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Understanding time-dependent blood flow dynamics in arteries is crucial for diagnosing and 
treating cardiovascular diseases. However, accurately predicting time-varying flow patterns 
requires integrating observational data with computational models in a dynamic environment. 
This study investigates the application of data assimilation and boundary optimization techniques 
to improve the accuracy of time-dependent blood flow simulations. We propose an integrated 
approach that combines data assimilation methods with boundary optimization strategies tailored 
for time-dependent cases. Our method aims to minimize the disparity between model predictions 
and observed data over time, thereby enhancing the fidelity of time-dependent blood flow 
simulations. Using synthetic time-series observational data with added noise, we validate our 
approach by comparing its predictions with the known exact solution, computing the 𝐿2

norm to demonstrate improved accuracy in time-dependent blood flow simulations. Our results 
indicate that the optimization process consistently aligns the optimized data with the exact data. 
In particular, velocity magnitudes showed reduced discrepancies compared to the noisy data, 
aligning more closely with the exact solutions. The analysis of pressure data revealed a remarkable 
correspondence between the optimized and exact pressure values, highlighting the potential of this 
methodology for accurate pressure estimation without any previous knowledge on this quantity. 
Furthermore, wall shear stress (WSS) analysis demonstrated the effectiveness of our optimization 
scheme in reducing noise and improving prediction of a relevant indicator determined at the 
postprocessing level. These findings suggest that our approach can significantly enhance the 
accuracy of blood flow simulations, ultimately contributing to better diagnostic and therapeutic 
strategies.

1. Introduction

Accurately modeling physiological processes, particularly blood flow, is crucial for understanding health and disease. Mathematical 
models, built upon physical principles, offer a quantitative framework to analyze complex biological systems [6,15,22]. These models, 
incorporating factors like blood vessel geometry, pressure gradients, and blood rheology, enable researchers to simulate blood flow 
patterns and predict potential disruptions. This understanding is vital for diagnosis, treatment planning, and drug development.
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Four-dimensional Magnetic Resonance Imaging (4D MRI) has become a powerful tool for non-invasively visualizing blood flow 
dynamics [18]. By capturing spatial and temporal information, 4D MRI allows researchers to observe blood flow velocities and track 
changes over time. This data provides valuable insights into the physiological function and helps identify potential abnormalities like 
stenosis (narrowing) or aneurysms (bulges) in blood vessels [7,25,28].

However, 4D MRI data often suffers from limitations. Noise and sparsity can hinder the accurate characterization of blood flow [4, 
14,16,24]. Here, Computational Fluid Dynamics (CFD) simulations come into play. CFD leverages mathematical models and numerical 
methods to simulate fluid flow in complex geometries, including blood vessels. By incorporating patient-specific data from 4D MRI 
or other sources, CFD simulations can provide detailed information on blood flow patterns and identify potential areas of concern.

Despite the advantages of CFD simulations, challenges remain. Accurate modeling requires complex computational resources 
and incorporates numerous parameters that may not be readily obtainable. Additionally, uncertainties in physiological data and 
limitations of the chosen model can lead to discrepancies between simulations and reality [2,3,5].

The so-called variational approaches, based on optimal control techniques, offer a promising approach to address these challenges. 
In fact, one may dfine an error functional to be minimized, while adhering to constraints in the form of a system of partial differential 
equations. Then, unknown boundary conditions, or eventually some physical or geometrical parameters, may be considered as control 
variables to be optimized, in order to minimize the error functional (see, for instance, [13,17,26]). In [8], the authors demonstrated, 
with stationary proof of concept examples, that stress type boundary controls, albeit being ifinite dimensional variables, could be 
successfully used to reconstruct blood flow in some categories of arteries. Later, in [12], and [11] it was shown that the velocity prfile 
itself could also be considered. In [10], the authors showed that the stationary assumption could also be dropped. This, however, 
came at the price of solving a reverse in-time adjoint equation for the application of a descent method, naturally increasing the total 
computational cost and losing some accuracy on the reconstruction. In [27], the authors dropped the infinite-dimensional assumption 
on the velocity boundary condition and assumed it to be parametrized with only 5 unknowns. It was emphasized that, even under 
this simplifying assumption, the computational cost can be very high. Additionally, some authors have noticed and analyzed the 
difficulties resulting from the presence of the noise and sparsity in the data, when using variational approaches, [9,19].

In this study, we devise a practical strategy to decrease the computational cost when using the velocity as an ifinite dimension 
boundary control of the unsteady Navier-Stokes equations. We start by discretizing the state equation in time and then formulating 
the optimal control system accordingly. Additionally, we linearize the convection term and employ a one-shot method to the linear 
optimality system to obtain the solution at each time step. This modfication leads to the resolution of a stationary problem at each 
time step, effectively reducing the computational complexity compared to traditional methods that require solving both forward 
and backward time-dependent problems. This approach was inspired in a similar approach used for the estimation of an elastic 
parameter done in [20]. Up to our knowledge it has not been attempted in an ifinite dimensional setting. Subsequently, we conduct 
a comparative analysis on the reconstructed velocity, pressure, but also on some post-processed quantities such as flow rate and wall 
shear stresses.

The structure of this paper is as follows. In Section 2, we discuss the problem formulation and cost functional along with the 
proposed strategy, followed by the derivation of the weak form of the saddle point problem for the optimal system, which includes 
both the adjoint equations and the state equations. In Section 3, we focus on the discretization of the problem using the finite 
element method and details the solution technique employed in this study. We also cover the process of generating synthetic data 
with characteristics similar to those of 4D MRI in Section 4. In Section 5, we analyze and compare the computed solution with the 
exact CFD solution. In this section we discuss in detail about velocity field, pressure, volume flow and wall shear stress. Finally, in 
Section 6, we conclude with a discussion of the findings and their implications.

2. Problem formulation

This section explores a control problem, focusing on the state system and the associated minimization functional. The state system 
is dfined by the time-dependent Navier-Stokes equations, which describe the dynamics of unsteady, incompressible, and viscous 
fluids. Our study is centered on optimization problem involving quadratic functional related to the flow dynamics. This problem 
features multiple velocity controls applied to various segments of the aorta boundary.

As a concrete illustration, let us denote the spatial domain by Ω ⊆ℝ𝑑 , where 𝑑 = 3, as depicted in Fig. 1. This domain is occupied 
by the fluid, while 𝜕Ω denote the boundary of the domain Ω, which is the union of the control boundary Γ𝑐 = Γ𝑐1 ∪ Γ𝑐2 ∪ Γ𝑐3 ∪ Γ𝑐4, 
the wall boundary Γ𝑤, and ouflow boundary denoted by Γ𝑜𝑢𝑡. Mathematically, we can express this as:

𝜕Ω= Γ𝑐 ∪ Γ𝑜𝑢𝑡 ∪ Γ𝑤
An ideal time-dependent optimal control problem states: 

minimize:

𝐽𝑇 (𝑣, 𝑢) =
1
2

𝑇

∫
0 

∫
Ω 

|𝑣(𝑡) − 𝑣𝑖𝑛𝑡(𝑡)|2 𝑑𝑥 𝑑𝑡+ 𝛼

2 

𝑇

∫
0 

∫
Γ𝑐

|∇𝑢(𝑡)|2 𝑑Γ𝑐 𝑑𝑡 (1)

where 𝛼 ≥ 0, 𝑢 is a control variable at time 𝑡, and 𝑣 is the velocity field obtained as the weak solution of the time-dependent system 
described as follows:
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Fig. 1. Aorta geometry and inlet velocity profile with slices 𝑆1, 𝑆2 , 𝑆3 and 𝑆4 near the control boundary. 

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜕𝑣

𝜕𝑡 
− 𝜇Δ𝑣+ (𝑣 ⋅∇)𝑣+∇𝑝 = 0 in Ω× (0, 𝑇 ]

div 𝑣 = 0 in Ω× (0, 𝑇 ]

𝑣 = 0 on Γw × (0, 𝑇 ]

𝑣 = 𝑢 on Γc × (0, 𝑇 ]

𝜇
𝜕𝑣

𝜕𝑛 
− 𝑝𝐧 = 0 on Γout × (0, 𝑇 ]

(2)

where 𝑝 represents the pressure divided by dynamic viscosity and 𝜇 is the kinematic viscosity.

Let us first discretize the system (2) with respect to time. We adopt a classic implicit discretization of the linear terms (take 
𝑣 = 𝑣𝑛+1, 𝑝 = 𝑝𝑛+1, 𝜅 = 1∕Δ𝑡), together with a semi-discretization of the convective term. For more details about the convergence and 
stability properties of this approach see, for instance, [21].

This will transform the non-stationary problem into a sequence of stationary problems as follows:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜅𝑣− 𝜇Δ𝑣+ (𝑣𝑛 ⋅∇)𝑣+∇𝑝 = 𝜅𝑣𝑛 in Ω

div 𝑣 = 0 in Ω

𝑣 = 0 on Γw

𝑣 = 𝑢 on Γc

𝜇
𝜕𝑣

𝜕𝑛 
− 𝑝𝐧 = 0 on Γout

(3)

We can therefore consider the simplfication of the cost functional for each time step as:

min𝐽 (𝑣, 𝑢) = 1
2
||𝑣(𝑡𝑘) − 𝑣𝑖𝑛𝑡(𝑡𝑘)||2𝐿2(Ω)

+ 𝛼

2 
||𝑢(𝑡𝑘)||2𝐻1

0 (Γ𝑐 )
(4)

and aim at minimizing (4) subject to (3).

2.1. Weak formulation

In order to write the weak formulation of system (3), assume that 𝑢 is a fixed function in 𝐻1
0 (Γ𝑐), which means that 𝑢 van

ishes on the boundary of Γ𝑐 and that its square, as well as the square of its tangential gradient, are both integrable functions. 

Therefore, 𝑢 also belongs to 𝐻
1
2
00(Γ𝑐), the set which contains the continuous extensions (traces) of the velocity fields belonging to 

𝐻1
Γ𝑤

(Ω) = {𝑣 ∈ 𝐻1(Ω) ∣ 𝑣|Γ𝑤 = 0}. We also introduce a new variable 𝑠 ∈𝐻− 1
2 (Γ𝑐) =

(
𝐻

1
2
00(Γ𝑐)

)′
, accounting for the boundary stress 

at Γ𝑐 and the duality pair
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⟨⋅, ⋅⟩Γ𝑐 = ⟨⋅, ⋅⟩
𝐻

− 1
2 (Γ𝑐 ),𝐻

1
2
00 (Γ𝑐 )

.

Consequently, we seek (𝑣, 𝑝, 𝑠) ∈𝐻1
Γ𝑤

(Ω) ×𝐿2(Ω) ×𝐻− 1
2 (Γ𝑐):

⎧⎪⎨⎪⎩
𝑎(𝑣, 𝜂) + 𝑐(𝑣𝑛;𝑣, 𝜂) + 𝑏(𝑝, 𝜂) + ⟨𝑠, 𝜂⟩Γ𝑐 = 𝜅⟨𝑓, 𝜂⟩, ∀ 𝜂 ∈𝐻1

Γ𝑤
(Ω),

𝑏(𝑣,𝜓) = 0, ∀ 𝜓 ∈𝐿2(Ω),

⟨𝜆, 𝑣⟩Γ𝑐 = ⟨𝜆, 𝑢⟩Γ𝑐 , ∀ 𝜆 ∈𝐻− 1
2 (Γ𝑐),

(5)

where:

𝑎(𝑣, 𝜂) = 𝜅 ∫
Ω 

𝑣 ⋅ 𝜂 𝑑Ω+ ∫
Ω 

𝜇∇𝑣 ∶ ∇𝜂 𝑑Ω, 𝑐(𝑣𝑛;𝑣, 𝜂) = ∫
Ω 

(𝑣𝑛 ⋅∇)𝑣 ⋅ 𝜂 𝑑Ω,

𝑏(𝜂, 𝑝) = −∫
Ω 

𝑝(∇ ⋅ 𝜂) 𝑑Ω, ⟨𝑓, 𝜂⟩ = ∫
Ω 

𝑣𝑛 ⋅ 𝜂 𝑑Ω,

are bilinear forms, and 𝜆 can be understood as a multiplier for the condition 𝑣 = 𝑢. Also, observe that, under enough regularity of 𝑣
and 𝑝, s is given by 𝑠= 𝜇

𝜕𝑣

𝜕𝑛 − 𝑝𝑛.

Now, we dfine the Lagrangian of the problem,

(𝑣, 𝑝, 𝑠, 𝑢, 𝑧, 𝑞, 𝑙) = 𝐽 (𝑣, 𝑢) + 𝑎(𝑣, 𝑧) + 𝑐(𝑣𝑛;𝑣, 𝑧) + 𝑏(𝑝, 𝑧) + ⟨𝑠, 𝑧⟩Γ𝑐 − 𝜅⟨𝑓, 𝑧⟩+ 𝑏(𝑝, 𝑞) + ⟨𝑙, 𝑣− 𝑢⟩Γ𝑐 (6)

where (𝑧, 𝑞, 𝑙) ∈𝐻1
Γ𝑤

(Ω) ×𝐿2(Ω) ×𝐻− 1
2 (Γ𝑐) can be understood as the Lagrange multiplier.

By differentiating (6) with respect to the adjoint variables and equating these derivatives to zero, (with ̃′
(⋅)=(⋅)((𝑣̃, 𝑝̃, 𝑠̃), 𝑢̃, (𝑧̃, 𝑞, 𝑙))), 

we obtain the following result:

⎧⎪⎪⎨⎪⎪⎩

̃′
𝑧𝜂 = 𝑎(𝑣̃, 𝜂) + 𝑐(𝑣𝑛; 𝑣̃, 𝜂) + 𝑏(𝑝̃, 𝜂) + ⟨𝑠̃, 𝜂⟩Γ𝑐 − 𝜅⟨𝑓, 𝜂⟩ = 0, ∀ 𝜂 ∈ 𝐻1

Γ𝑤
(Ω),

̃′
𝑞𝜓 = 𝑏(𝑣̃, 𝜓) = 0, ∀ 𝜓 ∈𝐿2(Ω),

̃′
𝑙
𝜁 = ⟨𝜁, 𝑣̃⟩Γ𝑐 − ⟨𝜁, 𝑢̃⟩Γ𝑐 = 0, ∀ 𝜁 ∈ 𝐻− 1

2 (Γ𝑐).

(7)

We remark that system (7) corresponds to the weak form of the state problem given in system (5). Differentiating the Lagrangian’s 
with respect to the 𝑣, 𝑝, 𝑠 and putting these derivatives equal to zero, we obtain:

⎧⎪⎪⎨⎪⎪⎩

̃′
𝑣Θ= ⟨𝑣̃− 𝑣𝑖𝑛𝑡,Θ⟩+ 𝑎(Θ, 𝑧̃) + 𝑐(𝑣𝑛;Θ, 𝑧̃) + ⟨𝑙,Θ⟩Γ𝑐 + 𝑏(Θ, 𝑞) = 0, ∀ Θ ∈ 𝐻1

Γ𝑤
(Ω),

̃′
𝑝Ψ= 𝑏(𝑧̃,Ψ) = 0, ∀ Ψ ∈ 𝐿2(Ω),

̃′
𝑠𝜉 = ⟨𝑧̃, 𝜉⟩Γ𝑐 = 0, ∀ 𝜉 ∈ 𝐻− 1

2 (Γ𝑐)

(8)

System (8) describes the weak form of the adjoint problem given by:

⎧⎪⎪⎨⎪⎪⎩

𝜅𝑧̃− (𝑣𝑛 ⋅∇)𝑧̃− 𝜇Δ𝑧̃+∇𝑞 = 𝑣̃− 𝑣𝑖𝑛𝑡 in Ω,
div 𝑧̃ = 0 in Ω,
𝑧̃ = 0 on Γ𝑐 ∪ Γ𝑤,
𝑞𝐧− 𝜇

𝜕𝑧̃

𝜕𝐧 − (𝑣𝑛 ⋅ 𝑛) ⋅ 𝑧̃ = 0 on Γout,

(9)

with 𝑙 = 𝑞𝐧 − 𝜇
𝜕𝑧̃

𝜕𝐧 on Γ𝑐 . Ultimately, by computing the derivative of equation (6) with regards to 𝑢, we derive the following Euler 
equation:

𝐿̃′
𝑢𝜆 = ⟨𝛼𝑢̃, 𝜆⟩𝐻1

0 (Γ𝑐 )
− ⟨𝑙, 𝜆⟩Γ𝑐 = 0 ∀ 𝜆 ∈ 𝑈 =𝐻1

0 (Γ𝑐). (10)

For an extended discussion on the well-posedness of system (7), (8), (10), we refer to [17] and the references therein.

3. Numerical space discretization

Let 𝑋ℎ ⊂𝐻1
Γ𝑤

(Ω) and 𝑄ℎ ⊂ 𝐿2(Ω) be finite element approximation subspaces of dimensions 𝑁𝑉 and 𝑁𝑄 respectively.

The pressure and velocity fields’ finite element approximations are 𝑝ℎ ∈𝑄ℎ and 𝑣ℎ ∈𝑋ℎ. The finite element approximations for the 
velocity and pressure fields of adjoint system are 𝑧ℎ ∈𝑋ℎ and 𝑞ℎ ∈𝑄ℎ. The control variable is approximated as 𝑢ℎ ∈𝑈ℎ ⊂ 𝑈 =𝐻1

0 (Γ𝑐).
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Table 1
Mesh convergence analysis with different resolutions of mesh.

Mesh Nodes Degrees of Freedom (DOF) ||𝑣level𝑖
− 𝑣level5

||𝐿2 ||𝑧level𝑖
− 𝑧level5

||𝐿2 ||𝑢level𝑖
− 𝑢level5

||𝐿2

Level 1 6838 296918 4.44 ×10−2 3.99 ×10−4 1.18 ×10−5
Level 2 10609 472178 2.67 ×10−2 2.49 ×10−4 9.46 ×10−6
Level 3 13906 626516 1.93 ×10−2 1.73 ×10−4 8.28 ×10−6
Level 4 16312 740282 1.62 ×10−2 1.46 ×10−4 6.46 ×10−6
Level 5 19197 875994 0.0 0.0 0.0 

Hence, the discretization of the coupled problem (7), (8), (10) reads as: find

(𝑣ℎ, 𝑝ℎ, 𝑠ℎ, 𝑢ℎ, 𝑙ℎ, 𝑧ℎ, 𝑞ℎ) ∈ (𝑋ℎ,𝑄ℎ,𝑈ℎ,𝑈ℎ,𝑈ℎ,𝑋ℎ,𝑄ℎ),

such that

𝔸𝕌 = 𝔽 , (11)

where 𝕌 is the vector gathering the coefficients of the linear combinations defining (𝑣ℎ, 𝑝ℎ, 𝑠ℎ, 𝑢ℎ, 𝑙ℎ, 𝑧ℎ, 𝑞ℎ). We refer to [17] for more 
details on the well-posedness of the saddle point problem (11).

Since our problem is a large scale linear system, we need to employ an advanced linear solver to compute 𝕌. We choose to use 
the built-in linear solver MUMPS, which we described in 3.2.

3.1. Numerical parameters

To obtain the discrete optimality system (11) we fixed 𝑋ℎ =𝑈ℎ = 𝑃2 for the velocity type variables and 𝑄ℎ = 𝑃1 for the pressure 
type variables. A convergence analysis for the solution 𝕌, with respect to mesh rfinement, was done and the results can be seen in 
Table 1, for optimal velocity 𝑣ℎ, adjoint velocity 𝑧ℎ and control variable 𝑢ℎ.

From these results, we chose to perform our data assimilation using the level 3 mesh, which corresponds to 626516 degrees of 
freedom for the optimality system. Besides, to reconstruct the time-dependent velocity and pressure fields, we used a fixed time-step 
of 0.009, which suffices for the reconstruction of the sparse -in time- data, as we will see in the section 4. These choices allowed for 
a balance between computational efficiency and solution accuracy.

3.2. Solving the sparse linear system using MUMPS

To solve the complex sparse linear system 𝔸𝕌 = 𝔽 , we employed the Multifrontal Massively Parallel Sparse Direct Solver (MUMPS), 
for more detail, see [1]. MUMPS utilizes a multifrontal method to factorize the sparse matrix 𝔸 into lower and upper triangular 
matrices, 𝕃 and 𝕌, while leveraging permutation matrices ℙ and ℚ for enhanced stability and sparsity preservation. This factorization 
can be expressed as:

𝔸 = ℙ𝕃𝕌ℚ.

The multifrontal method constructs and factorizes smaller dense submatrices called frontal matrices, efficiently managing fill

in and allowing for parallel execution. MUMPS employs dynamic pivoting strategies to ensure numerical stability, particularly for 
indefinite and symmetric matrices, represented by:

𝔸 = ℙ𝕃𝔻𝕌ℚ,

where 𝔻 is a diagonal scaling matrix.

The solution process involves forward and backward substitution:

• Forward Substitution: Solve 𝕃𝐲 = ℙ𝔽 for 𝐲.

• Backward Substitution: Solve 𝕌𝐱 = 𝐲 for 𝐱.

In summary, MUMPS efficiently handles large-scale sparse systems by minimizing fill-in and exploiting parallelism, significantly 
enhancing computational performance and accuracy.

4. Synthetic data

To evaluate the efficacy of our approach, we utilized synthetic data designed to closely mimic the original data acquired from 4D 
MRI. This synthetic dataset is generated by solving the Navier-Stokes equations with 𝑃2∕𝑃1 element on a coarse spatial mesh with 
level 2 (see Table 1) and coarse temporal mesh, with step size Δ𝑡 = 0.9∕20 = 0.045, (see Fig. 2). We considered pulsating inlet flow 
(see Fig. 1) and do-nothing conditions applied at the outlet Γ𝑜𝑢𝑡 and at the three branch exits Γ𝑐2 , Γ𝑐3 , Γ𝑐4 .
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Fig. 2. Observed coarse temporal solution available only at 𝑇𝑖 , for 𝑖= 0,1,2, ⋅ ⋅ ⋅,19. In fine temporal, we added 4 time steps between any two given solution. 

Fig. 3. Volume flow through aortic arch with the coarse and fine data set. 

Fig. 4. These are the velocity magnitude and streamlines from inlet with coarse (without spatial and temporal interpolation) and fine (with spatial and temporal 
interpolation) data set.

Subsequent to solving the Navier-Stokes equations, Gaussian noise introduced to simulate measurement inaccuracies inherent in 
data acquired from 4D MRI. The noise was applied with a random temporal behavior, ensuring variability such that some time steps 
exhibited higher noise levels while others had lower noise levels. This stochastic approach to noise addition aimed to create a more 
realistic synthetic dataset.

The noise term can be represented mathematically as:

noise = (
0,

𝑐 ⋅ 𝑢0
3 

)
which denotes a normal (Gaussian) distribution with mean 0 and standard deviation 𝑐⋅𝑢03 , 𝑐 is a scaling factor, 𝑢0 is maximum velocity 
at that time step.

To enhance spatial resolution, a spatial mesh at level 3 is selected, and temporal resolution is improved by interpolating four 
additional time steps between each original point, resulting in a reduced temporal step size of Δ𝑡 = 0.009. This spatial and temporal 
discretization is chosen for simplicity in computations, while finer meshes can be employed for greater precision if desired.

Finally, the temporal interpolated solution mapped onto a finer spatial mesh through spatial interpolation. This step ensured that 
the synthetic data had the requisite spatial resolution for subsequent use in the optimal control problem. The resulting synthetic 
dataset, characterized by both high temporal and spatial resolution, served as the input for testing our optimal control framework, 
thereby enabling a thorough assessment of its performance in a controlled yet realistic setting.

Fig. 3 compares the volume flow rate through the aortic arch using both temporally and spatially coarse meshes with those obtained 
using temporally and spatially fine meshes. Fig. 4 presents the velocity magnitude on the aortic surface along with streamlines 
originating from the inlet, for both coarse and fine meshes in terms of spatial and temporal resolution. It is evident from Fig. 4 that 
the coarse mesh introduces more noise in the velocity and streamlines, whereas the use of spatial and temporal interpolation reduces 
this noise to some extent.

This rigorous synthetic data generation process ensured that our testing framework closely approximated real-world scenarios, 
thereby providing a meaningful platform for validating the proposed optimal control approach.
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Table 2
Cumulative relative error (%) of velocity magnitude calculated 
with the formula given in (13).

Avg. SNR value Cumulative Relative Error % Error 
0.88 0.066 6.6 
1.72 0.037 3.7 
2.71 0.026 2.6 

5. Result and discussion

In this section, we aim to present various results, including velocity, pressure, volumetric flow rate, and wall shear stress, to 
compare the optimized solution with the exact solution.

5.1. Velocity

Velocity plays a crucial role in understanding blood flow dynamics, as it directly impacts shear stress on vessel walls and overall 
circulatory efficiency. Accurate velocity measurements are essential for diagnosing and managing cardiovascular conditions, making 
the optimization of noisy data vital for clinical and research applications.

In the context of our optimal control problem, we have analyzed the velocity magnitudes at specific time steps, leveraging varying 
Signal-to-Noise Ratio (SNR). The visualization provided illustrates the comparative analysis across noisy input synthetic data, opti

mized solutions, and exact solutions, enabling a comprehensive assessment of the optimization effectiveness. The slice plots show the 
velocity magnitude within the aorta under different control conditions, enabling a detailed evaluation of the model’s performance 
across various cardiac time points.

The slice plots in Fig. 5 show how the velocity magnitudes change over time across various SNR values, comparing the optimized, 
exact and interpolated solutions. These visualizations are crucial for understanding the flow dynamics within the aortic geometry 
under different simulation conditions. The ``Noisy'' plots indicate the presence of noise in the data, which likely simulates real-world 
conditions where measurements are subject to various levels of interference. Conversely, the ``Optimized'' plots aim to show the 
improvements gained through computational optimization techniques.

From the comparative analysis, it is evident that the optimized model significantly reduces the discrepancies observed in the 
noisy data. For instance, specific data points in the ``Noisy'' scenario show higher deviations from the ``Exact'' values, while the 
“Optimized'' data points align more closely with the exact solutions. This indicates that the optimization approach effectively mitigates 
the noise, enhancing the accuracy of the velocity measurements. Such improvements are critical for applications requiring precise 
flow measurements and control, such as in medical diagnostics and surgical planning.

Furthermore, the observed data in the ``Optimized'' scenario consistently exhibits lower error margins compared to the noisy data, 
reinforcing the effectiveness of the optimization process. This detailed comparison underscores the importance of advanced compu

tational methods in rfining model predictions, ultimately leading to better-informed decisions in the management and treatment of 
aortic conditions. The technical evaluation of these slice plots thus provides a robust framework for assessing the impact of noise and 
optimization on the accuracy of computational fluid dynamics models in biomedical applications.

To better quantify the observed discrepancies, we will analyse the relative error which is computed using the formula:

𝐸rel =
‖𝑣− 𝑢𝑑‖𝐿2(Ω)‖𝑢𝑑‖𝐿2(Ω)

, (12)

which quantfies the deviation of the optimized velocity field from the exact solution 𝑢𝑑 . The Fig. 6 presents the relative error (%) 
for various values of SNR at different time steps, corresponding to three different values of the parameter 𝑐 (1, 0.5, and 0.3). As 
the parameter 𝑐 decreases, the SNR generally increases, while the relative error decreases. The SNR ranges from 1.23 to 3.62, and 
the corresponding errors vary between 5.7% and 2.4%, depending on the time step and the value of 𝑐. The associated plots above 
the table in Fig. 6 illustrate the inlet velocity curve, highlighting a specific point within the cardiac cycle for reference in the error 
analysis.

The cumulative relative error is computed using the formula:

Cumulative Relative Error =
‖𝑣− 𝑢𝑑‖𝐿2(Ω×(0,𝑇 ])‖𝑢𝑑‖𝐿2(Ω×(0,𝑇 ])

. (13)

The Table 2 shows the cumulative relative error for different average SNR values. The SNR indicates the level of noise in the data, 
with higher values corresponding to cleaner data.

As the SNR value increases, indicating higher quality data with less noise, the cumulative relative error decreases. This trend 
illustrates the importance of high-quality data in achieving accurate computational solutions. For instance, with an average SNR 
of 0.88, the cumulative relative error is 0.066, which corresponds to a 6.6% error. When the average SNR improves to 2.71, the 
cumulative relative error drops to 0.026, resulting in a significantly lower error of 2.6%.

Funke et al. conducted a study focusing on time-dependent problems where they utilized a backward adjoint method in time. 
Their work involved optimization in a low-dimensional parameter space and reported relative errors with SNR of 2 ranging from 8%
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Fig. 5. Slice showing the velocity magnitude of 3D aorta against different time and SNR value. 

to 22% depending on the chosen time interpolation method in a 2D setting, see [10]. Our study extends this by addressing infinite

dimensional optimization in a 3D context. Specifically, we have achieved a significant improvement in error metrics, obtaining a 
relative error of 3.7% for an SNR of 1.72. This demonstrates the enhanced efficiency and accuracy of our approach in more complex 
and higher-dimensional scenarios.
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Fig. 6. Relative error for different values of SNR at different time step calculated with the formula given in (12). 

This analysis emphasizes the effectiveness of the proposed methodology in delivering precise and reliable optimization results, 
particularly for biomedical applications where accuracy is crucial. The method significantly enhances the accuracy of simulations, 
reduces errors, and improves the robustness of model predictions, demonstrating its strong potential for generating actionable insights 
in complex biomedical scenarios.

5.2. Volume flow

Volume flow rate is crucial in cardiovascular research as it provides insights into the dynamics of blood circulation within arteries 
and veins, which is essential for diagnosing and treating various vascular diseases. Accurate measurement and analysis of volume flow 
rates can reveal abnormalities in blood flow, helping to detect conditions like stenosis or aneurysms early and allowing for effective 
intervention. Moreover, understanding volume flow is key to optimizing treatments and surgical procedures, ensuring better patient 
outcomes and advancing overall cardiovascular health.

The volume flow rate 𝑄(𝑡) through a cross-sectional area 𝐴 is dfined as:

𝑄(𝑡) = ∫
𝐴 

𝑣(𝑥, 𝑡) ⋅ 𝐧 𝑑𝐴, (14)

where 𝑣(𝑥, 𝑡) is the velocity vector field as a function of position 𝑥 and time 𝑡, 𝐧 is the unit normal vector to the cross-sectional area 
𝐴, and 𝑑𝐴 is the differential area element, where 𝑣(𝑥, 𝑡) is the velocity vector field as a function of position 𝑥 and time 𝑡, 𝐧 is the unit 
normal vector to the cross-sectional area 𝐴, and 𝑑𝐴 is the differential area element.

For numerical computations, the volume flow rate is approximated by summing the contributions from discretized surface elements 
at each time step:

𝑄(𝑡) ≈
𝑁∑
𝑖=1 

(𝑣𝑖(𝑡) ⋅ 𝐧𝑖)Δ𝐴𝑖, (15)

where 𝑁 denotes the number of surface elements, 𝑣𝑖(𝑡) is the velocity vector at the 𝑖-th surface element at time 𝑡, 𝐧𝑖 is the unit normal 
vector, and Δ𝐴𝑖 is the area of the 𝑖-th surface element.

The volume flow rate plots demonstrate the impact of noise and the effectiveness of the optimization approach across four distinct 
slices (𝑆1, 𝑆2, 𝑆3, and 𝑆4), see Fig. 1.

In the Fig. 7, corresponding to an average SNR of 0.88, the noisy data exhibits significant fluctuations. For Slice 𝑆1, there is a 
pronounced peak around 0.3 seconds, followed by a sharp decline, with the noisy data deviating considerably post-peak. The optimal 
data, though closely following the exact data initially, shows slight deviations after the peak, indicating effective noise reduction but 
with some remaining discrepancies. In Slice 𝑆2, the peak is notably lower, with the noisy data showing high variability post-peak. 
The optimal data provides a smoother prfile that aligns well with the exact data, indicating effective noise attenuation. For Slices 
𝑆3 and 𝑆4, the volume flow rates display similar peaks, with the noisy data introducing considerable fluctuations. The optimal data 
closely follows the exact data but shows minor deviations, suggesting partial noise reduction.

In the Fig. 8, with an average SNR of 1.72, the noise levels are reduced. At Slice 𝑆1 , the noisy data still shows variability, but 
the optimal data aligns more closely with the exact data, indicating better noise reduction. At Slice 𝑆2 , the peak volume flow rate is 
lower, with the noisy data showing less variability compared to the previous SNR. The optimal data again closely follows the exact 
data, indicating improved noise attenuation. For Slices 𝑆3 and 𝑆4, the noisy data shows reduced fluctuations compared to the higher 
noise scenario. The optimal data follows the exact data well, suggesting effective noise reduction.

In the Fig. 9, with an average SNR of 2.71, compared to a scenario with higher noise, the data shows significantly reduced 
variability, particularly in the noisy plots, indicating successful noise reduction. Encouragingly, the ``Optimal'' data closely tracks 
the ``Exact'' data across all slices, suggesting the optimal control method effectively removes noise while preserving the underlying 
flow rate patterns. Interestingly, Slice 𝑆2 exhibits a lower peak flow rate with less noisy data fluctuation, but the ``Optimal'' data still 
closely aligns with the ``Exact'' data. This reinforces the method’s effectiveness across varying flow rate characteristics. Finally, while 
𝑆3 and 𝑆4 ’s noisy data shows minimal fluctuations, the ``Optimal'' data in both slices still closely follows the ``Exact'' data, implying 
the noise reduction technique was benficial even in inherently less noisy scenarios.

The analysis reveals a consistent pattern where the optimization process effectively reduces noise, as evidenced by the closer 
alignment of the optimal data with the exact data across all slices and SNR values. Higher SNR values correspond to cleaner data, 
with less variability in the noisy data and better performance of the optimal solution.
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Fig. 7. Volume flow at c = 1 with average SNR 0.88. 

Table 3
Relative error (%) of volume flow computed with the formula ‖𝑒𝑥𝑎𝑐𝑡−𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑒𝑑‖𝐿2 (⋅,(0,𝑇 ])‖𝑒𝑥𝑎𝑐𝑡‖𝐿2 (⋅,(0,𝑇 ]) × 100.

Volume flow error (%) Pressure error (%) 
C Avg SNR 𝑆1 𝑆2 𝑆3 𝑆4 aorta 
1 0.88 0.85 1.23 4.16 1.97 3.92 
0.5 1.72 0.51 0.89 2.66 0.95 3.59 
0.3 2.71 0.36 0.42 1.38 0.56 2.35 

The results highlight the challenges posed by noise and the critical role of computational methods in enhancing the fidelity of 
biomedical simulations. The effectiveness of the proposed approach in reducing noise and improving the accuracy of volume flow 
rate measurements is evident from the comparisons across different SNR values.

Table 3 presents the relative errors (%) of volume flow and pressure computed at different SNRs demonstrating that, as the average 
SNR improves (indicating better signal quality and less noise), both the volume flow and pressure errors decrease significantly. This 
suggests that the optimization technique employed is effective in improving the accuracy of volume flow and pressure measurements 
in the aorta. The highest accuracy is observed at the lowest C value 0.3 with the highest SNR 2.71, cofirming the robustness of the 
proposed method in reducing errors and enhancing simulation fidelity.

5.3. Pressure

In the Fig. 10, we have plotted the computed pressure together with the exact pressure. When direct data on pressure is unavail

able, recovering pressure data from noisy velocity measurements becomes critical. Utilizing 4D MRI-type synthetic data, we have 
successfully extracted pressure values that show a remarkable correspondence with the exact pressure data. This recovery process 
involved interpolation and control techniques to filter out noise and accurately infer the pressure, ensuring that the computed data 
aligns closely with the exact values. The comparison, illustrated in the provided plots, demonstrates the efficacy of the method, where 
the computed average pressure on the whole aorta, and the computed pressure near the inlet (at a random node) nearly match the 
exact values throughout the time interval considered.
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Fig. 8. Volume flow at c = 0.5 with average SNR ratio 1.72. 

These findings are significant as they validate the approach of using synthetic 4D MRI-type velocity data to infer pressure in 
the absence of direct measurements. The close match between the recovered and exact pressures indicates the potential of this 
methodology for accurate pressure estimation, which is essential for solving optimal control problems in cardiovascular studies. This 
alignment not only enhances the reliability of the recovered data but also provides a robust basis for further analyses and simulations 
in medical research, where accurate pressure data is often critical yet challenging to obtain directly.

5.4. Wall shear stress

Wall shear stress (WSS) in the aorta is crucial as it ifluences endothelial cell function and vascular remodeling, impacting con

ditions such as atherosclerosis and aneurysms. For Newtonian fluids, the vectorial WSS is dfined as:

WSS = (𝐬 ⋅ 𝐧) − ((𝐬 ⋅ 𝐧) ⋅ 𝐧)𝐧,

where 𝐬 is the viscous stress vector [23], given by:

𝐬 = 𝜇
(
∇𝐮+ (∇𝐮)𝑇

)
𝐧,

where 𝜇 is the dynamic viscosity, ∇𝐮 is the velocity gradient tensor, and 𝐧 is the unit normal vector to the surface.

The Fig. 11 presents four sets of 3D surface plots, each corresponding to different time steps, showcasing the wall shear stress 
distribution in an aorta. In each set, there are three surface plots: one showing the WSS after applying the proposed optimization 
scheme (left), another displaying the exact WSS (center) and the third depicting WSS for interpolated data (right). The interpolated 
data plots exhibit significant irregularities and jagged variations, indicating the presence of substantial noise in the measurements, 
even after interpolation. In contrast, the optimized data plots demonstrate a significant reduction in noise, resulting in much smoother 
surfaces that closely match the exact WSS distributions. The exact WSS plots serve as a reference, displaying accurate and smooth 
surface patterns expected from hig-fidelity simulations or precise measurements.

A curve below the surface plots illustrates the pulse time, indicating the specific moments at which each set of plots was captured, 
thereby providing a temporal context for the WSS variations. This comparison across noisy, optimized, and exact datasets highlights 
the effectiveness of the proposed optimization scheme. The optimized WSS surfaces consistently align more closely with the exact 
data than the noisy surfaces do, underscoring the scheme’s ability to mitigate noise and enhance the accuracy of WSS predictions. 
This visual representation emphasizes the value of the optimization approach in improving the reliability of simulation results for 
biomedical and engineering applications.
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Fig. 9. Volume flow at c = 0.3 with average SNR 2.71. 

Fig. 10. Pressure plot from the optimized solution without having any information about pressure computed from the 4D MRI type velocity data. 

6. Summary and conclusions

In this study, we introduced an approach for addressing time-dependent, infinite-dimensional, optimal control problems (OCP) 
within the context of unsteady Navier-Stokes equations. Our methodology hinges on reformulating the problem, incorporating Dirich

let boundary control dfined across multiple boundaries. This strategy involves discretizing the state equation in time, which allows us 
to tackle the OCP on a step-by-step basis. This temporal discretization significantly reduces the computational complexity traditionally 
associated with solving both forward and backward time-dependent OCP problems.

By linearizing the convection term and employing a one-shot method for the linear optimal system, we achieve solutions at 
each time step efficiently. The effectiveness of our approach is demonstrated through a comprehensive analysis of velocity, volume 
flow, pressure plots, and WSS, which are presented with detailed interpretations. Our results show that the proposed method not 
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Fig. 11. Wall shear stress for 𝑐 = 1 showing the reliability of the proposed scheme. 

only simplfies the computational process but also yields highly accurate solutions, making it a viable alternative to conventional 
techniques.

The results show that the optimization process consistently aligns the computed data with the exact data across various slices 
and SNR values. Specifically, for volume flow rates measured at different slices (𝑆1, 𝑆2, 𝑆3, and 𝑆4), the optimized data closely 
followed the exact data, particularly at higher SNR values. This alignment is evident in the reduced variability and smoother prfiles 
of the optimal data compared to the noisy data, indicating successful noise attenuation. For example, at an average SNR of 2.71, the 
optimal data exhibited minimal fluctuations and closely tracked the exact data across all slices, demonstrating the robustness of our 
optimization method.

Furthermore, the analysis of pressure data revealed a remarkable correspondence between the computed and exact pressure 
values. Utilizing 4D MRI-type synthetic data, we successfully extracted pressure values that closely matched the theoretical data, 
highlighting the potential of this methodology for accurate pressure estimation. This is crucial for solving optimal control problems 
in cardiovascular studies, where direct pressure measurements are often unavailable. The close match between the recovered and 
exact pressures validates our approach and underscores its applicability in clinical scenarios.

The velocity field analysis also demonstrated significant improvements through optimization. The optimized velocity magnitudes 
showed reduced discrepancies compared to the noisy data, aligning more closely with the exact solutions. This reduction in error 
margins reinforces the effectiveness of the optimization process in enhancing the accuracy of velocity measurements, which is critical 
for precise flow measurements and control in medical diagnostics and surgical planning.

In summary, our study advances computational techniques for cardiovascular modeling, specifically through an optimization 
approach that effectively reduces noise and improves the accuracy of volume flow rate, pressure, WSS and velocity measurements 
in the aorta. While the current application focuses on the cardiovascular system, the proposed method’s potential extends to other 
domains where accurate flow simulation is critical, such as pulmonary, cerebrospinal, and even certain industrial fluid dynamics 
applications. These findings have significant implications for enhancing diagnostic and therapeutic strategies in clinical practice by 
providing a robust framework that balances computational efficiency with solution accuracy. Future work will focus on rfining this 
approach further and applying it to more complex physiological scenarios using real 4D MRI data, ultimately aiming to improve 
patient outcomes in cardiovascular health and other domains where flow dynamics play a vital role.
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