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Abstract The contribution of optimization has been essen-
tial to the more recent developments in design of new
mechanical structures and materials. The objective of this
work is to apply the models of material and structural
optimization to the design of passive vibration isolators.
A computational tool to identify the optimal viscoelastic
characteristics of a nonlinear one-dimensional isolator was
developed. The cost functional involves the minimization of
a weighted average of the maximum transient and steady
state response amplitudes for a set of predefined dynamic
loads. The optimal isolator behaviour is obtained by a
simulated annealing method. The solutions obtained are
analyzed and discussed concerning their dependence on the
applied forces and objective function selection. The results
obtained can facilitate the design of elastomeric materials
with improved behaviour in terms of dynamic stiffness for
passive vibration control.
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1 Introduction

The latest developments in computational mechanics lead to
integrated methodologies that permit not only the structural
design and optimization of the mechanical component but
also the tailoring of the material properties and consequently
the design of new materials. The aim of this contribution is
to extend the techniques of structural and material nonlin-
ear optimization and apply them in the design of isolators
and materials for passive vibration control. Passive vibration
control typically addresses only attenuation of the steady-
state regime of the structure dynamic response. However
in some industrial applications, namely automotive appli-
cations, the transient regime should also be considered.
Here this requirement will be addressed defining objec-
tive functions that accommodate contributions from both
regimes.

In the steady state case and when the isolator is required
to operate on a large frequency range, it would be ideal to
have a material that softens and has low damping at high
frequencies. Unfortunately, it can be proven that within
one phase solid materials what is observed is exactly the
opposite, in other words real materials strengthen at high
frequencies (Pritz 1998). Therefore in this case it is nec-
essary to design new “composite” materials with specific
dynamic properties, namely, a material that softens at high
frequencies (Prasad and Diaz 2008). To address this prob-
lem and following the works of Lakes (2001, 2002), Prasad
and Diaz (2008) developed a model, requiring the introduc-
tion of components with negative stiffness, to synthesize
periodic materials with a frequency softening behaviour.
Mechanical components exhibiting negative stiffness are
usually realized by means of structures with snap-through
instability (Jirásek 1988). Also recent studies on quasi-
zero stiffness isolation, i.e. where at the equilibrium force



326 Z. Dimitrovová, H.C. Rodrigues

level there is a plateau in the force-displacement diagram,
become the focus of research efforts and industrial interest
(Platus 1993; Kovacic et al. 2008).

Here we will address both regimes, transient and steady
state thus a different path was taken. A computational tool
to determine the macroscopic optimized one-dimensional
isolator behaviour was developed. The objective function
controls displacement and/or force reaction and has con-
tributions from both regimes; transient and steady state.
Material stiffness parameters are assumed as nonlinear
functions of displacement. Steady-state solution is obtained
by an iterative process based on the shooting method and
imposing the conditions of periodicity on known value of
the period (Jirásek 1988). The material parameters char-
acterizing the nonlinear behaviour are then optimized by
a generic probabilistic metaheuristic algorithm, simulated
annealing.

The paper is organized as follows. In Section 2 the
problem statement is given. Then the computational tool
developed is described in details, regarding the possibili-
ties which are currently implemented in the code, namely
load cases, objective function selection and material mod-
els. Section 3 describes the techniques used for numer-
ical implementation. Section 4 presents and discusses
the results obtained. Paper conclusions are presented in
Section 5.

The results attained, although still related only to one-
dimensional behaviour, are mechanically significant and
can help the design of elastomeric cellular/composite mate-
rials with improved behaviour for passive vibration control.
Future research will be directed to optimization of mul-
tidirectional properties, which will be used as target
behaviour for design of cellular and/or composite viscoelas-
tic materials.

2 Computational tool

2.1 Problem statement

For analysis and design purpose we assumed that a mass of
a given value, M , is connected through a passive isolator

S(u,
·
u), function of displacement u and velocity

·
u, to a

fixed support. The mass is excited by a time dependent set
of forces, P(t). The objective is to determine the isola-
tor characteristics which will provide an optimal dynamic
performance of the system. The model is schematically
represented in Fig. 1.

Following engineering practical requirements, the reac-
tion exerted by the support, R(t), and the displacement
exhibited by the mass, u(t), are the decisive criteria for opti-
mization (see e.g. Balandin et al. 2001). In terms of time
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Fig. 1 Isolation system problem definition

dependence it is possible to identify two regimes; transient
and the steady-state respectively. Based on this partition the
optimization goal is to minimize u(t) and/or R(t) “ampli-
tudes” in both regimes. Here the term “amplitude” identifies
the maximum response (displacement or force) difference in
each regime.

The computational tool developed to identify the opti-
mal one-dimensional isolator mechanical characteristics,
can be specialized depending on the load cases, the par-
ticular objective function and the material model assumed.
All possibilities currently available will be described in
the following sections, although the results presented will
correspond only to some particular scenarios. It is, how-
ever, important to list all the options currently available.
Their description will be given in the following order:
(1) load cases; (2) objective function; (3) material models
and admissible isolator behaviour.

2.2 Load cases

Let us define the applied forces and load cases which
are possible to introduce in the code. They were selected
according to practical situations as: (i) single step load, (ii)
set of step loads, (iii) single step load with harmonic compo-
nent, (iv) set of step loads with harmonic components (see
e.g. Zavala et al. 2000). Load cases (i) and (iii) (single load
cases) are depicted in Fig. 2.

Here P0 stands for the value of the applied step load,
the harmonic component can be expressed by P1sin(ωt+φ),
whereP1 is the amplitude, ω the circular frequency and φ

the phase angle.
Load cases (ii) and (iv) correspond to a set of “q” dis-

crete loads, where the respective weights λi , satisfying
q∑

i=1
λi = 1, must be defined according to given criteria

such as importance of the particular load or probability of
occurrence.
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Fig. 2 Schematic
representation of load cases:
a load case (i); b load case (iii)
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2.3 Objective function

The objective function considered for the load cases (i) and
(iii) is given as:

O(S(u,
·
u)) = γtr Atr

t∈〈0;tr 〉
+ γst Ast

t∈〈tr ;t f 〉
, (1)

where O(S(u,
·
u)) is the objective function value related to

some admissible isolator behaviour S(u,
·
u), tr is the time

separating transient and steady-state regimes and t f iden-
tifies the final time. In (1) Atr and Ast are the transient
and steady-state regime contributions to the objective func-
tion weighted respectively by the coefficients γ tr and γ st ,
satisfying γtr + γst = 1.

In more detail Atr and Ast are given by:

Atr = αtr

‖R‖
(

max
t∈〈0; tr 〉

R (t) − min
t∈〈0; tr 〉

R (t)

)

+ 1 − αtr

‖u‖
(

max
t∈〈0; tr 〉

u (t) − min
t∈〈0; tr 〉

u (t)

)

,

Ast = αst

‖R‖

(

max
t∈〈tr ; t f 〉

R (t) − min
t∈〈tr ; t f 〉 R (t)

)

+ 1 − αst

‖u‖

(

max
t∈〈tr ; t f 〉

u (t) − min
t∈〈tr ; t f 〉 u (t)

)

. (2)

The weights αtr and αst express the relative importance
of the reaction versus displacement in each regime and
||R||, ||u|| are convenient norms related to the particular
application.

All parameters and weights γ tr , γ st , αtr , αst , ||R||,
||u|| are user input values and permit the objective function
specialization for a large set of practical situations.

It is interesting to analyse some special cases. For step
load (1), γst = 0 because there is no steady-state response,
while for a step load with harmonic component (3) both
weights γtr and γst can be assumed non-zero. If only the
reaction contribution in the steady-state regime is consid-
ered, i.e. if γtr = 0 and αst = 1, the objective function

value is proportional to the transmissibility T . In fact if one
defines ||R|| = 2P0 then:

O (S (u, u̇)) = 1

2P0

(

max
t∈〈tr ;t f 〉

R (t) − min
t∈〈tr ;t f 〉 R (t)

)

= T .

(3)

For the load cases (ii) and (iv) it is assumed that the objective
function is given by:

O (S) =
q∑

i=1

λi Oi (S), (4)

where, as already mentioned, the weights λi , satisfying,
q∑

i=1
λi = 1, must be set according to the importance of the

particular load or probability of occurrence.
Once defined the objective function, the optimiza-

tion procedure searches for the optimal isolator behaviour

S∗(u,
·
u
)

, which solves the optimization problem

Ot (S∗) = min
S ∈ �

O (S) , (5)

where � defines the set of admissible isolator behaviours.

2.4 Material models and admissible isolator behaviour

Material models currently implemented in the code are
Voigt, Maxwell and Standard Material models (Jones 2001).
In each of these cases the spring part is assumed nonlinear
elastic. All dampers are assumed linear viscous character-
ized by the damping coefficient C . From these assumptions
the isolator can be schematically identified with the systems
shown in Fig. 3, where F(u(t)) stands for the elastic force
of the nonlinear spring, C is the damping constant of the
linear damper and the “dot” identifies the time derivative.

Here we will restrict the presentation to the Voigt model,
the one used in the examples presented. For this case the
system equation of motion is given as (Meirovitch 1975):

Mü (t) + Cu̇ (t) + F (u (t)) = P (t) + Mg, (6)
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Fig. 3 Schematic
representation of the isolator in
form of Voigt, Maxwell and
standard material model
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where g is the acceleration of gravity. Setting the “zero”
displacement at the static equilibrium position, one gets

Mü (t) + C
·
u (t) + F (u (t)) = P (t) , (7)

where for simplicity the displacement designation was
maintained.

The support reaction is given by:

R (t) = C
·
u (t) + F (u (t)) . (8)

The admissible isolator behaviour, i.e. the design domain
“�” definition, involves setting the range of possible val-
ues of the damping coefficient C and defining the allow-
able nonlinear behaviour for the respective material model
spring, i.e. the domain of allowable load-displacement
curves.

Due to the assumed linear viscous behaviour, C
specification requires only numerical values definition;
therefore it will be done in the results section. On the other
hand the admissible load-displacement curves must satisfy
not only physico-mathematical requirements but also func-
tional ones. Practical applications imply that the spring

finfin KK =

mau

u

maF

F

finfin KK >

iniK1

refK
1

1

Fig. 4 Load-displacement curve for three possible non-linear spring
designs. Fixed parts (solid) and variable/designable parts (dashed,
dash-dotted, dotted)

rigidity is not fully arbitrary and that fixed and variable parts
of the load-displacement curve must be identified. Here we
will assume that the spring load displacement diagram has
initial and final linear parts. The initial part is specified
by a fixed stiffness value Kini that should be set based
on the allowed initial static displacement of the mass. The
final part is characterized by a value K f in , which must
be greater or equal than given lower bound value K̄ f in .
This portion will actuate when the maximum displacement
uma value is surpassed so the K̄ f in value should be set
to control the maximum displacement violation. Addition-
ally it is imposed that at the maximum displacement uma

value, the force cannot exceed an admissible value Fma .
To illustrate this, three admissible nonlinear spring designs
are shown in Fig. 4, where the variable (dashed, dash-
dotted) part of the load-displacement curve is the focus
of optimization. The dotted line identifies the “reference”
load-displacement curve, piecewise linear defined by slope
values Kini , Kref and K f in = K̄ f in , that will be used
further on for comparison analyses with the obtained final
(“optimal”) solutions.

Besides these functional constraints the load-displacement
curve must satisfy the following mathematical requirements
in the interval 〈0, uma〉:
1. It must be continuous;
2. It must be monotonically increasing, i.e. stiffness must

be non-negative at any displacement value, to avoid
dynamic instability;

3. Spring behaviour is perfectly hyperelastic, i.e. loading
and unloading paths match exactly.

3 Numerical implementation

The computational tool is developed in Matlab environment
(MATLAB 2007). This section describes the actual numer-
ical implementation of the concepts specified in Section 2.
It covers: (1) the load-displacement curve definition; (2) the
solution of the governing equations; (3) the extraction of
the objective function value; (4) the optimization procedure
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and (5) assessment of the efficiency and the sensitivity of
the “optimal” design.

First of all it is necessary to introduce the interpolation
of the load-displacement curve and assure its admissibility.
The approach taken is the following:

1. Select a set of fixed points ui , i = 1, . . . , n from the
given open interval (0, uma), assign u0 = 0 and un+1 =
uma (uniform distribution can be used �u = ui+1−ui );

2. Randomly select force values Fi , i = 1, . . . , n + 1 from
the given interval ]0,Fma], order them in an increasing
way and attribute them to the points ui (F0 = 0);

3. Define a spline interpolation within each interval
〈ui , ui+1〉, i = 0, . . . , n.

As far as possible spline approximations, linear and cubic
Hermite approximations were tested for suitability. Linear
spline approximation preserves continuity and easily guar-
antees monotonic behaviour. However it does not preserve
stiffness continuity at the interpolation points ui . On the
other hand cubic Hermite approximation preserves continu-
ity and stiffness continuity at ui , but monotonicity is not
so easily enforced. To assure monotonicity in this case we
adopted the methodology described by Fritsch and Carlson
(1980).

The two possible spline approximations described were
tested for accuracy and computational time. No significant
differences were found. Existence and continuity of the first
derivative was not a load-displacement curve requirement.
Nevertheless, it is necessary to point out, that in cases where
periodic solution of the governing equations is established
by the shooting method (described in Appendix A), it is
necessary to use the cubic Hermite approximation.

Solution of the governing equations is obtained using the
ODE45 Matlab solver. Whenever necessary, periodic solu-
tion corresponding to the steady-state regime is approached
by the shooting method (for more details see Appendix A).
After that the value of the objective function can be easily
extracted.

As an alternative to the shooting method it is also pos-
sible to implement the so called “method of a long simula-
tion”, i.e. the dynamic response is recorded for a sufficiently
long time interval in order to ensure that the transient (the
natural vibration) part of the response is completely damped
out. This procedure has obviously several disadvantages: (1)
it is difficult to a priori estimate the time interval needed for
the evaluation because it is design dependent (see (1) where
tr and t f were introduced); (2) the method is unusable in
undamped systems; (3) it may be time consuming and (4) it
may increase numerical error due to the long time interval
required.

Simulated Annealing (SA) was chosen as the optimiza-
tion tool (Kirkpatrick et al. 1983). The general steps can

be briefly described as follows. Let us consider iteration
“k” with the respective load-displacement curve F (k) and
objective function value O(k). Then for the next iteration
“k + 1” a new load-displacement curve in the “neighbour-
hood” of the old one is created and the respective objective
function value O(k+1) computed. If O(k+1) < O(k) then
the new load-displacement curve F (k+1) is unconditionally
accepted. Otherwise, if O(k+1) ≥ O(k) then it is condi-
tionally accepted, based on a probability randomly selected
from the interval (0, 1) and compared with the value calcu-
lated from exp((O(k) − O(k+1))/Tj ), where Tj is the current
cooling temperature. This acceptance of “worse designs”
facilitates the search through the entire design domain and is
crucial to avoid local minimums. It is called the Metropolis
criterion. As the cooling proceeds, the cooling tempera-
ture lowers and consequently the conditional acceptance
probability decreases.

Like any probabilistic metaheuristic algorithm, Simu-
lated Annealing (SA) has some parameters which must be
carefully chosen as they can alter the final result and/or
make the calculation inefficient. They are:

1. The initial temperature;
2. The number of iterations within each temperature;
3. The cooling schedule;
4. The stopping criteria;
5. The neighbourhood definition.

Neighbourhood definition is a crucial aspect in a SA algo-
rithm. If too wide the optimization procedure might jump
from one region to another without the possibility of finding
an optimum design. When too narrow, then the search is
limited to a small region around the actual design and the
program may converge to a local optimum. In our appli-
cation the neighbourhood of the current load-displacement
curve is formed by all load-displacement curves whose
design forces lay within a specified interval. This interval
is defined based on two user defined parameters, the per-
turbation value 0 < p < 1 and the number of design
force values allowed to vary m(≤ n). Recall that “n” des-
ignates the total number of design forces. For a chosen
perturbation p the interval around design force Fi is defined
as 〈Fi − pFma/2; Fi + pFma/2〉, with obvious lower and
upper constraints at “0” and Fma , respectively.

This process is numerically implemented in the following
way:

1. At “m” random positions a random force value is
selected from the interval given above;

2. After the new force values are obtained they are ordered
in an increasing way, to satisfy the monotonicity
requirement.
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To analyze the final (“optimal”) solution efficiency, a com-
parison with the value obtained for the “reference design”
(defined in Section 2.4 and Fig. 4 dotted line) is performed.
Efficiency E is expressed as:

E = Oref − O f in

Ore f
, (9)

where O f in is the final design objective function value
and Oref is the value obtained for the reference design.
It is worthwhile to point out that it is impossible to apply
shooting method on the reference design, therefore, steady-
state solution can only be obtained by the “method of long
simulation”.

Additionally to assess the final (“optimal”) design relia-
bility a design “sensitivity” analysis is performed as follows.
A perturbation of the final design is imposed by a 1% design
point perturbation from its optimal value (same definition as
for the neighbourhood). One thousand perturbations with
randomly selected design points are evaluated and his-
tograms of the disturbances in the objective function value
are analyzed. The disturbance is defined as:

d = Opert − O f in

O f in
, (10)

where Opert stands for the objective function value of the
perturbed design.

Due to the complexity of the numerical tool developed,
it is impossible to draw clear conclusions from case stud-
ies that mix all the options available. Therefore, this paper
is restricted only to Voigt material model. Moreover, opti-
mization is restricted only to the total dynamic reaction, thus
αtr = αst = 1 and then dimensionless ||R|| = 1 can be
taken (see (2)). Further analyses involving other case studies
will be presented in subsequent works.

4 Results

In this section several case studies are analysed. They are
grouped in four subsections according to the load cases
introduced in Section 2.2 as: (i) single step load, (ii) set
of step loads, (iii) single step load with harmonic compo-
nent, and (iv) set of step loads with harmonic components
(compare with Fig. 2). First of all it is essential to intro-
duce realistic numerical input data namely for the definition
of the (1) load cases; (2) admissible load-deflection curves;
(3) values of damping coefficient and (4) parameters related
to the simulated annealing procedure.

According to data available for automotive applications,
step load value P0 can be assumed within the interval

〈500; 1500〉N, amplitude of the harmonic component P1

within the interval 〈100; 500〉N and the excitation frequen-
cies f are within 〈25; 250〉Hz, with ω = 2π f .

Values defining the load-displacement curve can be
extracted from the same applications as: uma = 10 mm,
Fma = 1,500 N, Kini = 100 kN/m and K̄ f in = 1M N/m,
thus giving Kref = 150 kN/m (see Fig. 4).

To complete the design space identification it is neces-
sary to specify the number of the design values, we chose
n = 30. It is moreover assumed that the mass of the object
to be isolated is M = 50 kg and the damping coefficient C
is taken from the interval 〈100; 400〉N.s/m. We recall that
C value is not object of optimization, therefore the selected
value is kept constant throughout the optimization. Also the
same C value is used in the reference design to obtain the
respective Oref .

Parameters introduced in the simulated annealing proce-
dure are the following: the initial temperature is chosen as
10% of the initial value of the cost functional. The number
of iterations at each temperature level is chosen as 500. 50%
decrease of the temperature is used for the cooling schedule.
Ten temperature levels are implemented.

Such a low number of temperature levels is related to
the fact, that from the sensitivity analysis of the results
obtained, the Metropolis criterion can “harm” in some cases
the final value of the objective function O f in . Therefore
the following strategy is adopted. First optimization run,
i.e. the first 10 temperature levels are done with a wider
neighbourhood definition (e.g. m = 10, p = 0.2) and ini-
tial load-displacement curve randomly generated. After that
the improvement in objective function is analysed. If the
improvement is not significant, then the optimization is run
again from the final design obtained and with all parame-
ters unchanged. If it is significant, then the final design is
refined on a tighter neighbourhood (m = 1, p = 0.1 or
less) with Metropolis criterion deactivated.

As usual, the algorithm can stop before completing the
cooling schedule, whenever the number of consecutive
failures reaches the user-input number.

4.1 Load case (i)—single step load

This load case corresponds to application of one step force
with total value P0. Within the admissible interval two par-
ticular values were selected: P0 = 1,000 N and P0 =
1,200 N. Regarding damping and to analyse its effect, three
values were chosen namely C = 400, 200 and 100 N.s/m,
yielding the total of 6 tested cases. Linear spline interpola-
tion was implemented in the load-displacement admissible
curves, because in this case there is no steady-state regime
and therefore the shooting method, requiring the derivative
continuity, is not implemented.
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Before the results discussion, one should analyze this
case in order to “guess” what to expect from the opti-
mization. Let us consider a mass M supported by a linear
spring of rigidity K and subjected to a step load. This case
has analytical solution and the maximum reaction doubles
the applied force at the same time as the maximum dis-
placement is reached. This is simply justified by energy
comparison:

0 = 1

2
K u2

max−P0umax ⇒ umax = 2P0

K
, Rmax = 2P0,

(11)

where umax and Rmax stand for the maximum displacement
and the maximum reaction. If damping is included, then the
reaction peak value decreases with increasing damping, and
it is reached sooner than the maximum displacement. Such
case has also analytical solution, (see e.g. Meirovitch 1975).
The lowest reaction peak is attained for the highest damp-
ing. This case will be in the supercritical damping regime,
when C ≥ Ccr = 2Mω0 = 2

√
K M . In our case, the vis-

cous damping coefficient C is a fixed parameter, thus the
rigidity must be decreased in order to achieve supercritical
damping conditions. Therefore from optimization one might
expect a plateau, in the load-displacement curve, at the value
of the applied force with displacements covering the full
plateau interval u(t) ∈ (0, uma) but not surpassing its limits.
On the other hand the perfect plateau is not possible because
the load-displacement curve in the design region must have
some rigidity to keep the displacement below uma , and thus
avoid reaction force peaks due to the higher final rigidity
K f in .

Adapting (11) to the nonlinear damped case, the maxi-
mum displacement is:

umax = 1

P0

umax∫

0

R (u) du. (12)

The integral in (12) corresponds to the integral of the load-
displacement curve plus the energy loss due to damping.
It is impossible to evaluate it before the analysis, but it
allows for estimates. The higher the damping coefficient,
the higher the energy loss and thus the load-displacement

Table 1 Summary of the optimization results: step force P0 =
1,000 N

C (N.s/m) O f in (N) Oref (N) E (%)

400 18.4 2,351 99

200 26.4 2,768 99

100 138.2 3,021 95

Table 2 Summary of the optimization results: step force P0 =
1,200 N

C (N.s/m) O f in (N) Oref (N) E (%)

400 22.4 3,258 99

200 37.2 3,716 99

100 187.0 3,960 95

curve rigidity can be lower. When damping is low, local-
ized high rigidity must be formed around the equilibrium
position to increase the energy loss in the region where the
velocity is highest.

Fig. 5 Total reaction of the reference (dotted line) and the optimized
designs (solid line) for P0 = 1,000 N and: a C = 400 N.s/m, b C =
200 N.s/m, c C = 100 N.s/m
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These predictions are confirmed by the optimization pro-
cedure. Tables 1 and 2 summarize the results obtained for
the two step force values, P0 = 1,000 N and P0 = 1,200 N
and the damping coefficient C = 400, 200 and 100 N.s/m.
Several optimization runs were performed for each of the
6 combinations. All of them gave approximately the same
final result. The best objective function value O f in is pre-
sented in Tables 1 and 2. This value is compared with the
reference case value Oref and the efficiency E is evaluated
according to (9).

As expected, the “optimum” objective function value
increases with decreasing damping. For the “optimal”
design the reaction peak practically disappears, (see Fig. 5).

Fig. 6 Displacement of the reference (dotted line) and the optimized
designs (solid line) for P0 = 1,000 N and: a C = 400 N.s/m, b C =
200 N.s/m, c C = 100 N.s/m

Fig. 7 Final design of the load-displacement curves (detail of the
plateau) with the equilibrium displacement designated by the verti-
cal line, step force P0 = 1,000 N (C = 400 N.s/m solid line, C =
200 N.s/m dashed line, C = 100 N.s/m dotted line)

The damping influence on the dynamic reaction and on
the displacement of the reference and optimized design is
easily seen in Figs. 5 and 6, by comparing the respective
(a), (b) and (c) figures.

Figures 7 and 8 compare the plateau in optimized designs
for the two examined step forces and different C values.
The equilibrium displacement is marked by a vertical line.
It corresponds to the final displacement value where the
vibration is attenuated. At this position static equilibrium
must be satisfied therefore the vertical line must cross the
load-displacement curve at the applied force level P0.

As indicated in Section 3 “optimal” design sensitivity
analyses were performed. Results of the disturbance defined
in (10) are shown in Fig. 9 for the step force P0 = 1,000 N
and three different values of the damping coefficient C . Dis-
turbance is expressed in % and only values below 150% are
shown, (the number of cases with values above this limit is
not significant). One thousand tests were run in each case.
Graphs in Fig. 9 show a regular pattern with around 50% of
the perturbed designs having an objective function increase

Fig. 8 Final design of the load-displacement curves (detail of the
plateau) with the equilibrium displacement designated by the verti-
cal line, step force P0 = 1,200 N (C = 400 N.s/m solid line, C =
200 N.s/m dashed line, C = 100 N.s/m dotted line)
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Fig. 9 Histogram of the disturbance value d defined by (10) for P0 =
1,000 N and: a C = 400 N.s/m, b C = 200 N.s/m, c C = 100 N.s/m

lower than 10%. From this analysis it is visible that the final
optimized design is relatively stable, because even 150%
increase in the optimized value means still efficiency around
of 98%, 98% and 89%, respectively for the three C values.

Table 3 Comparison Opl (objective function value for perfect plateau)
O f in (objective function value for “optimal design”) for P0 = 1,000 N

C (N.s/m) Opl (N) O f in (N)

400 31.7 18.4

200 303.0 26.4

100 941.8 138.2

Table 4 Comparison Opl (objective function value for perfect plateau)
O f in (objective function value for “optimal design”) for P0 = 1,200 N

C (N.s/m) Opl (N) O f in (N)

400 61.8 22.4

200 477.3 37.2

100 1,119.2 187.0

Histograms of the disturbance for the step force P0 =
1,200 N have a similar profile.

The next analysis confirms that the perfect plateau is
not an optimal design. Tables 3 and 4 compare the objec-
tive function final (“optimal”) value O f in (from Tables 1
and 2) with the respective value for the “perfect plateau
design” Opl .

The difference is caused by reaction peaks that occur
in the case of the perfect plateau when the displacement
falls beyond the admissible design interval (0, uma) and
“activates” the higher rigidity.

4.2 Load case (ii)—set of step loads

This load case corresponds to application of several step
loads, weighted by a probability of occurrence λ (com-
pare with (4)). For comparison purposes, two single step
loads analysed in the previous section (P0,1 = 1,000 N and
P0,2 = 1,200 N) are assumed to occur with the same prob-
ability λ1 = λ2 = 0.5. Regarding the damping coefficient,
as in the previous sections, three values were considered as
C = 400, 200 and 100 N.s/m.

Results are summarized in Table 5. The total values of the
objective function as well as the weighted contributions of
each single load are presented. The best value obtained O f in

is compared with the reference case (Oref ) and efficiency
E is calculated according to (9). Significant improvement is
verified.

It is useful to evaluate the overall performance of the opti-
mization procedure. For this it is clear that the weighted sum

Table 5 Summary of the optimization results of the load case (ii)

C (N.s/m) O f in (N) Oref (N) E (%)

400 O 220.2 2,804 92

λ1 O1 73.0 1,175 94

λ2 O2 147.2 1,629 91

200 O 358.1 3,242 89

λ1 O1 147.0 1,384 89

λ2 O2 211.0 1,858 89

100 O 547.8 3,490 84

λ1 O1 209.1 1,510 86

λ2 O2 338.7 1,980 83
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Table 6 Comparison according
to (13) C O f in = λ1 O1 + λ2 O2 λ1 O1 f in + λ2 O2 f in O1 f in (N) O2 f in (N)

(N.s/m) (N) (N) P0,1 = 1,000 N P0,2 = 1,200 N

400 220.2 20.4 18.4 22.4

200 358.1 31.8 26.4 37.2

100 547.4 162.6 138.2 187.0

of objective function final values, obtained for each load
considered individually, is a lower bound to the final objec-
tive function obtained for the load case corresponding to the
weighted sum of the single loads, O f in . In our case this
implies,

O f in = λ1 O1 + λ2 O2 ≥ λ1 O1 f in + λ2 O2 f in . (13)

Values O1 f in and O2 f in can be obtained from Tables 1
and 2, because they correspond to the load case (i) optimiza-
tion. The “gap” in inequality (13) gives useful information
about optimization procedure global efficiency. The values
attained are shown in Table 6.

It is seen that the inequality gap is very large. This
means that the plateau formation at the respective equi-
librium force levels is not assured. The reason is that the
“optimal” design for each load, individually considered,
gives a long plateau, practically covering fully the design
domain. When there are two different applied forces, this
is obviously not reasonable. There is a slightly noticeable
plateau at the lower force level P0,1 = 1,000 N, but then the
spring needs to accumulate sufficient strain energy to avoid
the rigidity increase outside the designable domain. Thus
the second plateau is significantly higher than the second
applied step force P0,2 = 1,200 N worsening the system
performance. For more step loads the situation is generally
worse with less efficient final designs. On the other hand

Fig. 10 Final designs of the load-displacement curves with the equi-
librium displacement designated by the vertical line for three different
damping coefficients C = 400, 200, 100 N.s/m represented by solid,
dashed and dotted line, respectively

this lower effectiveness implies lesser sensitivity. There-
fore histograms of the disturbance do not show such large
discrepancy as in load case (i).

Fig. 11 Total reaction of the reference (dotted line for P0,1 and dashed
line for P0,2) and the optimized designs (solid line for P0,1 and dash-
dotted line for P0,2): a C = 400 N.s/m, b C = 200 N.s/m, c C =
100 N.s/m
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Optimised load-displacement curves are shown in
Fig. 10.

Comparison of the dynamic reaction and of the displace-
ment is shown in Figs. 11 and 12, respectively. Histograms
of the disturbance are reported in Fig. 13.

4.3 Load case (iii)—single step load with harmonic
component

This load case considers one step force with one harmonic
component, thus the loading function can be written as

Fig. 12 Displacement of the reference (dotted line for P0,1 and dashed
line for P0,2) and the optimized designs (solid line for P0,1 and dash-
dotted line for P0,2): a C = 400 N.s/m, b C = 200 N.s/m, c) C =
100 N.s/m

Fig. 13 Histogram of the disturbance value d defined by (10) for:
a C = 400 N.s/m, b C = 200 N.s/m, c C = 100 N.s/m

P0 + P1sin(ωt + ϕ) (see Fig. 2). For the sake of simplicity
it is assumed ϕ = 0. Numerical values were selected within
the admissible intervals as P0 = 1,000 N, P1 = 500 N
and ω = 300 rad/s = 47.7 Hz. Regarding the damping
coefficient, and following the previous load cases studies
(see previous sections), three values were considered as
C = 400, 200 and 100 N.s/m. Cubic Hermite interpola-
tion was implemented in the load-displacement admissible
curves, because in this case the shooting method might be
necessary to obtain the steady-state response. Conversely
the reference design, used for comparison, does not have
continuous derivatives (see Fig. 4) and thus the respective
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Fig. 14 a Transmissibility versus the natural frequency for excitation frequency f = 50 Hz (solid line) and f = 100 Hz (dashed line); b Trans-
missibility versus excitation frequency according to (15) for different values of C = 100 N.s/m (full line), 200 N.s/m (dashed line) and 400 N.s/m
(dotted line), respectively

steady state solution had to be obtained by the method of
long simulation.

The objective function (1) can now account for regimes,
transient and steady-state one. In order to observe the effect
of each of them, cases with γtr = 0, γst = 1 and γtr = 0.5,
γst = 0.5 will be analyzed in this section.

In the first case, i.e. when γtr = 0 and γst = 1, the
problem reduces to the minimization of transmissibility as
justified in Section 2.3. Adopting dimensionless ||R|| = 1
as stated in Section 3, one gets O = 2P0 T , where T is
the transmissibility. As in Section 4.1 we will first analyze
what result should be expected from the optimization. In the
linear case the transmissibility T can be expressed as:

T =
√
√
√
√ ω4

0 + ( C
M

)2
ω2

(
ω2

0 − ω2
)2 + ( C

M

)2
ω2

, (14)

where ω stands for the frequency of the excitation force and
ω0 for the natural frequency of the system. In general trans-
missibility is plotted with respect to the force frequency.
But in our case ω is fixed and the spring rigidity (governing
the natural frequency) is the design variable. Therefore the
graph of transmissibility with respect to natural frequency
will indicate the expected optimization result. This graph
is shown in Fig. 14a) for f = 50 Hz and f = 100 Hz,
corresponding to ω = 314 rad/s and ω = 628 rad/s.

Here it is seen that the transmissibility achieves its low-
est value when the natural frequency goes to zero. Therefore
the optimised load-displacement curve will tend to a curve
with a plateau at the equilibrium force P0, like for load

case (1), but here the plateau will be developed only within
the steady-state displacement range.

Introducing ω0 = 0 into (14), one gets:

T = C
√

(Mω)2 + C2
. (15)

Then the graph of the transmissibility versus the force fre-
quency, for the different C values used in examples, is
shown in Fig. 14b). From this graph one can see that the
transmissibility values are very low and that they increase
with increasing damping. Low values of transmissibility
will imply a very narrow steady-state displacement range
and therefore very short plateaus.

The optimised results confirmed all these predictions.
In all studied cases the plateau was easily formed and the
objective function achieved the analytically predicted lowest
value.

Results are summarized in Table 7. The best objective
function is again compared with the reference case Oref and
with the analytical value Oanl = 2P0T , where T is defined
by (15).

Final design load-displacement curves are shown in
Fig. 15.

Table 7 Summary of the optimization analysis for the load case (iii)

C (N.s/m) O f in (N) Oanl (N) Oref (N) E (%)

400 26.66 26.66 43.86 39

200 13.34 13.33 36.07 63

100 6.67 6.67 34.95 81
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Fig. 15 Final design of the load-displacement curves (detail of the
plateaus) with the range of steady-state displacements designated by
two vertical lines, step force P0 = 1,000 N and harmonic contribution
P1 = 500 N, ω = 300 rad/s (C = 400 N.s/m solid line, C = 200 N.s/m
dashed line, C = 100 N.s/m dotted line, γtr = 0 and γst = 1)

Objective function values are very stable in all these
cases, because significant part of the load-displacement
curve does not influence the total dynamic reaction in the
steady-state regime. This also justifies quite a low efficiency
E . Final results are very reliable and the sensitivity analy-
sis showed that practically all disturbed designs Opert are
within 10% range, therefore the respective histograms are
not shown.

However, all these cases show a very high reaction peak
in the transient part. To neutralize this, optimization was
performed assuming now contribution form both regimens
i.e. γtr = 0.5 and γst = 0.5. As expected, the optimized
solution is now very similar to the one obtained for load case
(1). Plateau is formed at the equilibrium force level, because
both regimens require it. The objective function part cor-
responding to the steady-state regime achieves again the
analytically lowest value. Results are summarized in Table 8
and Fig. 16.

Here we note again that final results are very reliable and
the sensitivity analysis showed that practically all disturbed

Table 8 Summary of the optimization: step force P0 = 1,000 N and
harmonic contribution P1 = 500 N, ω = 300 rad/s, γtr = 0.5 and
γst = 0.5

C (N.s/m) O f in (N) Oref (N) E (%)

400 O 45.4 1,167 96

γ tr Atr 32.1 1,145 97

γ st Ast 13.3 22 39

200 O 83.8 1,350 94

γ tr Atr 77.1 1,332 89

γ st Ast 6.7 18 63

100 O 282.0 1,471 81

γ tr Atr 278.6 1,453 62

γ st Ast 3.4 17 80

Fig. 16 Final design of the load-displacement curves (detail of the
plateaus) with the range of steady-state displacements designated by
two vertical lines, step force P0 = 1,000 N and harmonic contribution
P1 = 500 N, ω = 300 rad/s (C = 400 N.s/m solid line, C = 200 N.s/m
dashed line, C = 100 N.s/m dotted line, γtr = 0.5 and γst = 0.5)

designs Opert are within 10% range, therefore the respective
histograms are not shown.

4.4 Load case (iv)—set of step loads with harmonic
components

This load case corresponds to the situation where the
structure is designed to withstand several step loads with
harmonic components, not simultaneously applied.

Four step forces with superimposed a harmonic compo-
nent are considered: namely the step loads P0,1 = 600 N,
P0,2 = 800 N, P0,3 = 1,000 N, P0,4 = 1,200 N and the
respective harmonic forces P1,1 = 600 N, P1,2 = 500 N,
P1,3 = 400 N, P1,4 = 300 N. The respective harmonic
component frequency are, ω1 = 191.0 Hz, ω2 = 143.2 Hz,

Table 9 Summary of the optimization results of the load case (iv)

C (N.s/m) Step O f in (N) Oanl (N) Oref (N) E (%)

400 O 10.89 10.89 14.3 23.8

λ1 O1 2.00 2.00 2.11 5.0

λ2 O2 2.22 2.22 2.44 9.1

λ3 O3 2.67 2.67 3.18 16.1

λ4 O4 4.00 4.00 6.58 39.2

200 O 5.45 5.44 10.25 46.8

λ1 O1 1.00 1.00 1.19 16.1

λ2 O2 1.11 1.11 1.48 24.9

λ3 O3 1.34 1.33 2.17 38.4

λ4 O4 2.00 2.00 5.41 63.0

100 O 2.72 2.72 8.90 69.7

λ1 O1 0.50 0.50 0.81 38.0

λ2 O2 0.56 0.56 1.09 49.1

λ3 O3 0.67 0.67 1.86 64.1

λ4 O4 1.00 1.00 5.24 80.9
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Fig. 17 Final design of the load-displacement curves (detail of the
plateaus) with the range of steady-state displacements designated by
two vertical lines, load case (4) (C = 400 N.s/m solid line, C =
200 N.s/m dashed line, C= 100 N.s/m dotted line, γtr = 0 and
γst = 1)

ω3 = 95.5 Hz and ω4 = 47.7 Hz. The phase angle is zero
in all cases. Probability of occurrence is assumed equal,
λ1 = λ2 = λ3 = λ4 = 0.25. The cost function O is
then defined according to (4) adding the contribution of each
partial value Oi , i = 1, . . . , 4. In this example only the
steady state contribution is considered, so we set γtr = 0
and γst = 1. Results are summarized in Table 9.

It is interesting here to note the fairly even contribution
of each individual force (see the different λi Oi values) and
the agreement between the analytical solution Oanl and the
final (“optimal”) one O f in .

Optimized load-displacement curves are shown in
Fig. 17. It can be concluded that plateau formation at the
respective forces levels is easily realized because the respec-
tive steady-state displacement range is very small and thus
the plateaus do not obstruct each other. Final design is
also very reliable and the sensitivity analysis showed that
practically all disturbed designs Opert are within a 10%
range.

5 Conclusions

The model described in this work, even though one dimen-
sional, captures well the mechanical problem and the main
issues that should be tackled in passive vibration control.
Due to the diversity of loads that this type of systems are
subjected the optimization criterion implemented is quite
general. Depending on the situation it may include tran-
sient and steady state contributions and different loads not
simultaneously applied.

From the results obtained it is apparent that optimal
behaviour can be achieved, however it is also evident that
the optimal solution is highly dependent on the problem
data, namely applied forces and constraints. Thus a precise

definition of existing forces and design constraints is crucial
for its success in practical applications. Evidently, optimal
design obtained for a particular loading set-up may not be
efficient for another one. Nevertheless, the computational
tool is quite efficient, depending on the example results
were obtained within 10 min to 3 h on a 2 GB RAM portable
Intel Core Duo T7500 PC, therefore it is worthwhile to
use it for obtaining general ideas and guidelines about the
non-linear load-displacement curve optimal shape.

Once the optimal load-displacement curve(s) is identified
future research will be directed to the design of cellu-
lar and/or composite viscoelastic materials achieving this
behaviour(s). This application will have a direct and imme-
diate impact on product design and development, especially
in the design of new mechanical components such as engine
mounts and /or suspension systems.

Acknowledgement Support from Grant PTDC/EME-PME/67658/
2006: “Design of cellular elastomeric materials for passive vibration
control” FCT-PORTUGAL, is gratefully acknowledged.

Appendix A

An efficient numerical iterative method, which can be used
to determine the steady-state part of the system response, is
presented. The method is known as the Shooting Method
(see Jirásek 1988) where it is presented for nonlinear
undamped second order equation). It also performs well in
dynamically unstable systems, where several periodic solu-
tions may exist. When the dynamic response is chaotic, the
method diverges.

The Shooting Method requires rewriting (7) as a system:

ẋ1 (t) = x2 (t)

ẋ2 (t) = (−F (x1 (t)) − Cx2 (t) + P (t)) /M , (16)

with x1(t) = u(t) and x2 (t) = ·
u (t).

Let the period of the steady-state regime be T . In
compact form the system (16) can be written as:

·
x (t) = f (x (t) , t) (17)

with the initial condition
·
x (0) = x0.

The shooting function h is defined as a mapping, which
attributes to each initial state x0 the system state at the time,
which corresponds to the known period T :

h : �2 → �2

h (x0) = xT . (18)

The objective is to find the fixed point of the shooting func-
tion, h (xF ) = xF , i.e. to find the initial conditions xF

ensuring that the solution is periodic with the period T .
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If x0 is an initial choice of initial conditions, then the
solution xF can be found by an iterative procedure based on
the Newton–Raphson method as:

xn+1 = xn +
(

I − ∂h
∂x

(xn)

)−1

· (h (xn) − xn) , (19)

where n = 0, 1, 2, . . . and I is the 2 × 2 unit matrix.
The crucial point in this process is to obtain for each

iteration (xn) the Jacobian matrix of the shooting function

hi, j (xn) = ∂hi

∂x j
(xn) i, j = 1, 2. (20)

In Jirásek (1988) it is proven that these derivatives corre-
spond to the solution of the linearized homogeneous system,
expressed at the value of the solution of the current iter-
ation, with the initial conditions in the form of the base
vectors. To justify this, let the initial conditions be chosen as
x(0) = p. Then the solution of the system (16) with these
initial conditions can be designated as r(p, t). Therefore
from (17):

r (p, 0) = p, ∀p ∈ �2

∂r
∂t

(p, t) = f (r (p, t) , t) , ∀p ∈ �2, ∀t ∈ �+
0 (21)

Integrating (21) one obtains:

r (p, t) = p +
∫ t

0
f (r (p, τ ) , τ ) dτ , ∀p ∈ �2, ∀t ∈ �+

0 .

(22)

Now the shooting function can be written as:

h (p) = r (p, T ) . (23)

Thus,

h (p) = p +
∫ T

0
f (r (p, τ ) , τ ) dτ (24)

and now the Jacobian matrix can be calculated. Derivative
evaluation at the fixed boundary conditions p = x0, gives,

∂h
∂p

(x0) = ∂r
∂p

(x0, T )

= I +
∫ T

0

∂f
∂x

(r (x0, τ ) , τ )
∂r
∂p

(x0, τ ) dτ (25)

Thus we can define the Jacobian matrix function H(t),

H (t) = I +
∫ t

0

∂f
∂r

(r (x0, τ ) , τ )
∂r
∂p

(x0, τ ) dτ , (26)

and by differentiation one gets,

Ḣ (t) = ∂f
∂x

(r (x0, t) , t) H (t) ,

H (0) = I. (27)

From (27) we conclude that the shooting function
Jacobian matrix, for each iteration, corresponds to the solu-
tion of a new linearized system, in which the coefficients
are obtained from the original system by differentiation and
substitution of the previous solution.

We have tested the methodology also in the case of the
standard material model. Then the system must be written
in the form:

ẋ1 (t) = x2 (t) ,

ẋ2 (t) = (−F1 (x1 (t)) − F2 (x3 (t)) + P (t)) /M,

ẋ3 (t) = x2 (t) − F2 (x3 (t)) /C, (28)

where x1(t) = u1(t), x2 (t) = u̇1 (t), x3(t) = u2(t).
It is also possible to extend the methodology to the com-

plex domain, where the Jacobian matrix has dimensions
4×4, because it is necessary to deal separately with the real
and the imaginary parts of the displacement and velocity.

Here it is important to mention that derivative continu-
ity requires the spline Hermite interpolation to approximate
load-displacement curve.
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