitive algebroid by Almeida and Molino
[1, 61]. Historically, this was the first known example of a non-integrable algebroid. To construct
it, fix a closed 2-form ω ∈ Ω2(M) on a manifold M , and consider the Whitney sum

Aω = TM ⊕ RM

where RM =M×R denotes the trivial line bundle over M . The anchor of Aω is given by ρ = prTM
and the bracket is defined on the sections as

[(X, f), (Y, g)]ω = ([X,Y ], Xg − Y f + ω(X,Y )),

for any X,Y ∈ X(M) and f, g ∈ Γ(RM ) = C∞(M). The associated short exact sequence reads

0 RM Aω TM 0,

and clearly, any splitting σ ∈ Split(Aω) of this sequence is of the form

σ(X) = (X, θ(X)),

for some θ ∈ Ω1(M), so we can identify Split(Aω) = Ω1(M). The canonical flat connection ∇ on
RM expectedly reads

∇Xf = [(X, θ(X)), (0, f)]ω = Xf,

and the curvature of a splitting θ ∈ Ω1(M) is identified with a form F θ ∈ Ω2(M) by computing:

F σ(X,Y ) = ([X,Y ], θ[X,Y ])− ([X,Y ], X(θ(Y ))− Y (θ(X)) + ω(X,Y ))

= (0,−dθ(X,Y ) + ω(X,Y )).

Hence, F θ = ω − dθ, so we observe that the curvature of a splitting θ vanishes if and only if ω is
exact with the form θ as its primitive.

In order to talk about Yang–Mills theory on Aω, we also need to fix a metric on M and a
fibrewise inner product on RM . It is easy to see that the usual Euclidean inner product on RM
(i.e., the product of functions) is ad-invariant, which in this case reads out as the product rule
X(fg) = (Xf)g + f(Xg). Thus, the action reads

S : Ω1(M)→ R, S (θ) =

∫
M
⟨ω − dθ, ω − dθ⟩ volM ,
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and by Theorem 5.11, a splitting θ ∈ Ω1(M) is critical for this action if and only if

d ⋆ (ω − dθ) = 0, (5.22)

where ⋆ is the Hodge-⋆ operator associated to the given metric on M . Assuming M is compact,
we now observe that by Hodge theorem [69, Theorem 6.1], critical splittings exist. Indeed, since
ω is closed, it defines a cohomology class [ω] ∈ H2

dR(M), which in turn admits a unique harmonic
representative η ∈ Ω2(M), i.e., η = ω − dθ for some θ ∈ Ω1(M). Furthermore, uniqueness of η
implies that θ is only unique up to a closed 1-form; this is just a rephrasing of the fact that the
PDE (5.22) is underdetermined from Proposition 5.14. To reiterate: the harmonic representative
of ω is given precisely by the curvature F θ of a critical splitting θ ∈ Split(Aω).

Additionally, we note that a splitting θ is critical for the action S if and only it is critical for
the rescaled action

θ 7→
∫
M

(
1

2
⟨dθ,dθ⟩ − ⟨ω,dθ⟩

)
volM ,

where the integrand now has a clearer interpretation as a difference of a kinetic and a potential
term (i.e., a Lagrangian). Finally, observe that one can exchange R for an arbitrary abelian Lie
algebra, and the essential features of the resulting example will remain the same as above.

Riemannian manifolds with harmonic curvature

In what follows, we will show that the theory of harmonic curvature studied in [27,28,44] can be
viewed as a special example of the developed framework. With the benefit of hindsight, we can
remark it roughly corresponds to Yang–Mills theory for the general linear algebroid.

Suppose V → M is a vector bundle with a Riemannian metric κ = ⟨·, ·⟩V , and consider the
general linear algebroid gl(V ) from Example 2.5 (iii). Let o(V ) denote its subalgebroid consisting
of all derivations compatible with the metric κ, as defined in (5.17). The associated short exact
sequence reads

0 Endκ(V ) o(V ) TM 0,

where Endκ(V ) denotes the Lie algebra bundle of endomorphisms of the fibres of V which are
skew-symmetric with respect to the metric κ. A splitting of this sequence is just a metric linear
connection on V , and the space of metric connections is an affine space over skew-symmetric
endomorphism-valued 1-forms on M . For any splitting σ : TM → o(V ), let us accordingly denote
∇X = σ(X) for any X ∈ TM . The induced linear connection ∇σ on Endκ(V ) is then simply
the restriction of the induced connection ∇EndV on End(V ), which we will denote by the same
symbol, ∇σ = ∇EndV . The curvature of a splitting σ is just the curvature tensor of ∇:

F σ ∈ Ω2(M ; EndV ), F σ(X,Y )ξ = ∇[X,Y ]ξ − [∇X ,∇Y ]ξ = −R∇(X,Y )ξ,

which also has values in skew-symmetric endomorphisms of V . Now, the metric κ induces a
metric ⟨·, ·⟩EndV on EndV , whose restriction to the skew-symmetric endomorphisms Endκ(V ) is
ad-invariant. To construct a Yang–Mills theory, we need to also fix a metric and an orientation
on the base M . The action functional (5.9) then reads

S (∇) =
∫
M
⟨R∇, R∇⟩EndV volM .

Given any metric connection ∇, the induced connection ∇EndV is compatible with ⟨·, ·⟩EndV ,
hence ∇ is critical if and only if its curvature satisfies

d∇
EndV

⋆ R∇ = 0.
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Since the Bianchi identity d∇
EndV

R∇ = 0 always holds, this is equivalent to saying that R∇ is
harmonic. If we take V = TM , this amounts to the vanishing divergence of R∇, and exam-
ples of such Riemannian manifolds include 4-dimensional Einstein manifolds and conformally flat
4-manifolds of constant scalar curvature. We refer the reader to [27, 28] for more details and
interesting properties of Riemannian manifolds with harmonic curvature.

5.3 Multiplicative Yang–Mills theory

We now apply the research from §4 to construct a Yang–Mills theory for infinitesimal multiplicative
Ehresmann connections for an arbitrary bundle of ideals k ⊂ ker ρ on a given Lie algebroid A⇒M .
For the reader’s convenience, let us state how we have organized this section.

• We begin by considering the multiplicative version of equation (5.10)—that is, we inspect
how the curvature changes as we change a given multiplicative connection. For completeness,
we do so in both the global and the infinitesimal realm; the latter will be essential for
developing the multiplicative Yang–Mills theory, since we will have to vary IM connections.

• Next, we direct our attention to a particular class of primitive multiplicative connections,
i.e., those with cohomologically trivial curvature. Restricting to this class has a two-fold
purpose: it provides a clear way of defining the action functional for multiplicative Yang–
Mills theory, and shows a clear relationship thereof with the foliated Yang–Mills theory.

• We construct an action functional on primitive IM connections, introduce two novel notions
of criticality for this action functional, and obtain the desired Yang–Mills theory in the
multiplicative setting, by recognizing the additional requirements which need to be met.

5.3.1 Affine deformations of multiplicative connections

Global case

The set A (G; k) of multiplicative Ehresmann connections is an affine space modelled on the
vector space Ω1

m(G; s
∗k)Hor of horizontal multiplicative 1-forms, so we would like to know how the

curvature changes as we make an affine deformation

ω → ω + λα

of a multiplicative connection ω ∈ A (G; k) by a horizontal multiplicative 1-form α ∈ Ω1
m(G; k)

Hor,
scaled by λ ∈ R. That is, we aim to obtain an expansion of Ωω+λα in terms of the scalar λ.

Theorem 5.19. For any multiplicative connection ω ∈ A (G; k) on a Lie groupoid G ⇒ M , its
curvature changes with an affine deformation as

Ωω+λα = Ωω + λDωα+ λ2c2(α), (5.23)

where α ∈ Ω1
m(G; k)

Hor is any horizontal multiplicative form and λ ∈ R. Here, the map

c2 : Ω
1
m(G; k)

Hor → Ω2
m(G; k)

Hor

is homogeneous of degree two, and independent of the connection ω ∈ A (G; k).

In the proof, an explicit formula for the coefficient c2 will also be given. The theorem is proved
in several steps, starting with the following observation.
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Lemma 5.20. Let k be a bundle of ideals on a Lie groupoid G ⇒ M . Any horizontal 1-form
α ∈ Ω1(G;K)Hor determines a 1-form τα ∈ Ω1(G; End(K)),

τα(X)Y = α[X,Y ] +∇sY α(X),

for any X ∈ X(G) and Y ∈ Γ(K). In turn, the form τα defines an operator Ω•(G;K) →
Ω•+1(G;K), β 7→ τα ∧ β, given on any q-form β as

(τα ∧ β)(Xi)
q
i=0 =

∑
i

(−1)iτα(Xi) · β(X0, . . . , X̂i, . . . , Xq).

Proof. First note that ∇s denotes the intrinsic K-connection on K (see Remark 4.16), so we are
not fixing any multiplicative Ehresmann connection. The only thing to show is C∞(G)-linearity
in both arguments of τα, which is straightforward. ■

What follows is a lemma relating the exterior covariant derivatives induced by two different
multiplicative Ehresmann connections.

Lemma 5.21. Let G be a Lie groupoid with a multiplicative Ehresmann connection ω ∈ A (G; k).
For any horizontal multiplicative 1-form α ∈ Ω1

m(G, k)
Hor and any form β ∈ Ω•(G; s∗k), there

holds

dω+αβ − dωβ = τα ∧ β − [α, β]s∗k, (5.24)

with τα ∈ Ω1(G; s∗ End(k)) under the identification s∗k ∼= K of vector bundles.

Remark 5.22. We are denoting dω := d∇
s where ∇ is the linear connection on k from Proposition

4.9 induced by ω. In fact, in the proof below, the connection ∇ induced by ω will be denoted
∇ω. Moreover, we will denote the corresponding multiplicative distribution by Eω = kerω,
and the corresponding horizontal and vertical projections by hω : TG → Eω and vω : TG → K,
respectively. Throughout, we will be using the isomorphism s∗k ∼= K of vector bundles as defined
by (4.12).

Proof. By the definitions of the exterior covariant derivatives, we have

(dω+αβ − dωβ)(Xi)
q
i=0 =

∑
i(−1)i(s∗∇ω+α − s∗∇ω)Xiβ(X0, . . . , X̂i, . . . , Xq) (5.25)

for any vector fields Xi ∈ X(G). First note that the difference of linear connections is an
endomorphism-valued 1-form, in our case:

s∗∇ω+α − s∗∇ω ∈ Ω1(G; End(s∗k)).

So, let us evaluate the expression

(s∗∇ω+α − s∗∇ω)YX,

for Y ∈ X(G) an s-projectable vector field to s∗Y = U ∈ X(M), and X = s∗ξ the pullback of a
section ξ ∈ Γ(k). In this case, by definition of the pullback of a linear connection, we have

(s∗∇ω+α − s∗∇ω)YX = s∗(∇ω+αU ξ −∇ωUξ),

so we inspect the difference of the covariant derivatives on the right-hand side. By Proposition
4.9 (ii), there holds

(∇ω+αU ξ −∇ωUξ)L

= vω+α[hω+α(Y ), ξL]− vω[hω(Y ), ξL] = vω+α[Y − vω+α(Y ), ξL]− vω[Y − vω(Y ), ξL]

= (vω+α − vω)[Y, ξL]− [(vω+α − vω)Y, ξL] = ᾱ[Y, ξL]− [ᾱ(Y ), ξL],
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where we have denoted by ᾱ ∈ Ω1(G;K) the form α under the identification s∗k ∼= K, i.e.,
ᾱ = vω+α − vω. We now want to write this as a section of s∗k, and rewrite the second term using
the bracket [·, ·]s∗k. To do so, we first note that the canonical isomorphism s∗k ∼= K of vector
bundles, given in (4.12), is not an isomorphism of Lie algebroids—in fact, the anchor of K is
the inclusion and the anchor of s∗k is zero. The relation between their brackets is the following:
[·, ·]s∗k is the torsion of the canonical K-connection ∇s on K (up to a sign). Indeed, note that on
left-invariant sections, [·, ·] on K agrees with [·, ·]s∗k on s∗k (up to the identification s∗k ∼= K as
vector bundles), hence it is an application of the Leibniz rule of [·, ·] to see that

[ξ1, ξ2] = [ξ1, ξ2]s∗k +∇sξ1ξ2 −∇
s
ξ2ξ1,

for any ξ1, ξ2 ∈ Γ(K). Using this relation, we can rewrite (∇ω+αU ξ −∇ωUξ)L as:

s∗(∇ω+αU ξ −∇ωUξ) = α[Y, ξL]− [α(Y ), s∗ξ]s∗k +∇sξLα(Y )

= τα(Y )s∗ξ − [α(Y ), s∗ξ]s∗k,

where we have used that ∇s vanishes on pullback sections in the first line, and Lemma 5.20 in the
second. Due to C∞(G)-linearity of the difference s∗∇ω+α− s∗∇ω, this allows us to rewrite (5.25)
as

(dω+αβ − dωβ)(Xi)
q
i=0 =

∑
i(−1)iτα(Xi)β(X0, . . . , X̂i, . . . , Xq)

−
∑

i(−1)i[α(Xi), β(X0, . . . , X̂i, . . . , Xq)]s∗k.

The first term is just τα ∧ β in equation (5.24), and the second term is [α, β]s∗k with a bit of
combinatorics: since α is a 1-form, the bracket of forms [α, β]s∗k reads

[α, β]s∗k(X0, . . . , Xk) =
1

k!

∑
σ∈Sk+1

sgn(σ)[α(Xσ(0)), β(Xσ(1), . . . , Xσ(k))]s∗k

=
1

k!

∑
i

∑
σ∈Sk+1

σ(0)=i

sgn(σ)[α(Xi), β(Xσ(1), . . . , Xσ(k))]s∗k

=
∑

i(−1)i[α(Xi), β(X0, . . . , X̂i, . . . , Xk)]s∗k,

where we have used that the number of permutations from Sk+1 with σ(0) = i equals k!, and
observed that given any such σ, ordering the arguments of β(Xσ(1), . . . , Xσ(k)) yields an additional
factor of (−1)i sgnσ, concluding our proof. ■

Proof of Theorem 5.19. We first consider the case λ = 1. The structure equation gives us

Ωω+α = dω+α(ω + α) +
1

2
[ω + α, ω + α]s∗k

= dω+α(ω + α) +
1

2
[ω, ω]s∗k + [ω, α]s∗k +

1

2
[α, α]s∗k,

(5.26)

so we need to compute dω+αω and dω+αα. By Lemma 5.21, we have

dω+αω − dωω = τα ∧ ω − [α, ω]s∗k = Dωα− dωα− [α, ω]s∗k,

where we have used the equality

Dωα = dωα+ τα ∧ ω (5.27)

which holds due to horizontality of α and is a straightforward computation (see Remark 5.23 after
the proof). On the other hand, using the lemma on α yields

dω+αα− dωα = τα ∧ α− [α, α]s∗k.
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When both equalities are plugged into the right-hand side of (5.26), the two terms with dωα
cancel out, and likewise the terms containing [ω, α]s∗k, so we are left with

Ωω+α = Ωω +Dωα+
(
τα ∧ α− 1

2
[α, α]s∗k

)
, (5.28)

which proves the case λ = 1. It is clear that the second-order coefficient

c2(α) = τα ∧ α− 1

2
[α, α]s∗k (5.29)

is independent of ω ∈ A (G; k), and since the forms Ωω+α,Ωω and Dωα are horizontal and multi-
plicative by Theorem 4.18, so is c2(α). Since Dω is linear and c2 is clearly homogeneous of degree
two, the general case λ ∈ R now also follows. ■

Remark 5.23. More generally than in equation (5.27) above, it is straightforward to show (using the
definition of the exterior covariant derivative dω) that for any horizontal form α ∈ Ωq(G; s∗k)Hor,
there holds

(Dωα− dωα)(X0, . . . , Xk) = −
∑

i(−1)i∇svω(Xi)
α(X0, . . . , X̂i, . . . , Xq)

−
∑

i<j(−1)i+jα([Xi, vω(Xj)] + [vω(Xi), Xj ], X0, . . . , X̂i, . . . , X̂j , . . . , Xq),

for any Xi ∈ X(G). If α is a horizontal 1-form, this is just

(Dωα− dωα)(X,Y ) = ∇svω(Y )α(X)−∇svω(X)α(Y ) + α[X, vω(Y )]− α[Y, vω(X)]

= (τα ∧ ω)(X,Y ),

for any X,Y ∈ X(G).
Remark 5.24. Roughly speaking (since the spaces are infinite dimensional), we can read from the
first order coefficient that the derivative of the map

κ : A (G; k)→ Ω2
m(G; k)

Hor, κ(ω) = Ωω

is given for any α ∈ Ω1
m(G; k)

Hor by
dκω(α) = Dωα.

Infinitesimal case

Similarly to the global case, the set A (A; k) of all IM connections is an affine space modelled on
the vector space Ω1

im(A; k)
Hor of horizontal IM 1-forms. We now discuss the infinitesimal analogue

of Theorem 5.19, i.e., we are going to inspect how the curvature of an IM connection changes as
we make an affine deformation

(C, v)→ (C, v) + λ(L, l)

of an IM connection (C, v) by a horizontal IM form (L, l) ∈ Ω1
im(A, k)

Hor scaled by λ ∈ R.

Theorem 5.25. On a Lie algebroid A⇒M with an IM connection (C, v) ∈ A (A; k), there holds

Ω(C,v)+λ(L,l) = Ω(C,v) + λD(C,v)(L, l) + λ2c2(L, l), (5.30)

for any horizontal IM form (L, l) ∈ Ω1
im(A, k)

Hor and λ ∈ R, where the second-order coefficient in
the expansion is given by the map

c2 : Ω
1
im(A, k)

Hor → Ω2
im(A, k)

Hor,

c2(L, l)(α) = −(L|k ∧̇ Lα,L|k · lα).
(5.31)
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Proof. It is enough to show the identity (5.30) for the case λ = 1, since c2 is homogeneous of
degree two. Let us first fix some notation. Denote

(C̃, ṽ) = (C, v) + (L, l),

so the relation between the respective horizontal projections is given by h̃ = h− l, and the relation
between induced linear connections is just ∇̃ = ∇+L|k. The induced exterior derivatives are thus
related by

d∇̃ = d∇ + L|k ∧ ·
where the wedge product is as in Remark 4.33. For any (J, j) ∈ Ω1

im(A; k), let us simplify the
notation for (d∇(J, j))1 and simply denote it by J∇. It is not hard to see there holds

J∇̃α = J∇α− L|k ∧ jα,

for any α ∈ Γ(A). The task at hand now is to expand the expression

D(C̃,ṽ)(C̃, ṽ) = D(C̃,ṽ)(C, v) + D(C̃,ṽ)(L, l),

and we do this by means of a straightforward computation. The first term reads

D(C̃,ṽ)(C, v)α = (d∇̃Cα− C∇̃ ∧̇ C̃α, C∇̃h̃α)
= (d∇Cα+XXXXXL|k ∧ Cα− C∇ ∧̇ Cα+

XXXXXL|k ∧̇ Cα−�����C∇ ∧̇ Lα+ L|k ∧̇ Lα,
= (C∇hα−�

��C∇lα− L|k ·���v(hα) + L|k · lα)
= Ω(C,v)α+ (L|k ∧̇ Lα,L|k · lα),

where we have used the relation (4.36) and observed that the restriction of C∇ to k vanishes. On
the other hand, the second term becomes

D(C̃,ṽ)(L, l)(α) = (d∇̃Lα− L∇̃ ∧̇ C̃α,L∇̃h̃α)

= (d∇Lα+ L|k ∧ Lα− L∇ ∧̇ Cα− L|k ∧̇ Lα,L∇hα− L|k · lα− L∇lα)

= D(C,v)(L, l)(α)− 2(L|k ∧̇ Lα,L|k · lα),

where we have observed that L∇̃ coincides with L∇ when restricted to k. Adding the two expres-
sions together, we obtain the wanted identity

Ω(C̃,ṽ)α = Ω(C,v)α+D(C,v)(L, l)α− (L|k ∧̇ Lα,L|k · lα). ■

The theorem may also be restated using the components R∇ and U , appearing in the explicit
expression (4.40) for the curvature Ω(C,v) of an IM connection (C, v). They transform with an
affine deformation (C̃, ṽ) = (C, v) + λ(L, l) as

R∇̃ · ξ = R∇ · ξ + λ d∇
End k

(L|k) · ξ + λ2L|k ∧ Lξ, (5.32)

Ũ h̃α = Uhα+ λL∇hα− λ2L|k · lα, (5.33)

for any α ∈ Γ(A) and ξ ∈ Γ(k).
Remark 5.26. The second-order coefficient (5.31) is just the infinitesimal counterpart of the one
from Theorem 5.19, defined in equation (5.29). More precisely, if a Lie groupoid G integrates A,
then the following diagram commutes.

Ω1
m(G; k)

Hor Ω2
m(G; k)

Hor

Ω1
im(A, k)

Hor Ω2
im(A, k)

Hor

c2

VE VE

c2

This follows from both theorems on affine deformations and the diagram (4.43).

127



Chapter 5

5.3.2 Primitive IM connections and their curvings

We now focus on multiplicative connections with cohomologically trivial curvature. This class of
connections has been very briefly studied in [48] for the particular case of Lie groupoid extensions;
it has also implicitly appeared in [51, §4.2] (see Definitions 4.10 and 4.11 therein). We extend this
study to the infinitesimal realm, to arbitrary bundles of ideals, and develop the theory further
extensively. The class of primitive IM connections turns out to be crucial for our developments of
multiplicative Yang–Mills theory.

Definition 5.27. Let k ⊂ A be a bundle of ideals of a Lie algebroid A⇒M . An IM connection
(C, v) ∈ A (A; k) is said to be primitive if Ω(C,v) is cohomologically trivial, i.e., if the cohomological
class [Ω(C,v)] ∈ H1,2(A; k)Hor vanishes. We denote the set of primitive connections by

C (A; k) ⊂ A (A; k).

Given a primitive connection (C, v), a form F ∈ Ω2(M ; k) satisfying

Ω(C,v) = δ0F (5.34)

is then called a curving of the connection (C, v). The differential form

G := d∇F

is called the curvature 3-form of F , where ∇ = C|k is the induced linear connection on k.

Example 5.28. If V → M is a vector bundle, seen as a Lie algebroid with the trivial structure,
and k = V , then primitive connections are in a 1-to-1 correspondence with flat linear connections
on V . This will follow as a particular case of Proposition 5.46; alternatively (and more easily),
this follows straightforwardly from equation (5.37).

Example 5.29. If A⇒M is a transitive algebroid and k = ker ρ, IM connections are in a bijective
correspondence with splittings of the abstract Atiyah sequence by condition (C.2), and every IM
connection admits a unique curving—the curvature F v of the splitting v : A → k. This follows
from the fact that δ0 : Ω•(M ; k) → Ω•

im(A; k)
Hor is canonically an isomorphism, see Proposition

5.39. We observe that the curvature 3-form of the curving F v vanishes by the Bianchi identity for
the curvature of any splitting, d∇F v = 0.

Notice that a curving F of a fixed IM connection (C, v) is in general not unique—it is only
determined up to an invariant 2-form. In other words, the space of curvings (δ0)−1(Ω(C,v)) of a
connection (C, v) is an affine space modelled on the vector space Ω2

inv(M ; k) = ker δ0 of invariant
2-forms on M . This means that any two curvings F̃ and F must differ by a 2-form β ∈ Ω2(M ; k)
satisfying the following conditions:

L A
α β = 0, ιρ(α)β = 0, (5.35)

for any α ∈ Γ(A). The associated curvature 3-forms are then clearly related by

G̃−G = d∇β. (5.36)

Remark 5.30. By the first condition in (5.35), any invariant form β ∈ Ω•(M ; k) is center-valued
(take α ∈ Γ(k)). Furthermore, the second condition means that β is transversal, i.e., it is a section
of Λ•(TF)◦ ⊗ z(k), so it must vanish wherever its degree is greater than the codimension of F :
for any x ∈M , deg β > corank ρx implies βx = 0. In particular, if codimF = 1 then the curving
of any multiplicative connection is unique, if it exists.
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The following is the infinitesimal analogue of [48, Theorem 6.33].

Lemma 5.31. Let (C, v) ∈ C (A; k) be a primitive IM connection on a Lie algebroid A⇒M , and
let F be a curving. The following statements hold.

(i) The curvature tensors U and R∇ are determined by the curving F as

R∇ · ξ = [ξ, F ], (5.37)
U(α) = −ιρ(α)F (5.38)

for any ξ ∈ Γ(k) and α ∈ H. In particular, R∇ = 0 if and only if F is centre-valued.

(ii) Bianchi identities: the curvature 3-form G satisfies

δ0G = 0 and d∇G = 0. (5.39)

Hence, G is center-valued and transversal, so it vanishes wherever codimF ≤ 2.

Proof. The point (i) follows directly from using (5.34) with the explicit expression (4.40) for the
curvature. For the second point, note that

δ0G = δ0 d∇F = D(C,v)δ0F = D(C,v)Ω(C,v) = 0,

where we have used Theorem 4.38 and the Bianchi identity. Finally,

d∇G = (d∇)2F = R∇ ∧ F = [F, F ] = 0,

since F is a 2-form, where we have used the point (i). ■

Observe that equation (5.38) of item (i) of the last lemma, used with equation (4.28), implies

F v = (ρB)
∗F (5.40)

where F v ∈ Ω2(B; k) is the curvature of the splitting v : A→ k, and B = A/k. On the other hand,
equation (5.37) will henceforth simply be written as

R∇ = − adF,

and it is stronger than the condition (S.2) for the coupling data (∇, U) of a primitive connection. In
a concealed way, the last lemma also tells us what (S.3) should be replaced with for the primitive
case, as we will now see. In light of the coupling construction from [51], we shall reverse the
process, and start with a linear connection and a curving to construct a primitive IM connection.

Proposition 5.32. Let B ⇒ M be a Lie algebroid and let (k, [·, ·]k) be a bundle of Lie algebras
over M . Suppose that a connection ∇ on k and a form F ∈ Ω2(M ; k) are given, such that the
following conditions are satisfied:

(i) The connection ∇ preserves the Lie bracket on k.

(ii) The tensors R∇ and F are related by R∇ = − adF .

(iii) The 3-form d∇F is transversal, i.e., ιρB(α) d
∇F = 0 for any α ∈ Γ(B).

Then the direct sum A = B ⊕ k has a structure of a Lie algebroid, which admits a primitive IM
connection (C, v), given for any α ∈ Γ(B), ξ ∈ Γ(k) by

v(α, ξ) = ξ, C(α, ξ) = ∇ξ + ιρB(α)F,

with F as its curving. Conversely, any Lie algebroid A with a bundle of ideals k ⊂ A that admits
a primitive IM connection, is isomorphic to one of this type.
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Remark 5.33. This proposition simplifies considerably when k is a semisimple Lie algebra bundle;
see §5.3.2 and Corollary 5.45.

Proof. Assumptions (i) and (ii) imply that conditions (S.1) and (S.2) are satisfied for the pair
(∇, U), where U ∈ Γ(B∗⊗T ∗M⊗ k) is given by U(α) = −ιρB(α)F . Moreover, it is straightforward
to see that (S.3) for our case amounts to saying that d∇F vanishes when evaluated on two vectors
tangent to the orbit foliation of B. Hence, (iii) implies (S.3), and we can apply [51, Proposition
5.13] to conclude A is a Lie algebroid, with the anchor given by the composition A→ B

ρB−−→ TM ,
and the bracket by

[(α, ξ), (β, η)] =
(
[α, β]B,∇ρB(α)η −∇ρB(β)ξ + [ξ, η]k − F (ρB(α), ρB(β))

)
. (5.41)

The obtained IM connection (C, v) is indeed primitive since condition (iii) used with Cartan’s
magic formula yields

− d∇U(α) = L ∇
ρB(α)F,

for any α ∈ Γ(B), hence also

Ω(C,v)(α, ξ) = (R∇ · ξ − d∇U(α),−U(α)) = (L A
(α,ξ)F, ιρ(α,ξ)F ) = δ0F. ■

Corollary 5.34. Let k be a bundle of ideals of a Lie algebroid A. There is a bijective corre-
spondence between primitive IM connections for k together with a choice of curving, and triples
(v,∇, F ), where v : A→ k is a splitting, the pair (∇, F ) satisfies conditions (i)–(iii) of Proposition
5.32, and the splitting is compatible with (∇, F ), that is:

∇Ah(α) = ∇ρ(α), F v = (ρB)
∗F (5.42)

for any α ∈ A, where B = A/k and F v ∈ Ω2(B; k) is the curvature of the splitting.

Proof. One direction is clear from the identities (4.28), (4.29) and Lemma 5.31. For the other
direction we use the previous proposition, where the conditions (5.42) ensure that the obtained
algebroid structure on B ⊕ k is isomorphic to A. ■

Remark 5.35. If F ′ ∈ Ω2(M ; k) is another 2-form satisfying the same properties as F in the
corollary above, then (v,∇, F ′) defines the same IM connection as (v,∇, F ) if and only if the
difference F − F ′ is transversal, that is, ιρ(α)(F − F ′) = 0 for any α ∈ Γ(A). The equivalence
follows by computing

L A
α (F − F ′) = L ∇

ρα(F − F ′) + [vα, F − F ′] = 0,

where we have used Cartan’s formula, and properties (ii) and (iii) from the proposition.

We now examine the affinity of the space of primitive multiplicative connections. We emphasize
that this should not be confused with the aforementioned affinity of (δ0)−1(C, v) for a fixed IM
connection (C, v).

Proposition 5.36. Let (C, v) ∈ C (A; k) be a primitive connection on a Lie algebroid A. If
(L, l) ∈ Ω1

im(A; k)
Hor is a cohomologically trivial IM form, then (C, v) + (L, l) is also primitive. In

particular, if H1,1(A; k)Hor = 0 then C (A; k) is an affine subspace of A (A; k).

Proof. We have to show that if (L, l) and Ω(C,v) are cohomologically trivial, then so is Ω(C,v)+(L,l).
By Theorems 5.25 and 4.38, we only need to check that c2(L, l) is cohomologically trivial. We
show this by proving

c2(δ
0γ) = −1

2
δ0[γ, γ], (5.43)
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i.e., that the following diagram commutes.

Ω1
im(A; k)

Hor Ω2
im(A; k)

Hor

Ω1(M ; k) Ω2(M ; k)

c2

δ0

γ 7→− 1
2
[γ,γ]

δ0

Let us denote (L, l) = δ0γ and (J, j) = c2(δ
0γ), that is,

(J, j)α = −(L|k ∧̇ Lα,L|k · lα) = −(L|k ∧̇L A
α γ, [γ(ρα), γ]),

for any α ∈ Γ(A), where L|k = [−, γ]. To check that the symbols coincide, just note that
[γ, γ](X,Y ) = 2[γ(X), γ(Y )] holds for any X,Y ∈ X(M), hence

j(α) = −1

2

(
ιρ(α)[γ, γ]

)
.

For the leading term, we compute

−Jα(X,Y ) = [(L A
α γ)(X), γ(Y )]− [(L A

α γ)(Y ), γ(X)]

= [[α, γ(X)], γ(Y )]− [γ[ρα,X], γ(Y )]− [[α, γ(Y )], γ(X)] + [γ[ρα, Y ], γ(X)]

= [α, [γ(X), γ(Y )]]− [γ[ρα,X], γ(Y )]− [γ(X), γ[ρα, Y ]],

where the first and third term in the second line were combined using the Jacobi identity. Now
using the identity for [γ, γ] on all three terms shows that this equals

−Jα(X,Y ) =
1

2
L A
α [γ, γ](X,Y ),

which concludes our proof. ■

Remark 5.37. The proof shows that by choosing a curving F of an IM connection (C, v), we also
choose a curving for all connections of the form (C, v) + δ0γ:

F γ = F + d∇γ − 1

2
[γ, γ]. (5.44)

Moreover, the linear connection on k induced by (C, v) + δ0γ (denoted ∇γ) reads

∇γξ = ∇ξ + [ξ, γ], (5.45)

for all ξ ∈ Γ(k). Remarkably, the 3-curvature does not change with this deformation:

Gγ = d∇
γ
F γ = (d∇ + [·, γ])

(
F + d∇γ − 1

2
[γ, γ]

)
= G+R∇ ∧ γ − [d∇γ, γ] + [F, γ] + [d∇γ, γ]− 1

2
[[γ, γ], γ] = G,

(5.46)

where we have used (5.37) and observed that the Jacobi identity for [·, ·]k implies [[γ, γ], γ] = 0.
This observation will be of great importance in §5.3.3.

We now inspect primitive multiplicative connections in various important special cases.
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The transitive case

In this subsection, we will prove that on a transitive algebroid A with bundle of ideals k = ker ρ,
any IM connection is uniquely primitive. We first consider a slightly more general context.

Definition 5.38. Let V →M be a representation of a regular Lie algebroid A⇒M . The orbital
projection of horizontal IM forms (where k = ker ρ) to foliated forms on the base is defined as

T : Ωkim(A;V )Hor → Ωk(TF ;V )

T (L, l)(v1, . . . , vk) = l(ṽ1)(v2, . . . , vk),
(5.47)

where ṽ1 is any lift of v1 along the anchor.

Independence of the choice of lift follows from horizontality. Moreover, condition (C.3) ensures
that the result is indeed an antisymmetric tensor field. We observe that the following diagram
commutes.

Ωkim(A;V )Hor

Ωk(M ;V ) Ωk(TF ;V )

T
δ0

Here, the arrow at the bottom denotes the restriction map, so in particular, T is surjective. Using
the map T , we can now prove the statement from Example 5.29.

Proposition 5.39. Let V be a representation of a transitive Lie algebroid A⇒M . The map

δ0 : Ωk(M ;V )→ Ωkim(A;V )Hor

is an isomorphism with inverse T . Hence, H0,•(A; k) = ker δ0 = 0 and H1,•(A; k)Hor = 0.

Remark 5.40. Since all IM forms of degree q ≥ 2 on a transitive algebroid are horizontal (see
Example 4.30), this gives a canonical isomorphism Ωqim(A; k)

∼= Ωq(M ; k) for all q ≥ 2.

Proof. That the map T is a left inverse of δ0 follows from the diagram above. We need to show
that in the transitive case, it is also its right inverse. We will denote γ = T (L, l), so we need to
show δ0γ = (L, l). First we show that the symbols coincide:

(δ0γ)1(α)(v1, . . . , vk−1) = γ(ρ(α), v1, . . . , vk−1) = l(α)(v1, . . . , vk−1),

for any α ∈ Γ(A) and vector fields vi ∈ X(M). For the leading term, we compute

(L A
α γ)(v1, . . . , vk) = ∇Aαγ(v1, . . . , vk)−

∑k
i=1 γ(v1, . . . , [ρ(α), vi], . . . , vk)

= ∇Aα l(ṽ1)(v2, . . . , vk) +
∑k

i=1(−1)il[α, ṽi](v1, . . . , v̂i, . . . , vk), (5.48)

where we have used the definition of γ in the last line. Using the definition of L A on the first
term, this becomes

∇Aα l(ṽ1)(v2, . . . , vk) = L A
α l(ṽ1)(v2, . . . , vk) +

∑k
i=2 l(ṽ1)(v2, . . . , [ρ(α), vi], . . . , vk)

= L A
α l(ṽ1)(v2, . . . , vk)−

∑k
i=2(−1)il[α, ṽi](v1, . . . , v̂i, . . . , vk),

and now notice that the second term cancels out with all but the first term of the sum in the
expression (5.48), so we obtain

(L A
α γ)(vi)i = L A

α l(ṽ1)(v2, . . . , vk)− l[α, ṽ1](v2, . . . , vk),

which equals L(α)(v1, . . . , vk) by condition (C.2). ■

132



Foliated and multiplicative Yang–Mills theory

Example 5.41. Applying T to the curvature Ω(C,v) of an IM connection (C, v), we get

TΩ(C,v)(X,Y ) = −U(σ(X))Y = −v[σ(X), σ(Y )] = σ[X,Y ]− [σ(X), σ(Y )],

for any X,Y ∈ Γ(TF), where σ is the horizontal lift pertaining to the splitting v : A → k of
the short exact sequence (5.1), and we have used the identity (4.28). As expected, the orbital
projection maps the curvature of an IM connection (C, v) to the curvature F σ of the splitting σ.

Lie algebroids of principal type

Let A ⇒ M be an arbitrary algebroid with a bundle of ideals k and suppose we are given a
primitive connection (C, v) ∈ A (A; k) with a curving F . Observe that the curvature 3-form
G = d∇F vanishes if and only if the direct sum A′ := TM ⊕ k is a Lie algebroid, with anchor
pr1 : A

′ → TM and the Lie bracket given by

[(X, ξ), (Y, η)] = ([X,Y ],∇Xη −∇Y ξ + [ξ, η]k − F (X,Y )). (5.49)

The vanishing of G amounts precisely to the vanishing Jacobiator for this bracket. In this case,
A′ is clearly a transitive algebroid, and furthermore, the algebroid A⇒M is isomorphic to a Lie
algebroid of principal type [51, §6.6],

A′ ×TM B ⇒M, A′ ×TM B := {(α, β) ∈ A′ ×B | ρA′(α) = ρB(β)}.

Its algebroid structure is determined by the condition that the inclusion A′ ×TM B ↪→ A′ × B is
a Lie algebroid monomorphism into the direct product algebroid. The isomorphism reads

α 7→ (ρ(α), v(α), ϕ(α)),

where ϕ : A→ B = A/k is the canonical projection. Hence, the existence of a primitive connection
for k, with a curving whose curvature 3-form vanishes, forces the algebroid to be of principal type.

This observation is closely related to the construction of IM connections on algebroids of
principal type from [51, §6.6]. To elaborate, let A := A′ ×TM B be an algebroid of principal
type for some pair of Lie algebroids A′ and B, with A′ transitive. Denote by ϕ : A → B the
projection and consider the bundle of ideals k = kerϕ, which can be identified with ker ρA′ under
the projection prA′ : A→ A′. Recall that a splitting of the Atiyah sequence of A′,

0 k A′ TM 0,

v′

ρA′
(5.50)

is the same thing as an IM connection (C′, v′) ∈ A (A′; k) by condition (C.2), which can then be
pulled back along prA′ to an IM connection (C, v) ∈ A (A; k):

C(α, β) = C′(α), v(α, β) = v′(α), (5.51)

for any α ∈ Γ(A′) and β ∈ Γ(B) with ρA′(α) = ρB(β). In this way, the authors of [51] conclude
that Lie algebroids of principal type admit IM connections. As the following shows, the obtained
IM connection is actually primitive.

Proposition 5.42. Let A = A′ ×TM B be a Lie algebroid of principal type, with the bundle of
ideals k = kerϕ, where ϕ : A→ B is the canonical projection. The IM connection (5.51) induced by
a splitting v′ : A′ → k of the transitive algebroid A′ is primitive with curving F v′, whose curvature
3-form vanishes.
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Proof. First observe that the curving of the IM connection (5.51) is given by the curvature F v′ of
the splitting v′ : A′ → k. Indeed, we have

Ω(C,v)(α, β) = Ω(C′,v′)(α) = δ0A′(F v
′
)(α) = (L A′

α F v
′
, ιρA′ (α)F

v′)

where the first equality holds since (C, v) = (prA′)∗(C′, v′). Now observe that ρ(α, β) = ρA′(α)
and the representation of A on k is given for any ξ ∈ Γ(k) as

[(α, β), (ξ, 0)] = ([α, ξ], 0),

so we conclude L A
(α,β) = L A′

α and hence Ω(C,v) = δ0A(F
v′). In conclusion, any IM connection on a

Lie algebroid of principal type A′ ×TM B, induced by a splitting v′ of (5.50), is primitive with a
canonical curving F v′ satisfying d∇F v

′
= 0 by the Bianchi identity. ■

The semisimple case

A particularly well-behaved scenario for the theory of multiplicative connections is when the
typical fibre of k is a semisimple Lie algebra, in which case an IM connection on A for k always
exists. This was established in [51, Corollary 6.6] by showing that A is then isomorphic to an
algebroid of principal type, with k the isotropy of a transitive algebroid A′, whose sections are
bracket-preserving derivations of k. We now establish some stronger properties.

In what follows, we will refer to a locally trivial bundle of Lie algebras k with a semisimple
typical fibre as a semisimple Lie algebra bundle.3 In the case when k ⊂ A is also a bundle of ideals,
it will be called a semisimple bundle of ideals of A. As concerns cohomological triviality, we have
the following.

Proposition 5.43. Let k be a semisimple bundle of ideals of a Lie algebroid A ⇒ M . The
following holds:

(i) The simplicial differential δ0 : Ω•(M ; k)→ Ω•
im(A; k)

Hor is an isomorphism.

(ii) Any multiplicative connection for k is uniquely primitive, with vanishing 3-curvature.

(iii) There is a bijective correspondence:

{
IM connections

A (A; k)

}
←→


Pairs (v,∇), where v : A→ k is a splitting and
∇ is a bracket-preserving connection on k,

such that ∇Ah(α) = ∇ρ(α) for all α ∈ A


Remark 5.44. As will be clear from the proof, it is actually enough to assume that

ad: g→ Der(g)

is an isomorphism, where g is the typical fibre of k. In other words, (i) states that the vanishing of
the zeroth and first Chevalley–Eilenberg cohomology groups of the typical fibre g, with values in
the adjoint representation of g, implies the vanishing of the zeroth and first horizontal simplicial
cohomology groups of k-valued IM forms on A⇒M ,

H0,•(A; k)Hor = H1,•(A; k)Hor = 0.

3When the base M is connected and all the fibres are semisimple, local triviality is automatic by the rigidity
results for bundles of semisimple Lie algebras.
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Proof. The center z(k) of a semisimple Lie algebra bundle k is trivial, so δ0 is injective by Remark
5.30. For surjectivity, we take any (L, l) ∈ Ω•

im(A; k)
Hor and observe that L|k is tensorial by

horizontality. By condition (C.1), it is moreover a derivation-valued form L|k ∈ Ω•(M ; Der k),
i.e., its values are derivations of the bracket [·, ·]k, hence semisimplicity implies there is a unique
γ ∈ Ω•(M ; k) which satisfies L|k = − ad γ. That is,

[ξ, γ] = L|k · ξ, (5.52)

for any ξ ∈ Γ(k). To see that δ0γ = (L, l), we let α ∈ Γ(A) and apply ιρ(α) to both sides of (5.52).
By condition (C.2), there holds

[ξ, ιρ(α)γ] = ιρ(α)Lξ = L A
ξ lα− l[ξ, α] = [ξ, lα],

where we have used horizontality of (L, l). This shows that the symbols coincide. Finally, for the
leading term we use condition (C.1) to get

[ξ, Lα] = L A
ξ Lα = L[ξ, α] + L A

α Lξ = [[ξ, α], γ] + L A
α [ξ, γ].

It is now easy to see that the right-hand side equals [ξ,L A
α γ] by the Jacobi identity, concluding

part (i). Part (ii) is clearly implied by (i): applying equation (5.52) to the curvature Ω(C,v) of an
IM connection (C, v) yields the unique curving F , implicitly defined by

R∇ = − adF. (5.53)

For part (iii), if we are given a pair (v,∇), there is a unique form F satisfying (5.53), so we would
now like to apply Corollary 5.34. The condition (iii) there is automatically fulfilled since d∇F is
z(k)-valued:

[ξ,d∇F ] = d∇[ξ, F ]− [∇ξ, F ] = d∇(R∇ · ξ)−R∇ ∧∇ξ = (d∇
End k

R∇) · ξ = 0

where we used the Bianchi identity for R∇ in the last step. Moreover, the condition ∇Ahα = ∇ρα
implies (ρB)∗R∇ = − adF v already in the non-semisimple case, and now inserting (5.53) into this
equation yields (ρB)

∗F = F v, which is what we needed to show. ■

The last part of the proof above shows that the coupling construction from Proposition 5.32
significantly simplifies in the semisimple case: we just need to assume that∇ is bracket-preserving,
and the other two conditions are automatically satisfied by defining F with R∇. However, the
existence of a bracket-preserving connection ∇ is equivalent to local triviality of k, which is already
assumed, so we obtain the following.

Corollary 5.45. If B ⇒ M is a Lie algebroid and (k, [·, ·]k) is a semisimple Lie algebra bundle,
then A = B ⊕ k has a structure of a Lie algebroid defined by (5.41), where ∇ is any bracket-
preserving linear connection on k and the form F is implicitly defined by R∇ = − adF . Conversely,
any Lie algebroid A with a semisimple bundle of ideals k is isomorphic to one of this type.

The abelian case

We now establish a criterion for the existence of primitive IM connections for an abelian bundle of
ideals k ⊂ A. Preliminarily, observe that when k is abelian, the representation ∇A descends to a
representation ∇B of B on k, given by ∇Bα ξ = [α̃, ξ], where α̃ ∈ Γ(A) denotes any lift of α ∈ Γ(B)
along the projection A→ B, and ξ ∈ Γ(k).
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Now suppose (C, v) ∈ C (A; k) is a primitive connection and F is its curving. By identity
(5.37), ∇ is now necessarily flat, and moreover, equation (4.29) now just says that ∇ induces ∇B,
that is,

∇Bα = ∇ρ(α). (5.54)

Let us consider the set of 2-forms F with transverse coboundary d∇F , that is,

Ω2
tc,∇(M ; k) := {F ∈ Ω2(M ; k) | ιX d∇F = 0 for any X ∈ TF}.

Let (ρB)
∗ : Ω2(M ; k) → Ω2(B; k) denote the pullback along the anchor of B, and observe that

there holds (ρB)
∗ d∇ = d∇

B
(ρB)

∗ by equation (5.54), so that the pullback restricts to

(ρB)
∗
tc,∇ : Ω2

tc,∇(M ; k)→ Z2(B; k)

where Z2(B; k) denotes k-valued 2-cocycles on B with respect to the differential d∇B . As stated
in equation (5.40), the map above takes F to the curvature of the splitting F v. Moreover, in the
usual Lie algebroid cohomology of B with values in k, the class

c(A) := [F v] ∈ H2(B; k)

is independent of the splitting v : A → k since k is abelian. It is thus in the image of the map
Ω2
tc,∇(M ; k)→ H2(B; k) induced by (ρB)

∗
tc,∇, which we denote by the same symbol. With this in

mind, we formulate the following.

Proposition 5.46. An abelian bundle of ideals k ⊂ A admits a primitive connection if and only
if there exists a flat connection ∇ on k, which induces ∇B and satisfies

c(A) ∈ im(ρB)
∗
tc,∇.

Moreover, we have the following bijective correspondence.{
Primitive connections for k
with a choice of curving

}
←→


Triples (v,∇, F ), where v : A→ k is a splitting,
∇ is a flat connection on k inducing ∇B, and

F ∈ Ω2
tc,∇(M ; k) satisfies F v = (ρB)

∗F .


Proof. One direction for the statement about existence is already proved above. For the other
direction, suppose there is a flat connection ∇ that induces ∇B and satisfies c(A) ∈ im(ρB)

∗
tc,∇.

Since k is abelian, the latter means precisely that there exists a splitting v : A→ k with curvature

F v = (ρB)
∗F, (5.55)

for some F ∈ Ω2(M ; k) with ιρB(α) d
∇F = 0 for any α ∈ B. The pair (∇, F ) satisfies the assump-

tions of Proposition (5.32), and equation (5.55) ensures that the Lie algebroid A is isomorphic to
the obtained algebroid B ⊕ k, which thus has an IM connection with curving F . The statement
regarding the bijective correspondence is clear from this argument. ■

Remark 5.47. The last proposition is related to the criterion for existence of kernel flat connections
on an abelian bundle of ideals k from [51, Proposition 5.21]. In fact, Proposition 5.46 is its
refinement, and their relation can be precisely summarized with the following diagram.

H2
im(B; k) H2(B; k)

Ω2
tc,∇(M ; k)

sym

δ0
(ρB)∗tc,∇

Here, H•
im(B; k) denotes the cohomology of the cochain complex (Ω•

im(B; k), d∇im), where the dif-
ferential d∇im is the restriction to IM forms of d∇ as in equation (3.7), and

sym(c0, c1)(α, β) = c1(α)(ρβ).
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5.3.3 Multiplicative Yang–Mills action

We now arrive to the last main result of this thesis: the desired generalization of Yang–Mills theory
to the multiplicative setting. Equipped with the theory developed in the previous sections, the
idea now is to define the desired action functional on triples ((C, v), F ), where (C, v) ∈ C (A; k) is
a (primitive) IM connection and F ∈ Ω2(M ; k) its curving. We recall from Corollary 5.34 that the
information stored in such a triple may alternatively be described by (v,∇, F ), where v : A → k
is a splitting A = B ⊕ k, ∇ is a connection on k, and F ∈ Ω2(M ; k). The compatibility conditions
for such a triple read:

(i) ∇ preserves the Lie bracket [·, ·]k on k.

(ii) R∇ = − adF .

(iii) The 3-curvature G = d∇F is transversal:
ιXG = 0 for all X ∈ TF .

(iv) ∇ρ(α) = [h(α), ·], for any α ∈ A.

(v) F v = (ρB)
∗F .

The conditions (i)–(iii) mean ∇ and F are compatible, and they generalize the foliated case
(compare with Proposition 5.1), while the conditions (iv) and (v) mean ∇ and F are mutually
compatible with the splitting v. To construct a Yang–Mills theory for such triples, we must assume
certain data. From Definition 5.3, recall the Yang–Mills data for a bundle of ideals k consists of:

(i) An ad-invariant metric κ = ⟨·, ·⟩k on the bundle of ideals k. Assuming IM connections exist,
this implies the typical fibre of k is a compact Lie algebra [31, Theorem 3.6.2].

(ii) A Riemannian metric g = ⟨·, ·⟩ on the oriented base manifold M .

As we will see, the space of primitive IM connections needs to be further restricted:

• As with foliated Yang–Mills theory, if we do not assume the base manifold M is compact,
then it is necessary to focus on curvings F that are compactly supported, F ∈ Ω2

c(M ; k).
For simplicity, we will from now on just assume M is compact.

• We will restrict to the IM connections (C, v) whose induced linear connection ∇ = C|k is
compatible with ⟨·, ·⟩k. This is to ensure that the formal adjoint of the exterior covariant
derivative can be expressed simply with the Hodge star operator, see equation (5.57) below.

Remark 5.48 (Transversal metric compatibility). In the last item, it is enough to assume ∇ is
transversally compatible with the given metric ⟨·, ·⟩k on k, i.e., that every point x ∈ M admits
tangent vectors (Xi)i which induce a basis of NxF = TxM/ im ρx, satisfying

Xi ⟨ξ, η⟩k = ⟨∇Xiξ, η⟩k + ⟨ξ,∇Xiη⟩k (5.56)

for any ξ, η ∈ Γ(k) and i = 1, . . . , codimxF . This is due to Proposition 4.26 and ad-invariance of
κ, which together imply that ∇ = C|k is already compatible with ⟨·, ·⟩k in the orbital directions.

Similarly to the foliated case, assuming a Yang–Mills data is given, the metric and orientation
on M ensure we can introduce an inner product on k-valued differential forms on M :

⟨⟨·, ·⟩⟩k : Ω
k(M ; k)× Ωk(M ; k)→ R, ⟨⟨α, β⟩⟩k =

∫
M
⟨α, β⟩k volM .

It is now a standard result that compatibility of ∇ with κ implies that the formal adjoint to d∇

on k-valued forms of degree k reads

δ∇ = (−1)k ⋆−1d∇⋆, (5.57)

where ⋆ is the Hodge star operator with respect to the chosen metric and orientation on M . This
is proved similarly (and in fact, more easily) as in Proposition 5.7.
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Definition 5.49. Let k be a bundle of ideals of a Lie algebroid A⇒M , and assume a Yang–Mills
data for k is given. Let us denote

D(A; k) =
{(

(C, v), F
)
∈ A (A; k)× Ω2(M ; k)

∣∣∣ δ0F = Ω(C,v)
}
.

The multiplicative Yang–Mills action functional is defined as the map

S : D(A; k)→ R, S ((C, v), F ) =
∫
M
⟨F, F ⟩k volM + µ

∫
M
⟨G,G⟩k volM , (5.58)

where G = d∇F is the 3-curvature of F and µ ∈ R is an a priori chosen constant, called the
structure constant of the theory. We now introduce two notions of criticality for the action
functional S , together with another relevant notion. A triple ((C, v), F ) is said to be:

(i) Longitudinally critical, if

d

dλ

∣∣∣
λ=0

S
(
(C, v) + λδ0γ, F λγ

)
= 0, for all γ ∈ Ω1(M ; k), (5.59)

where we have denoted F λγ = F + λ d∇γ − λ2

2 [γ, γ] ∈ Ω2(M ; k).

(ii) Transversally critical, if

d

dλ

∣∣∣
λ=0

S
(
(C, v), F + λβ

)
= 0, for all β ∈ Ω2

inv(M ; k). (5.60)

(iii) Adapted to the given Riemannian metric and orientation on M , if the 2-form −µδ∇G is also
a curving of (C, v), that is,

δ0(δ∇G) = − 1

µ
Ω(C,v). (5.61)

This notion is motivated by the upcoming Theorem 5.53.

Remark 5.50 (Well-definedness). The expression on the left-hand side of equation (5.59) is well-
defined: by Proposition 5.36 and equation (5.44), the deformed IM connection (C, v) + λδ0γ is
again primitive with curving F λγ . Well-definedness of the left-hand side of (5.60) is clear.
Remark 5.51 (Decompositions into affine spaces). For intuition regarding the definitions of criti-
cality (5.59) and (5.60), we note that the set D(A; k) carries two relevant equivalence relations:

((C̃, ṽ), F̃ ) ∼1 ((C, v), F ) ⇐⇒ (C̃, ṽ)− (C, v) = δ0γ and F̃ = F γ for some γ ∈ Ω1(M ; k),

((C̃, ṽ), F̃ ) ∼2 ((C, v), F ) ⇐⇒ (C̃, ṽ) = (C, v) and δ0(F̃ − F ) = 0.

The equivalence classes of ∼1 and ∼2 are affine spaces, modelled on cohomologically trivial IM 1-
forms, and invariant 2-forms, respectively. Each of the two notions of criticality takes into account
only the directions which are tangential to the equivalence classes defined by respective relation.
We note that the closure of the union of ∼1 and ∼2 yields another equivalence relation:

((C̃, ṽ), F̃ ) ∼3 ((C, v), F ) ⇐⇒ [(C̃, ṽ)] = [(C, v)] ∈ H1,1(A; k) (5.62)

⇐⇒ (C̃, ṽ)− (C, v) = δ0γ and F̃ = F γ + β,

for some γ ∈ Ω1(M ; k), β ∈ Ω2
inv(M ; k),

Intuitively, the equivalence classes of ∼3 define the tangential directions which are altogether
accounted for by both notions of criticality. We note the intersection of ∼1 and ∼2 is not trivial;
the role of this fact will be clarified in §5.3.4.
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Remark 5.52 (Simplification of the action). Let us suppose that invariant 3-forms on the base
vanish, H0,3(A; k) = 0. For instance, this is automatically fulfilled if either:

• the leaves of the orbit foliation F are at most of codimension 2, or

• the typical fibre g of k has a vanishing center; this is equivalent to semisimplicity of g, since
as already noted, the existence of an ad-invariant metric implies Lie algebra g is compact.

In this case, the definition above simplifies substantially. Indeed, since the 3-curvature G is an
invariant form, the second term of the action (5.58) vanishes. Moreover, the proof of the following
theorem shows that in this case, transversal criticality is equivalent to F ⊥ Ω2

inv(M ; k). On the
other hand, the notion of adaptedness for this case is very restrictive: it implies the IM connection
(C, v) is flat.

Theorem 5.53. Let k be a bundle of ideals of a Lie algebroid A ⇒ M , suppose a Yang–Mills
data for k is given, and let µ ∈ R denote the structure constant for the multiplicative Yang–Mills
action functional (5.58). Let ((C, v), F ) ∈ D(A; k) be a triple whose induced connection ∇ = C|k
is compatible with ⟨·, ·⟩k. The following equivalences hold.

(i) The triple ((C, v), F ) is longitudinally critical if and only if the curving F is a solution to the
first Yang–Mills equation,

d∇⋆F = 0. (5.63)

(ii) The triple ((C, v), F ) is both transversally critical and adapted if and only if the pair (F,G)
is a solution of the second Yang–Mills equation,

d∇⋆G = 1
µ ⋆ F. (5.64)

Remark 5.54. Collecting the Yang–Mills equations (written with the covariant codifferential δ∇)
together with the Bianchi identities and the defining identities, we have

δ∇F = 0, d∇F = G, δ0F = Ω(C,v),

δ∇G = − 1
µF, d∇G = 0, δ0G = 0,

(5.65)

for a curving F and its curvature 3-form G of an IM connection (C, v). We observe that applying
d∇ to the second Yang–Mills equation yields

d∇⋆F = µ[⋆G, F ],

and hence if ∇ is flat, the second Yang–Mills equation implies the first since flatness of ∇ means
the curving F is centre-valued.

Proof. For the statement in (i), first observe that by equation (5.46), the 3-curvature is invariant
under a longitudinal variation of ((C, v), F ), hence the second term of the action (5.58) will not
play a role. For the first term, we use the equation (5.44) to compute

S ((C, v) + λδ0γ, F λγ) = ⟨⟨F λγ , F λγ⟩⟩k + µ⟨⟨G,G⟩⟩k
= S (C, v) + 2λ⟨⟨F,d∇γ⟩⟩k + λ2(⟨⟨d∇γ,d∇γ⟩⟩k − ⟨⟨F, [γ, γ]⟩⟩k) +O(λ

3),

for any γ ∈ Ω1(M ; k) and λ ∈ R. Differentiating at λ = 0, we obtain

d

dλ

∣∣∣
λ=0

S ((C, v) + λδ0γ, F λγ) = 2⟨⟨F,d∇γ⟩⟩k = 2⟨⟨δ∇F, γ⟩⟩k.
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By the non-degeneracy of ⟨⟨·, ·⟩⟩k, this expression vanishes for all γ ∈ Ω1(M ; k) if and only if the
curving F satisfies δ∇F = 0, which is equivalent to (5.63) by identity (5.57).

For the proof of the statement in (ii), we begin by computing

S ((C, v), F + λβ) = ⟨⟨F + λβ, F + λβ⟩⟩k + µ⟨⟨G+ λ d∇β,G+ λ d∇β⟩⟩k
= S ((C, v), F ) + 2λ(⟨⟨F, β⟩⟩k + µ⟨⟨G, d∇β⟩⟩k) + λ2(⟨⟨β, β⟩⟩k + µ⟨⟨d∇β,d∇β⟩⟩k)
= S ((C, v), F ) + 2λ⟨⟨F + µδ∇G, β⟩⟩k + λ2⟨⟨β + µδ∇ d∇β, β⟩⟩k,

for any β ∈ Ω2
inv(M ; k) and λ ∈ R. Differentiating, we obtain

d

dλ

∣∣∣
λ=0

S ((C, v), F + λβ) = 2⟨⟨F + µδ∇G, β⟩⟩k,

from which we see that transversal criticality of ((C, v), F ) is equivalent to F + µδ∇G being
orthogonal to the subspace of invariant 2-forms Ω2

inv(M ; k) with respect to ⟨⟨·, ·⟩⟩k,

(F + µδ∇G) ⊥ Ω2
inv(M ; k).

By definition, the condition of adaptedness means that the 2-form −µδ∇G is a curving of (C, v),
which means precisely that the form F + µδ∇G is invariant. Since ⟨⟨·, ·⟩⟩k is positive-definite,
it restricts to an inner product on Ω•

inv(M ; k), therefore, adaptedness and transversal criticality
together imply δ∇G = − 1

µF . The converse implication clearly holds, and using the identity (5.57)
concludes the proof. ■

Remark 5.55. There is a simple necessary condition on the structure constant µ for the pair of
Yang–Mills equations to admit a solution. Namely, observe that applying d∇ to the first equation
and adding it to the second, we obtain

∆F = (d∇δ∇ + δ∇ d∇)F = − 1
µF.

In other words, F must be an eigenvector of the Laplacian, with eigenvalue − 1
µ ; this is in striking

contrast with the classical Yang–Mills theory, where the solutions of the Yang–Mills equation are
harmonic. On the other hand, it is easy to see that the eigenvalues of ∆ must be non-negative by
positive-definiteness of ⟨⟨·, ·⟩⟩k: if ψ ∈ Ω•(M ; k) is an eigenvector with eigenvalue λ,

λ⟨⟨ψ,ψ⟩⟩k = ⟨⟨∆ψ,ψ⟩⟩k = ⟨⟨d
∇ψ,d∇ψ⟩⟩k + ⟨⟨δ

∇ψ, δ∇ψ⟩⟩k ≥ 0.

Therefore, the structure constant must be negative, µ < 0, as a necessary condition for the second
Yang–Mills equation to admit a solution. Recall that since the Laplacian is a positive, self-adjoint
and elliptic operator of second order, it has arbitrarily large eigenvalues (see [69, page 254] and
[47]).
Remark 5.56 (Harmonicity of curvature tensor R∇). For a longitudinally critical triple ((C, v), F ),
the curvature tensor R∇ is harmonic, that is,

(d∇
End k

δ∇
End k

+ δ∇
End k

d∇
End k

)R∇ = 0.

Indeed, first note that by the Bianchi identity d∇
End k

R∇ = 0, harmonicity is equivalent to

d∇
End k

⋆ R∇ = 0. (5.66)

To establish this identity, we apply the operators ⋆ and d∇ consecutively to both sides of the
identity R∇ · ξ = [ξ, F ], where ξ ∈ Γ(k) is an arbitrary section. We obtain

[∇ξ, ⋆ F ] + [ξ,d∇⋆F ] = d∇((⋆R∇) · ξ) = (d∇
End k

⋆ R∇) · ξ + (⋆R∇) · ∇ξ.

Notice that the leftmost term and the rightmost term cancel out, hence using the assumption of
criticality on the second term on the left-hand side yields the identity (5.66).
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Self-dual and anti self-dual solutions

As in Example 5.12, we now discuss a simple class of solutions to the Yang–Mills equations, this
time by utilizing the symmetry of the set of equations (5.65). Let the base manifold M be pseudo-
Riemannian and 5-dimensional, and suppose a curving F of an IM connection satisfies G = c ⋆ F
for some constant c ∈ R − {0}. We must then have F = (−1)s 1c ⋆ G since ⋆⋆ = (−1)k(m−k)+s

on forms of degree k, where m = dimM and s denotes the index of the metric on M , i.e., the
number of negative components in the signature of g. Hence,

d∇⋆F = 1
c d

∇G = 0,

d∇⋆G = (−1)scd∇F = (−1)scG = (−1)sc2 ⋆ F.

Hence, we see that for (F,G) to be a solution to the seond Yang–Mills equation, we would need
to have (−1)sc2 = 1

µ . We immediately observe that in the Riemannian case (s = 0), this implies
µ > 0, which is in contradiction with Remark 5.55. The situation is rectified by allowing the
Riemannian metric to be pseudo-Riemannian, which removes the restriction on ∆ having non-
negative eigenvalues, hence removing the constraint µ < 0. However, this comes with a small
price: we need to impose that the restriction of ⟨⟨·, ·⟩⟩k to invariant forms Ω•

inv(M ; k) is again a
nondegenerate pairing (for the proof of Theorem 5.53 (ii) to work), which was automatic in the
Riemannian case. For example, in the case when A is a regular algebroid and the orbit foliation F
is simple, this requirement can be attained with a π-invariant metric g on M , defined in equation
(5.5), where π : M →M/F is the projection to the orbit space.

Summing up, we conclude the Riemannian case does not allow for (anti) self-dual solutions,
and the pseudo-Riemannian case in general allows them: the (anti) self-dual solutions are defined
as those of the form

G = ± 1√
(−1)sµ

⋆ F, (5.67)

for a given structure constant µ satisfying sgnµ = (−1)s.

5.3.4 Multiplicative Yang–Mills theory as a constrained variational problem

In this section, we interpret the obtained theory as a constrained variational problem. As a
consequence, this will enable us to discuss the formal tangent space to the space of triples which
are both longitudinally and transversally critical.

We have observed in Remark 5.51 that the directions in which we vary the triples (consisting of
IM connections and their curvings) are described by a fixed equivalence class of a given primitive
IM connection in H1,1(A; k)—see equation (5.62). This already suggests we are dealing with a
variational problem constrained to a constant cohomological class χ ∈ H1,1(A; k). More precisely,
the class χ is defined by a primitive IM connection, i.e.,

χ ∈ C (A; k)/ im δ0 ⊂ H1,1(A; k).

To elaborate on this point of view, let us denote the constrained space of triples by

Dχ(A; k) = {((C, v), F ) ∈ C (A; k)× Ω2(M ; k) | δ0F = Ω(C,v), [(C, v)] = χ}.

The following proposition shows that this is an affine space, whose affine structure combines the
two distinct notions of affinity from Remark 5.51 into a single one.
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Proposition 5.57. For χ as above, Dχ(A; k) is an affine space, modelled on the vector space Qχ
defined as the quotient

0 Ω1
inv(A; k) Ω1(M ; k)⊕ Ω2

inv(M ; k) Qχ 0,
jχ

where jχ(γ) = (γ,−d∇γ) and ∇ is the connection induced by an arbitrary representative of χ.

Proof. First, note that when restricted to the centre z(k), any linear connection ∇ as above does
not depend on the choice of a representative of χ, by identity (5.45). This is important since
invariant forms are centre-valued, so d∇ appearing in the statement is also independent of such a
choice; moreover, d∇ preserves invariance of forms by Theorem 4.38, which altogether shows that
the map jχ is well-defined and only depends on the class χ. The affine structure on Dχ(A; k) is
defined by

((C, v), F ) + Jγ, βK = ((C, v) + δ0γ, F + d∇γ − 1
2 [γ, γ] + β) (5.68)

for any γ ∈ Ω1(M ; k) and β ∈ Ω2
inv(M ; k), where the double bracket J·, ·K denotes the equivalence

class of (γ, β) in Qχ. That this is a well-defined affine structure on Dχ(A; k) is immediate from
the definition of the quotient Qχ. ■

Now, it is clear that a triple ((C, v), F ) is both longitudinally and transversally critical if and
only if it is totally critical, that is,

d

dλ

∣∣∣
λ=0

S
(
((C, v), F ) + λJγ, βK

)
=

d

dλ

∣∣∣
λ=0

S
(
(C, v) + λδ0γ, F λγ + λβ

)
= 0,

for all γ ∈ Ω1(M ; k) and β ∈ Ω2
inv(M ; k). In other words, total criticality of ((C, v), F ) means

precisely the criticality in the usual sense, with respect to the affine structure (5.68) on Dχ(A; k),
where χ = [(C, v)], thus finding totally critical triples amounts precisely to a constrained varia-
tional problem for the action S : D(A; k)→ R. Note also that by equation (5.45), as soon as one
representative of χ is compatible with ⟨·, ·⟩k, the same holds for all of them, so metric compatibility
with ⟨·, ·⟩k can in fact be viewed as a property of the class χ. To sum up, Theorem 5.53 tells us
that a triple ((C, v), F ) is a solution of the constrained variational problem if and only if it satisfies

d∇⋆ F = 0 and (F + µδ∇G) ⊥ Ω2
inv(M ; k). (5.69)

In this picture, the adaptedness condition (5.61) simply becomes a second additional constraint
of the variational problem for the multiplicative Yang–Mills action S : D(A; k)→M .

The tangent space to the space of totally critical triples

We now follow a similar procedure as in Remark 5.15 to obtain the (formal) tangent space to the
space of solutions of the constrained variational problem above. As usual, we identify the tangent
space of Dχ(A; k) at any triple ((C, v), F ) with Qχ.

We start by observing that the Hessian at a totally critical triple ((C, v), F ) can now easily be
computed: it is the quadratic form H((C,v),F ) : Qχ → R, given by

H((C,v),F )Jγ, βK =
1

2

d2

dλ2
S

(
((C, v), F ) + λJγ, βK

)∣∣∣
λ=0

= ⟨⟨δ∇ d∇γ − F̂ (γ), γ⟩⟩k + ⟨⟨β + 2d∇γ + µδ∇ d∇β, β⟩⟩k,

where F̂ : Ω1(M ; k)→ Ω1(M ; k) is given by F̂ (γ) = ⋆ [⋆F, γ]. The same argument as in the proof
of Theorem 5.11 shows that F̂ is characterized by the equality ⟨⟨F̂ (γ), γ̃⟩⟩k = ⟨⟨F, [γ, γ̃]⟩⟩k for all
γ, γ̃ ∈ Ω1(M ; k), therefore it is self-adjoint.
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Proposition 5.58. Let ((C, v), F ) ∈ Dχ(A; k) be a totally critical triple of the multiplicative Yang–
Mills action functional. The formal tangent space at ((C, v), F ) to the space of all totally critical
triples in Dχ(A; k) is given by all Jγ, βK ∈ Qχ which satisfy

δ∇(d∇γ + β) = (−1)dimM F̂ (γ), (5.70)

(d∇γ + β) + µδ∇ d∇β ⊥ Ω2
inv(M ; k). (5.71)

The formal tangent space at ((C, v), F ) to adapted triples in Dχ(A; k) is spanned by Jγ, βK with

d∇γ + µδ∇ d∇β ∈ Ω2
inv(M ; k). (5.72)

In particular, the formal tangent space at ((C, v), F ) to triples in Dχ(A; k) which are simultaneously
transversally critical and adapted, consists of Jγ, βK satisfying

(d∇γ + β) + µδ∇ d∇β = 0. (5.73)

Proof. The task at hand is to differentiate the equations (5.69). For the first equation, we compute

δ∇
λγ
(F λγ + λβ) = ⋆−1(d∇ + λ[·, γ]) ⋆ (F λγ + λβ)

= δ∇F + λ
(
⋆−1[⋆F, γ] + δ∇ d∇γ + δ∇β

)
+O(λ2).

Setting this expression to zero and differentiating at λ = 0, we obtain the equation (5.70). To
differentiate the second identity in (5.69), we similarly compute

(F λγ + λβ) + µδ∇
λγ
(Gλγ + λ d∇

λγ
β) = (F λγ + λβ)− µ ⋆−1 (d∇ + λ���[·, γ]) ⋆ (G+ λ d∇β),

where we used equation (5.46) and the fact that invariant forms are centre-valued. Setting this
expression as orthogonal to Ω2

inv(M ; k) and differentiating at λ = 0, we obtain the equation (5.71).
At last, we must differentiate the adaptedness condition; we observe

µδ0δ∇
λγ
(Gλγ + λ d∇

λγ
β) = µδ0δ∇(G+ λ d∇β).

Setting this expression to −Ω(C,v)+λδ0γ = −δ0F λγ and differentiating, we obtain (5.72). ■

Combining equations (5.70) and (5.73), we also obtain the following.

Corollary 5.59. The formal tangent space at ((C, v), F ) ∈ Dχ(A; k) to the space of solutions
in Dχ(A; k) of the Yang–Mills equations (5.63) and (5.64) consists of all vectors Jγ, βK ∈ Qχ
satisfying the identities F̂ (γ) = 0 and (5.73).

5.3.5 Gauge invariance

As in §5.2.3, we now show that the multiplicative Yang–Mills action is gauge invariant. That
is, the action functional is invariant under the pullback by any Lie algebroid automorphism ϕ,
covering an orientation-preserving isometry φ on the base, restricting on k to a Lie algebra bundle
automorphism which is moreover an isometry. Such a morphism (ϕ, φ), preserving all structure,
will simply be called a gauge transformation.

A A

M M

ϕ

φ

As in the foliated case, examples of gauge transformations include the following.

143



Chapter 5

(i) Algebroid automorphisms of the form Adb = (Ib)∗, where Ib is the inner automorphism by a
(target) bisection b ∈ Bis(G) of an integrating s-connected Lie groupoid G of A, whose base
map φ = s ◦ b is an orientation-preserving isometry. This relies on Lemma 5.16.

(ii) Flows of inner derivations [α, ·] of the Lie algebroid A, for sections α ∈ Γ(A) such that the flow
of the (complete) vector field ρ(α) is an orientation-preserving isometry of M . Specifically,
any α ∈ Γ(ker ρ) is of this kind.

To demonstrate gauge invariance, first note that any Weil cochain c ∈ W p,q(A; k) can be pulled
back along ϕ. Indeed, observe that on Ω•(M ; k), the pullback along ϕ is defined on simple tensors
as ϕ∗(γ ⊗ ξ) = φ∗γ ⊗ (ϕ−1)∗ξ. With this in mind, the pullback ϕ∗c ∈W p,q(A; k) reads

(ϕ∗c)k(α1, . . . , αp−k |β1, . . . , βk) = ϕ∗ck(ϕ∗(α1), . . . , ϕ∗(αp−k) |ϕ∗(β1), . . . , ϕ∗(βk)).

Since ϕ is a Lie algebroid automorphism, ϕ∗ defines an automorphism of the cochain complex
W •,q(A; k), for any fixed q ≥ 0. In particular, we can pull back an IM connection (C, v) and
again obtain an IM connection ϕ∗(C, v) =: (Cϕ, vϕ), since ϕ restricts to a Lie algebra bundle
automorphism k→ k covering φ. The induced linear connection ∇ϕ := Cϕ|k is simply the pullback
connection, given by

∇ϕXξ = (ϕ−1)∗∇φ∗X(ϕ∗ξ),

for any X ∈ X(M) and ξ ∈ Γ(k). With this in mind, it is easy to see the following.

Lemma 5.60. For a given Lie algebroid A ⇒ M with an ad-invariant metric ⟨·, ·⟩k on a bundle
of ideals k, metric compatibility of IM connections is stable under gauge transformations.

Proof. Suppose ∇ = C|k is compatible with ⟨·, ·⟩k. For any X ∈ X(M) and ξ, η ∈ Γ(k), we compute

⟨∇ϕXξ, η⟩k + ⟨ξ,∇
ϕ
Xη⟩k = ⟨∇φ∗X(ϕ∗ξ), ϕ∗η⟩k ◦ φ+ ⟨ϕ∗ξ,∇φ∗X(ϕ∗η)⟩k ◦ φ

= (φ∗X)⟨ϕ∗ξ, ϕ∗η⟩k ◦ φ
= (φ∗X)(⟨ξ, η⟩k ◦ φ

−1) ◦ φ
= X ⟨ξ, η⟩k

where we have used ad-invariance in the first and third equality, and the assumption that ∇ is
compatible with the given metric ⟨·, ·⟩k on the second equality. In the last line, we used [49,
Corollary 8.21]. Hence, compatibility with an ad-invariant metric ⟨·, ·⟩k is stable under gauge
transformations. ■

Theorem 5.61. Let A be a Lie algebroid with Yang–Mills data. The multiplicative Yang–Mills
action is invariant under the pullback of a gauge transformation (ϕ, φ), that is,

S (ϕ∗(C, v), ϕ∗F ) = S ((C, v), F ),

for any triple ((C, v), F ) ∈ D(A; k). In particular, longitudinal and transversal criticality are
invariant under gauge transformations, and moreover, so is adaptedness.

Proof. We first note that the curvature of the pullback IM connection is the pullback of the
curvature, that is,

Ωϕ
∗(C,v) = ϕ∗Ω(C,v).

This is an immediate consequence of naturality of the horizontal exterior covariant derivative, i.e.,
it commutes with pullbacks along Lie algebroid isomorphisms,

Dϕ∗(C,v)ϕ∗ = ϕ∗D(C,v),
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which is implied by the identities

d∇
ϕ
ϕ∗ = ϕ∗ d∇ and h∗ϕϕ

∗ = ϕ∗h∗,

where h∗ϕ is the horizontal projection of Weil cochains with respect to the IM connection ϕ∗(C, v).
The first identity is clear, and the second is most easily seen in the VB-algebroid picture—it
follows from dϕ ◦ hTAϕ = hTA ◦ dϕ, where hTAϕ : TA→ Eϕ = dϕ−1(E) is the horizontal projection
with respect to the IM connection ϕ∗(C, v).

Now, if F is a curving of (C, v) with 3-curvature G, then ϕ∗F is a curving of ϕ∗(C, v) with
3-curvature ϕ∗G. This follows from the already observed fact that ϕ∗ is an automorphism of the
Weil cochain complex (at any fixed degree q). Thus, both the curving and its 3-curvature satisfy

ϕ∗F = (ϕ−1)∗ ◦ φ∗F, ϕ∗G = (ϕ−1)∗ ◦ φ∗G, (5.74)

where the pullback φ∗ : Ω•(M ; k) → Ω•(M ;φ∗k) is defined on simple tensors by pulling back the
form and leaving the coefficients alone, as in (5.21). This concludes the proof of the first part of
the theorem. For the last part, invariance of adaptedness follows from the fact that the pullback
along any orientation-preserving isometry commutes with the Hodge star operator. ■

5.3.6 Example: central S1-extensions

We now present an example whose purpose is to stress the following point: although the multi-
plicative Yang–Mills action functional can be constructed purely in terms of infinitesimal data,
restricting to primitive connections of a specific integrating groupoid might sometimes instead be
desirable. This is also the simplest non-transitive example that we know of.

Let us consider an S1-extension of a submersion groupoid. By definition, this is a Lie groupoid
G ⇒ M , together with a surjective submersive Lie groupoid morphism f : G → M ×π M onto
the submersion groupoid of a surjective submersion π : M → N , such that the kernel of f is the
trivial abelian Lie group bundle S1

M = M × S1. The situation is portrayed with the short exact
sequence of Lie groupoids,

1 S1
M G M ×π M 1.

f

An S1-extension is said to be central, if for any g ∈ G and θ ∈ S1 there holds

Cg(s(g), θ) = (t(g), θ),

where Cg is the conjugation by g. At the level of Lie algebroids, the short exact sequence reads

0 RM A TF 0,
f∗

and centrality implies that the restricted adjoint representations Ad: G ↷ RM , ad: A↷ RM are
the trivial ones. We note that since f is a groupoid morphism, we must have f = (t, s) and so
f∗ = ρ, the kernel M × S1 is the isotropy bundle of G, and N is the leaf space of G.

Let us now consider a multiplicative Ehresmann connection ω ∈ A (G;RM ) for the groupoid
morphism f . By [51, Proposition 4.9], such a connection exists (since G must be proper) and
moreover, the induced linear connection ∇ on RM from Proposition (4.6), must be the canonical
flat connection. This follows from the fact that the differential of exp: RM → S1

M maps the
induced linear connection, viewed as a distribution E∇ ⊂ T (RM ), to the multiplicative Ehresmann
connection ES

1
M = T (S1

M ) ∩ E where E = kerω, see [51, equation (2.3)]. It implies the constant
section of RM given by x 7→ (x, 1) must be flat, hence all constant sections are flat and thus ∇
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is the canonical flat connection. Importantly, this holds due to our choice of integration—an IM
connection on A for RM might give rise to a different connection ∇ on RM .

As a consequence of this observation, any multiplicative connection ω on G for RM must in
fact be primitive. The proof of this claim rests upon the following procedure from [51]. First,
note that the structure equation implies the curvature of ω equals

Ωω = dω ∈ Ω2
m(G).

Since Ωω is horizontal and because there exists a multiplicative connection with R∇ = 0, there is
a unique 2-form on the submersion groupoid Ωω ∈ Ω2

m(M ×π M) which pulls back to Ωω via the
morphism f . However, every multiplicative form on the submersion groupoid is cohomologically
trivial by [51, Lemma 4.5]—this should actually be seen as a consequence of the deeper fact that
Hp,q(M ×π M) = 0 for all p ≥ 1, q ≥ 0 (see [67, §8]). We remind the reader of the definition of
the cohomology groups (2.4). So, there exists a 2-form F ∈ Ω2(M) such that

Ωω = pr∗2F − pr∗1F.

This is our desired curving of ω, that is, δ0F = Ωω. Note that due to the centrality of extension,
invariant forms Ω•

inv(M) are precisely the ones in the image of the pullback π∗ : Ω•(N)→ Ω•(M).
Hence, for instance, F is only unique up to a form β = π∗β̃ for some β̃ ∈ Ω2(N), and the curvature
3-form G = dF must equal G = π∗G̃ for some unique G̃ ∈ Ω3(N).

Equipped with this insight, we are now ready to formulate and study the desired Yang–Mills
theory, restricted to multiplicative connections on G. To begin with, we take κ as the canonical
metric on RM and fix any Riemannian metric g on M . We define the action functional by
“restricting” the functional (5.58) to the (primitive) multiplicative Ehresmann connections on G:

SG : D(G;RM )→ R, SG(ω, F ) = S (VE (ω), F ) = ⟨⟨F, F ⟩⟩+ µ⟨⟨dF,dF ⟩⟩, (5.75)

where the domain now consists of multiplicative Ehresmann connections and their splittings,

D(G;RM ) = {(ω, F ) ∈ A (G;RM )× Ω2(M) | δ0F = Ωω}.

The notions of criticality and adaptedness for the global case are now defined analogously to the
infinitesimal case, see Definition 5.62; moreover, the respective global and infinitesimal notions of
criticality and adaptedness are equivalent when G has connected s-fibres (see Proposition 5.63).
Now, the analogous equivalences to those from Theorem 5.53 read:

(ω, F ) is longitudinally critical ⇐⇒ d ⋆ F = 0,

(ω, F ) is transversally critical and adapted ⇐⇒ d ⋆ G = 1
µ ⋆ F.

Let us first discuss the case dimN ≤ 2, when the focus is on solving the first Yang–Mills equation.
To show it admits a solution, first take any pair (ω, F ). Note that since the curvature 3-form
G = dF vanishes, Hodge theorem ensures [F ] ∈ H2

dR(M) has a (unique) harmonic representative,
i.e., there exists a form γ ∈ Ω1(M), unique up to a closed 1-form, such that δ(F + dγ) = 0. We
conclude that longitudinally critical points exist: since RM is abelian, F + dγ is the curving of
ω + δ0γ by equation (5.44), hence the pair

(ω + δ0γ, F + dγ) ∈ D(G;RM )

is longitudinally critical.
The case dimN ≥ 3 is more intricate. Firstly, observe that since ∇ is flat, the second Yang–

Mills equation implies the first. But solvability of the second equation amounts to the operator
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δd on 2-forms having an eigenvalue − 1
µ , which is a statement about the Riemannian manifold M .

To dissect the second equation further, we note that transversal criticality is now equivalent to
orthogonality of F + µδG to the subspace of pullback forms, i.e.,

(F + µδG) ⊥ im(π∗) ⊂ Ω2(M).

If we suppose that the metric on M is π-invariant, this means precisely that F + µδG vanishes
whenever a pair of vectors from ker dπ⊥ is inserted. On the other hand, adaptedness simply means
that ιX(F + µδG) = 0 whenever X ∈ ker dπ. Hence, we see the two conditions together mean
precisely δG = − 1

µF .

5.3.7 The integrable case

As witnessed in §5.3.6, the global case is of independent interest. Albeit with some apparent repe-
tition, we shall now provide the global analogues of the notions we have introduced for algebroids,
and provide a simple relation between the global and infinitesimal Yang–Mills theory.

To begin with, given a bundle of ideals k of a groupoid G, since we are not imposing any a
priori connectedness assumptions on G, the metric on k is now assumed Ad-invariant—see (5.14).

Definition 5.62. Let k be a bundle of ideals of a Lie groupoid G ⇒ M , together with some
Yang–Mills data. Let us denote

D(G; k) =
{
(ω, F ) ∈ A (G; k)× Ω2(M ; k)

∣∣ Ωω = δ0F
}
.

The (global) multiplicative Yang–Mills action functional is now defined as the map

SG : D(G; k)→ R, SG(ω, F ) = S (VE (ω), F ) = ⟨⟨F, F ⟩⟩k + µ⟨⟨G,G⟩⟩k, (5.76)

The relevant notions pertaining to criticality are now defined for (ω, F ) as:

(i) Longitudinal criticality : d
dλ

∣∣
λ=0

SG(ω + λδ0γ, F λγ) = 0, for all γ ∈ Ω1(M ; k).

(ii) Transversal criticality : d
dλ

∣∣
λ=0

SG(ω, F + λβ) = 0, for all β ∈ Ω2
inv,G(M ; k).

(iii) Adaptedness: δ0(δ∇G) = − 1
µΩ

ω.

We note that δ0 is now the simplicial differential on forms on G at level zero, Ω•(M ; k)→ Ω•
m(G; k),

and invariant forms Ω2
inv,G(M ; k) are those in its kernel. The form F λγ is the same as in the

infinitesimal case, and one analogously shows it is a curving of ω + λδ0γ if F is a curving of ω.

Inspecting the proof of Theorem 5.53, we see we again have the following equivalences:

(ω, F ) is longitudinally critical ⇐⇒ d∇⋆F = 0,

(ω, F ) is transversally critical ⇐⇒ (F + µδ∇G) ⊥ Ω2
inv,G(M ; k),

(ω, F ) is transversally critical and adapted ⇐⇒ d∇⋆G = 1
µ ⋆ F.

What follows is the promised relation between the global and infinitesimal theory.
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Proposition 5.63. Let k be a bundle of ideals of a Lie groupoid G with Lie algebroid A, together
with a fixed Yang–Mills data, and suppose a pair (ω, F ) ∈ D(G; k) is given. The van Est map
relates the notions of criticality and adaptedness as follows.

(i) (ω, F ) is longitudinally critical if and only if (VE (ω), F ) is longitudinally critical.

(ii) If (VE (ω), F ) is transversally critical, then (ω, F ) is transversally critical.

(iii) If (ω, F ) is adapted, then (VE (ω), F ) is adapted.

(iv) (ω, F ) is transversally critical and adapted if and only if (VE (ω), F ) is transversally critical
and adapted.

The converse implications to (ii) and (iii) hold if G has connected s-fibres. Furthermore, if G has
simply connected s-fibres, the bijective map

D(G; k)→ D(A; k), (ω, F ) 7→ (VE (ω), F )

restricts to bijections between pairs and triples which are longitudinally critical, transversally crit-
ical, or adapted, respectively.

Proof. The points (i) and (iv) are clear; (ii) and (iii) follow simply from the fact that VE ◦δ0G = δ0A,
implying Ω•

inv,G(M ; k) ⊂ Ω•
inv,A(M ; k). The last part is a consequence of Corollary 2.24. ■

5.A Related generalizations

This section is devoted to a relaxed discussion about the relationship of the obtained framework of
multiplicative Yang–Mills theory with other generalizations of Yang–Mills theory. At the very end
of the section, we mention a potential umbrella framework where all the different generalizations
meet as particular cases.

Yang–Mills theory for bundle gerbes

Consider once again the example of central S1-extensions, presented in §5.3.6. The notion of a
central S1-extension is very closely related to the notion of an S1-bundle gerbe [48,64,66,67]—the
latter is a Morita equivalence class of the former. An attempt to obtain a Yang–Mills theory
on S1-bundle gerbes was already made by Mathai and Roberts in [59], however, the paper was
recently retracted due to the discovery of an unfixable flaw by the authors themselves. To our
understanding, the flaw was in their definition of gauge transformations for bundle gerbes; it
erroneously assumed the existence of a certain linear connection, in turn rendering their result on
gauge invariance and several results of the article uncertain. The notion of gauge invariance we
have provided in §5.3.5 is certainly independent of any such external data, and the existence of
gauge transformations is also clear by Remark 5.18. This rectifies the issue of [59], albeit with a
different approach to the subject, using Lie groupoids and algebroids. Moreover, we would like to
point out that the action functional [59, equation (3)] only contains the term with the 3-curvature,
⟨⟨G,G⟩⟩, hence it misses the phenomena accounted for by the curving F . In turn, the Yang–Mills
equation reads d ⋆G = 0. Since G is obtained from F , and since F links the whole theory back to
principal bundles, we consider the curving to be a fundamental part of a (primitive) multiplicative
connection, and hence believe that the term ⟨⟨F, F ⟩⟩ should also be considered for the study the
moduli space of solutions (F,G) of the pair of equations (5.63) and (5.64), as attempted in [59].
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Higher Yang–Mills theory

In [6], Baez develops a Yang–Mills theory for (trivial) principal 2-bundles. Roughly, a principal
2-bundle is a higher-geometric analogue of a principal bundle, where the structure Lie group is
replaced with a structure Lie 2-group [7]. This produces a setting for higher-geometric connections,
where parallel transport is feasible over surfaces instead of only paths. The development of Yang–
Mills theory for such connections results in a strikingly similar pair of Yang–Mills equations ([6],
cf. Theorem 21) compared to the equations (5.63) and (5.64) we have obtained in Theorem 5.53.
The similarity is already apparent at the level of action functionals—compare the definition of
[6, equation (9)] with our action functional (5.58). The difference between the two pairs of Yang–
Mills equations is only in that the first Yang–Mills equation in [6] has an additional term, which
appears as a consequence of the very definition of connections on principal 2-bundles. Despite
these similarities, the frameworks are conceptually very different; as mentioned below, we believe
the similarities come from the fact that the frameworks are particular cases within a more general
theory.

Yang–Mills theory on principal LGB-bundles

In [33], Fisher develops a Yang–Mills theory for principal LGB-bundles. Roughly, a principal LGB-
bundle is a generalization of a principal bundle, where the structure Lie group is replaced with a
Lie group bundle. The theory of connections on such principal bundles is thoroughly developed
there, cf. §6. The action functional the author considers in [33, Definition 7.2] now appears to
only contain the term ⟨⟨F, F ⟩⟩. Albeit the corresponding Yang–Mills PDE is not obtained there,
we can imagine it has the well-known form d∇ ⋆ F = 0. In any case, we would like to point out
that there is a similarity of the formulas in [33, Theorem 7.5] with the ones we have obtained
when discussing primitive connections (see Remark 5.37). The so-called field redefinitions capture
the idea that the curving of a connection is determined only up to an invariant 2-form.

We view the similarities (and differences) between these various settings as a manifestation of
the fact that they are in fact just particular cases of a more general framework. Our speculation
is that such a general framework has to do with PB-groupoids, which simultaneously generalize
principal 2-bundles, LGB-bundles, and comprise the natural setting for the frame bundle of a
VB-groupoid—a generalization of the frame bundle construction for the usual vector bundles.
This has recently been researched in [19, 35]. We suspect this more general framework for Yang–
Mills theories should be feasible by researching the theory of connections on PB-groupoids, and
employing similar techniques that have appeared in this thesis.
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