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Resumo

O estudo de ondas gravitacionais apresenta uma oportunidade sem precedentes para a exploração

cósmica, com o lançamento futuro da missão Laser Interferometer Space Antenna (LISA) prestes a

revolucionar a nossa compreensão do universo. A investigação realizada nesta dissertação examina o

uso de um detector de ondas gravitacionais no contexto da ciência planetária, focando particularmente

na utilização dos dados recolhidos pela missão LISA para a deteção de asteroı́des nas proximidades

da Terra (NEAs). Pretende-se compreender quais as variáveis que podem influenciar a deteção de

um asteróide, qual a probabilidade de deteção dos mesmos e com que precisão podem-se extrair os

seus elementos orbitais e propriedades fı́sicas, como a massa. Utilizando metodologias como modelos

teóricos, simulações numéricas e análises estatı́sticas, bem como técnicas suportadas pela Informação

de Fisher, o trabalho revela resultados intrigantes. Obtém-se uma probabilidade não infinitesimal de

deteção de NEAs pela missão LISA, particularmente para objetos maiores e aqueles em proximidade

orbital mais próxima. A técnica da Informação de Fisher fornece estimativas robustas da incerteza nas

propriedades dos NEAs derivadas de observações do LISA, sublinhando o potencial da astronomia

de ondas gravitacionais na defesa planetária e na exploração. Os resultados obtidos abrem caminho

para futuras investigações destinadas a refinar as probabilidades de deteção, eliminar algumas das

hipóteses feitas e metodologias de extração de parâmetros.

Palavras-chave: LISA, NEAs, detecção, probabilidade, massa
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Abstract

Gravitational wave astronomy presents an unparalleled opportunity for cosmic exploration, with the

imminent launch of the Laser Interferometer Space Antenna (LISA) poised to revolutionize our under-

standing of the universe.

This work examines the use of gravitational wave astronomy in the planetary science context, partic-

ularly focusing on leveraging LISA data for the detection of Near-Earth Asteroids (NEAs). It addresses

key questions such as which variables can influence the detection, what is the detection probability for

a certain asteroid and which what precision can we be able to extract its orbital elements and physical

properties such as the mass.

Employing a comprehensive methodology encompassing theoretical modeling, numerical simula-

tions, and statistical analyses and Fisher Information techniques, the study uncovers significant insights.

By examining factors influencing NEA detectability and employing statistical approaches to estimate

detection probabilities under different scenarios, the research unveils insightful trends, indicating a like-

lihood of NEA detection by LISA, particularly for larger objects and those in closer orbital proximity.

However, precise models of asteroid mass probability distributions are deemed necessary for more

accurate predictions. Fisher Information techniques provide robust estimates of uncertainty in NEA

properties derived from LISA observations, underscoring the potential of gravitational wave astronomy

in planetary defense and exploration. The obtained insights provide the way for future research aimed

at refining detection probabilities, eliminating some of the hypotheses made and parameter extraction

methodologies.

Keywords: LISA, NEAs, detection, probability, mass
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Chapter 1

Introduction

1.1 Objectives

The objective of this work is to assess new techniques to measure the physical properties of Near

Earth Asteroids and to support current methods used in their orbit determination. The assessment is

focused on the feasibility to use the Laser Interferometer Space Antenna constellation for the detection

of gravitational waves produced by Near Earth Asteroids when approaching the spacecraft, using the

measured signal to extract some of the features of the asteroids, in particular its mass.

Near-Earth Asteroids are of scientific importance due to their participation in the solar system forma-

tion process. All the information that can be captured from them helps to be a step closer to understand

the formation of the Solar System and answer fundamental questions.

1.2 Context

1.2.1 Gravitational Waves

In 1915, Albert Einstein published his theory of General Relativity [1] determining that massive ob-

jects are capable of warping the fabric of space-time, a distortion that manifests itself as gravity. He

showed that if these massive objects are moving and accelerating, they are able to create ripples in the

space time that would propagate in all directions away from the sources. [2, 3] These ripples are called

Gravitational Waves (GW).

It was only in 2015 that the existence of GWs was confirmed by the National Science Foundation’s

Laser Interferometer Gravitational-Wave Observatory (LIGO). The observatory was able to sense the

disruptions of the space-time caused by two merging black holes nearly 1.3 billion light years away.

This event was very important in the scientific community as it opened the door to study a new world.

Historically speaking, the way to study the universe always relied on electromagnetic radiation in its all

kind of forms. Nevertheless, gravitational waves provide an independent and distinct way to get answers
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for the fundamental questions. They allow us to detect vibrations coming from the farthest reaches of the

cosmos from sources like supernova, pulsars, merging black holes, binary systems and so on. Besides,

opposite to electromagnetic radiation, gravitational waves interact very little with matter, meaning they

will travel unimpeded throughout the Universe, carrying undisturbed information about their sources. [4]

1.2.2 LISA Mission

The Laser Interferometer Space Antenna (LISA) is a future constellation composed by three satellites

and will be the first dedicated space-based gravitational wave observatory, a mission led by the Euro-

pean Space Agency (ESA) with contributions from the National Aeronautics and Space Administration

(NASA). The launch date is expected to be in 2035 with a lifetime of four years and a possible six years

extension. [5]

LISA will be the first space-borne mission probing the entire history of the Universe using gravita-

tional waves. The LISA constellation will fly in a triangular formation in an heliocentric orbit similar to

the Earth orbit and will perform precise laser interferometry over an armlength of 2.5 million km. Gravi-

tational waves modulate the frequency of the light used to measure the distance. These variations can

be measured and used to detect them. For such, the constellation will lie on a plane in a triangular

formation, inclined 60◦ to the ecliptic and with the center of the triangle lying in an Earth similar orbit,

forming an heliocentric angle of 19◦ − 23◦ with the Earth. The triangle rotates around its center and,

each 120◦, the spacecrafts return to their initial configuration in the triangle [6]. An illustration of the LISA

constellation orbit and respective motion can be seen in Figure 1.1.

Figure 1.1: Illustration of geometry for LISA orbit [6]. The LISA constellation is composed by three
spacecrafts (dark dots) performing precise laser interferometer with a armlength of 2.5 million km (red
lines). It is located at 19◦ − 23◦ behind the Earth orbit around the Sun. The constellation’s plane is
inclined at 60◦ compared to the Earth’s orbit plane.
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Some of the Scientific Objectives of the mission include [5]:

• Study the formation and evolution of Compact Binary Stars in the Milky Way galaxy.

• Trace the history of Massive Black Holes throughout the Cosmic Ages.

• Explore the fundamental Nature of Gravity and Black Holes.

• Probe the Expansion Rate of the Universe.

• Search for gravitational wave bursts and unforeseen sources.

As gravitational waves cause ripples in the space-time, measuring the change in the distance of

spatially separated objects is a common concept for measuring the effect of gravitational waves. Thus,

in order to perform such measurements, each spacecraft is equipped with two test masses kept in

free fall acting as reference points for interferometric measurements of the inter-spacecraft distance.

This drag-free principle allows to get rid of external noise on the measurements such as perturbations

generated from radiation pressure from the Sun. The test masses are put inside cavities in vacuum on

each spacecraft, so that they are only subjected to gravity. [6]

The sensitivity of those interferometric measurements is measured through the Characteristic Strain:

an average of a frequency dependent power produced by the signal of the gravitational waves. It is a

quantity designed to allow to compare the signal of the GW sources described in the frequency domain

to the sensitivity of the instruments i.e, their internal noises which can be seen as waves of a certain

amplitude in the frequency domain too. By using the characteristic strain, this direct comparison between

sources and noise used to assess the possibility of detection can be directly visualized in graphs such

the one presented in Figure 1.2. Here, the characteristic strains for the expected noise and some of

the supposedly detectable sources are shown. The sensitivity curve, meaning a minimum threshold for

detection for the LISA constellation is displayed with and without galactic background noise in green and

dotted black, respectively. Everything above these lines is detectable. Several sources, part of LISA

detection objectives, are displayed. [7]

The LISA Mission was created to probe gravitational waves from massive black hole coalescence

within a vast cosmic volume encompassing all ages, from cosmic dawn to the present, across the epochs

of the earliest quasars and of the rise of galaxy structure. The events probed need to be massive since

the gravitational force is a very weak force compared to others. Nevertheless, it allows to detect far

away sources compared to the other forces since the amplitude decay of the waves is proportional to

the inverse of distance and not square of distance. Yet, nothing is said about detecting sources such as

near passing by asteroids. If asteroids pass close enough, they may be able to attract the test masses

producing a gravitational effect, thus creating noise in the datastream of the interferometers of LISA.

This effect is not like the gravitational waves coming from the massive sources, as it doesn’t contain as

nearly the same intensity nor the same profile. Signals of black holes merging, for instance, are usually

chirps [8]. Asteroids generate a profile compared to a lump as we will see later on. Notwithstanding, this

gravitational effect can be seen as a signal in the perspective of the detection of asteroids.
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Figure 1.2: LISA sensitivity and some example of GW sources in its frequency range [6]. The green
line represents the sensitivity of the LISA constellation due to internal noises while the dotted black
line adds up the contribution of the galactic background or foreground which acts as external noise to
the measurements done to the spacecraft. In this graph, everything above the black sensitivity line
is detectable. Several sources are displayed such as Massive Blackholes Binaries (MBHBs), Blackhole
Binaries (BHBs), Verification Binaries, Extreme Mass Ratio Inspiral (EMRI) Harmonics, Galactic Binaries
and so on.

1.2.3 Near-Earth Asteroids

Near-Earth Asteroids (NEAs) are asteroids situated close to Earth due to the gravitational attraction

of nearby planets that put them into their current orbits. They are seen as remnant debris from the Solar

System’s formation process, 4.6 billion1 years ago. NEAs are divided into different groups (Atira, Aten,

Apollo and Amor) according to their perihelion distance, q, aphelion distance, Q, and semi-major axes,

a as shown in Figure 1.3.

Figure 1.3: Types of near-Earth asteroids. Adapted from [9]

1It corresponds to 109 years.
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The scientific interest on these objects is largely due to the fact that they remain nearly unchanged

throughout the years. So, they can be seen as the leftovers of the initial birth of the solar system and

be studied to understand more about our primordial universe. Moreover, NEAs can be dangerous if not

detected. Due to their proximity to the Earth, they can endanger the humanity if they fall into our planet,

so their detection and surveillance is crucial. The asteroids posing a major risk for close encounters with

the Earth are called Potentially Hazardous Asteroids (PHA). Until now, more than 32000 NEAs have

been found as displayed in Figure 1.4, from which 1596 are considered PHA. [10]

Figure 1.4: NEAs discoveries throughout the years [10]. This graph displays the total cumulative number
of discovered NEAs starting on 1900 until today, with cumulative curves for different diameters ranges.

The early efforts to discover NEAs relied upon the comparison of observations of the same region

of the sky taken several minutes apart. Stars and galaxies were used as fixed elements to calibrate the

observations. Although the technology used evolved throughout the years, currently the same detection

techniques depend on the same principle and can be quite inaccurate still. [9]

The discovery of all NEAs and improvement in the technologies of detection becomes, then, very im-

portant because if such an object collides with Earth the consequences will be catastrophic. Therefore,

if it is possible to predict that there will be a collision, it may be possible to divert the asteroid so that it

misses Earth. The earlier the prediction, the more likely that a diversion is possible and successful. As

a consequence, with this work we intend to contribute to such methods of detection.
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1.3 State of the Art

1.3.1 NEAs Detection

Traditionally, asteroids are detected with the help of observations done by ground-based telescopes

or space-born observatories. The problem of determination of orbital elements from observations was

firstly tackled by Carl Friedrich Gauss in 1809 [11] using a method with two steps: determination of a

preliminary orbit and using the least squares method for its correction. The heliocentric motion of the as-

teroids is inverted from observations. These observations usually comprise a set of right ascensions and

declinations but also sometimes other types of data, such as radar time delay and Doppler astrometry.

Since then, the methods for orbit determination evolved including new statistical approaches to deal with

the uncertainty and observation errors which impact the prediction of their motion. Even space-borne

missions like Gaia from ESA were able to perform observations of small bodies in the Solar System,

collecting more than a million of measurements of thousands of transiting bodies [12]. Computer-based

iterative orbit-estimation methods also have made it possible to accelerate the exploration of the potential

solution space for the inversion problem [13].

Nowadays, using observational data for orbit determination is extended to orbital propagation via the

computation of ephemerides, i.e., positions and motion of celestial bodies at certain times. By calculating

an asteroid ephemeris, we can prepare observation programs, cross-match or identify a known asteroid,

predict stellar occulations and even try to perform rendez-vous with the asteroid. Current methods have

evolved to have an accuracy up to a few tenths of arcseconds. [14]

Although the asteroid ephemerides are quite precise for the vast majority of asteroids due to large

amount of observations collected, the same cannot be said for their physical properties. Physical prop-

erties are not measured easily. The mass of an asteroid is determined using typically four methods.

These methods include orbit deflection during close encounters which results on a gravitational pull

from which the mass can be deduced [15, 16]. There is also planetary ephemerides which takes into

account several asteroids to describe and predict the position of planets [17, 18]. Spacecraft tracking

uses the Doppler shifts of the deflected radio signals sent by the spacecraft when passing by an asteroid

to be able to determine its properties [19, 20]. Finally, orbital imaging can allow to derive the mass using

Kepler’s third law [21, 22]. From these methods, we can have an accuracy ranging of a couple percent

for the most precise technique (only applicable to a couple of asteroids) to up to values exceeding the

100% for the most inaccurate (applicable to the vast majority) [23]. Diameter measurements are as-

sessed from also four techniques: estimation from the absolute magnitude [24], thermal modeling using

mid-infrared radiometry [25, 26], direct observation from stellar occultation [27, 28] and using synthetic

models [29]. As the mass measurements, these methods can have an accuracy ranging from a few

percent up to uncertainties in the order of 50%. Finally, measurements on the composition are also not

very accurate either, relying on models or direct measurements on the previous physical properties. In

fact, the uncertainty on the composition can be far greater than 200%. [30]
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1.3.2 Gravitational Waves Detection

Interferometry is the common approach chosen to detect gravitational waves. The technique is used

in several observatories around the world including the Advanced Virgo in Italy, GEO600 in Germany,

LIGO in the United States of America and Large-scale Cryogenic Gravitational wave Telescope (LCGT)

in Japan [31]. The limits to the sensitivity of this technique depend on two factors: the ability to measure

the phase difference of the returning light in a precise way and the dampening on the noise caused

by external forces acting on the mirrors/test masses. The detection itself is bounded by the Poisson

statistics of the laser light, which leads to uncertainty on the measurements. On the other hand, the

external noises include the seismic noise produced by Earth’s seismic activity, wind-induced ground

motion and disturbances in the infrastructure, thermal noise from the components closer to the detector

and newtonian background due to the gravitational pulls of the sources around the detector. [32]

In contrast to ground-based gravitational wave detectors that have a typical sensitivity in the range

from 1Hz to 1 kHz [33], the sensitivity for LISA stretches between 0.1 mHz and 0.1 Hz [6], accessing

a frequency window that is inaccessible to ground-based detectors due to the external noises (present

on the ground but non-existent in space). The LISA technology has been demonstrated by the LISA

Pathfinder mission launched in 2015. Its performance goals included the pure gravitational free fall of

the test masses to one order of magnitude of the LISA mission requirements, the demonstration of

the laser interferometry with free-falling mirrors and assess the lifetime and reliability of the different

apparatus in space [34]. The results obtained indicated that the performance of the interferometer of

the LISA Pathfinder mission was better than intended and, when corrected for expected noises due to

the sensing equipment and motion of the spacecraft, the performances would be better than the ones

required by the LISA mission itself. [35]

While the LISA mission is designed to detect Gravitational Waves from massive sources, there is a

first preliminary study to use interferometry to detect asteroids. The perturbation caused on the space-

crafts due to a close approach is assessed making some hypothesis: the asteroids are not massive

enough to disturb the full constellation at the same time and the close encounters do not affect the ge-

ometry of the constellation. Additionally, it is assumed that the trajectory of the asteroid can be seen

as a straight line in a reference frame where the spacecraft is at rest. The results obtained link some

physical properties and characteristic motions to a potential detection. [36]
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1.4 Thesis Overview

Gravitational waves have opened up unprecedented opportunities for exploring the cosmos. LISA

poised to launch in the near future, promises to revolutionize our understanding of the universe. This

research investigates the intersection of gravitational wave astronomy and planetary science, particularly

focusing on the detection of NEAs using the LISA mission. We address several research questions:

• Can gravitational waves detected by LISA be utilized to identify and track NEAs passing through

the inner solar system?

• What is the probability of detecting NEAs using gravitational wave signatures, considering various

factors such as their size, distance, and orbital parameters?

• How can uncertainties in the orbital elements and mass of detected NEAs be quantified, given the

inherent limitations of gravitational wave measurements?

To answer these questions, this work employs a combination of theoretical modeling for the motion

of the LISA constellation and asteroids themselves, numerical simulations for the close approaches,

signals and noises making them as realistic as possible, and statistical analyses to investigate the de-

tectability and characterization of the uncertainties of the measurements of NEAs through gravitational

wave observations. A fictitious population was used to eliminate the observation bias of the current

observed NEA population.

We start by initially examine the factors influencing the detectability of the NEA. Then, statistical ap-

proaches are utilized to estimate the probability of NEA detection by LISA assuming any launch date in

two scenarios: for any asteroid having a fixed shape and size, the minimum close approach possible,

but freedom on the spatial orbital orientation; and for any asteroid having a completely fixed orbit but

more freedom in the close approach. Additionally, Fisher information techniques are applied to assess

uncertainties in the orbital elements and mass of detected NEAs. Finally, the obtained results empha-

size the potential of gravitational wave astronomy, particularly through LISA, in augmenting traditional

methods for NEA detection and characterization.
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Chapter 2

Scientific Background

In this Chapter, the necessary knowledge to be able to construct a simulation is provided to the

reader. The relevant orbital mechanics notions, physical properties of asteroids and the concepts of

signal processing and analysis are presented. Lastly, everything is put together and an example is

provided.

2.1 Orbital Mechanics

2.1.1 Coordinate System

In order to study the the motion of asteroids and the LISA spacecraft, a coordinate system is needed.

The Heliocentric Ecliptic coordinate system is a celestial coordinate system commonly used for repre-

senting the apparent positions, orbits, and pole orientations of the Solar System objects. This reference

frame is quite useful as it is an inertial reference frame, meaning, there is no rotation with respect to the

stars or no accelerating origin [37] . Due to this, we select it as the coordinate system to be used for the

simulations.

2.1.2 Classical Orbital Elements

In this work, the trajectories of the asteroids and LISA spacecraft are defined as Keplerian orbits.

As such, we use the orbital elements (a, e, i, Ω, ω, M) to define their geometry as well as movement

of the bodies [38]. The classical orbital elements traditionally use the true anomaly θ, corresponding to

the angular position compared to the perihelion. In this work, the mean anomaly, M , was chosen. The

mean anomaly M is defined using the Kepler equation:

M = E − e sinE (2.1)

where E is the eccentric anomaly. The eccentric anomaly can be calculated from the true anomaly:
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The mean anomaly M was chosen instead of the true anomaly θ because it varies uniformly with

time which is more convenient for the orbital calculations performed in this work.

2.1.3 Motion in Orbit

As we will study the motion of the bodies, we calculate the position from the orbit equation

r =
a(1− e2)

1 + e cos θ
. (2.3)

From this, the position r⃗ vector is given by

r⃗ = r cos θ e⃗p + r sin θ e⃗q. (2.4)

where e⃗p is the unit vector that points from the focal point towards the perihelion, and e⃗q the unit vector

that points from the focal point in the direction of the semi-latus rectum. Then, with the appropriate

rotation matrix, we just insert the orbital plane in space according to the heliocentric ecliptic coordinate

system [37]. In Figure 2.1, an orbit defined in the heliocentric ecliptic coordinate system is presented. It

includes the motion vectors r⃗ and velocity v⃗ as well as some of the orbital elements.

Figure 2.1: Orbit defined in heliocentric ecliptic coordinate system. Adapted from [37]. The orbit of
the planet is represented using a dash line for the part below the ecliptic plane followed by a filled line
above the ecliptic plane. The ecliptic plane is represented in grey. The inclination of the orbit is the
angle between the normal of the orbital plane ŵ and the normal of the ecliptic plane K̂. The longitude
of ascending node Ω is the angle between the ascending node (point where the orbit intersects the
ecliptic plane in an upwards motion defined by the node line n̂) and the direction of the First Point of
Aries Î. The argument of perihelion ω is the angle in the orbital plane between the ascending node and
the perihelion. V and R represent the velocity and the distance of the planet compared to the center of
the orbit, respectively. The true anomaly θ is the angle in the orbital plane between the perihelion and
direction of R.
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2.1.4 Minimum Orbital Intersection Distance

To ensure a potential detection, it would be better to have the strongest signal possible. Since gravity

depends on distance, if we find the smallest distance between the NEA and the spacecraft, we get the

best gravitational effect possible. So the desired close approach should be happen at this distance. The

Minimum Orbital Intersection Distance (MOID) is defined as the minimum possible distance between two

confocal Keplerian orbits. It is the distance used in the simulations while performing a close approach.

An illustration of this concept can be visualized in Figure 2.2.

Figure 2.2: Schema of the MOID for one LISA spacecraft and a NEA orbit. The orbits of the asteroid and
LISA spacecraft are shown in orange and blue, respectively. The red dots correspond to the position in
each orbit, allowing the bodies to be at the minimum distance possible to each other, i.e, at their MOID.

The MOID allows us to study the best or almost best case scenario for detection. It allows for

the close approach to be at the minimum distance, where the gravitational attraction is the strongest.

If an asteroid is not detectable at the MOID, it won’t be detectable anywhere else in the orbit since

the gravitational attraction will always be smaller elsewhere. Thus, we can already exclude unsuitable

candidates and focus on the potentially detectable candidates.

Nevertheless, It might not be the best scenario because the detection does not only depend on the

distance but also the mass of the asteroid and the LISA geometry (configuration of the constellation at

the moment of detection) as described in Section 3.2.

As the MOID is a geometrical concept between the orbits, it is not enough to simulate a close ap-

proach. As a consequence, it is also crucial to find the corresponding times in which the bodies are

passing to the points in their respective orbit that allow them to be at the MOID. In this case, we calcu-

late for each body in the close approach (one NEA and one LISA spacecraft) the corresponding mean

anomalies M that allow both bodies to be at their minimum distance.
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2.2 Physical Properties

The physical properties allow to define a mass which is essential for the characterization of the

gravitational effect of the asteroids on the LISA constellation during a close approach.

2.2.1 Albedo

The albedo pυ is a dimensionless physical property that indicates the ratio of the incident sunlight

and reflected sunlight on the surface of a body. If a body has a perfectly white surface meaning it reflects

all light, it will have an albedo of 1. While, on the other hand, if a body is a perfect black body, meaning all

light is absorbed, it will have an albedo of 0. The albedo is an interesting property for asteroids because

it allows to estimate the size of an object from its brightness.

There are three categories for the albedo of NEAS [39]:

Category 1: pυ ≤ 0.1;

Category 2: 0.1 < pυ ≤ 0.3;

Category 3: 0.3 < pυ ≤ 1.

The albedo for NEAs is often unknown thus, we can use the expected albedo, pυ = 0.14 proposed

in [40]. This expected albedo is considered the standard when no measurement has been possible. We

note that this value is assumed and can result in high uncertainties in the calculations of size, but we

accept this principle and this value will be used in the calculation of the diameter of the NEAs in our

simulations whenever the albedo is not available.

2.2.2 Absolute Magnitude

The apparent magnitude is defined as a measure of how bright an object appears from the location

of the observer. As the apparent magnitude depends on the location of the observer, it is not the best

concept to compare the intrinsic properties of objects at different distances. Thus the concept of absolute

magnitude was created. [41]

The Absolute Magnitude H is a measure on how bright objects appear under a specific set of con-

ditions. This concept has two definitions depending on the objects being studied. For objects outside

the Solar System, the absolute magnitude is defined as the apparent magnitude an object would have

when viewed from a standard distance of 10 pc. Within the Solar System, the Absolute Magnitude H is

defined as the visual magnitude of an asteroid at mean brightness reduced to a distance of 1 au from

the Sun and the Earth at zero solar phase angle1. An illustration of this definition is shown in Figure 2.3.

In daylight the human eye is most sensitive to radiation with a wavelength of about 550 nm, the

1Solar System bodies are illuminated by the Sun and vary brightness due to their motion as seen by the observer. The phase
angle allows to describe this variation. It is the angle between the Sun and the observer measured from the body. A zero phase
angle means that the observer would be seeing the body in the direction opposite to the Sun.
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Figure 2.3: Illustration of the definition of absolute magnitude. The asteroid is placed at 1 au of both the
Sun and the observer, in this case the LISA spacecraft. The solar phase angle α is 0 since the observer
and the Sun are both superposed. Its absolute magnitude corresponds to 1.

sensitivity decreasing towards red (longer wavelengths) and violet (shorter wavelengths). The visual

magnitude corresponding to this sensitivity of the eye which peaks at 550 nm and has a bandwidth of

88 nm [42]. The latter definition will be used in the following calculations and further ahead studies.

2.2.3 Density

Asteroids are classified according to taxonomies. These allow to group them into classes according

to their reflectance spectra. Each class corresponds to one or a certain amount of reflective wavelengths

on the surface of the asteroid which on the other hand provides clues unto the composition or density of

the asteroid.

The asteroid taxonomy has been in development for almost 50 years but it was quickly established

these classes should be described by a single letter which hints towards a mineralogical interpretation,

such as the carbonaceous C, the silicaceous S, the metallic M , enstatite E and so on. In Figure F.1,

we can see some of the different taxonomy classes from [43]. The density for some observed NEAs of

different taxonomy classes is shown in Figure 2.4.

From observations, most NEAs lie in the silicaceous S (≈ 55%) and carbonaceous C classes (≈

11%). As a consequence, we will assume the average density of ρ = 2200 kg/m3 for the S class as an

initial estimate of the density for computing the mass [30]. In Chapter 3, this value is only used as a

placeholder since later a mass probability density function is used to deal with the lack of data for the

asteroid density.

2.2.4 Diameter

A direct measurement of the size or shape of an asteroid is often unfeasible. Thus, there are several

methods to estimate it. The most common method is estimation through thermal infrared observations

and from the definition of photometric brightness. A diameter can be deduced from the reflected light

observed assuming asteroid is a lambertian scatterer in a shape of disk [44]. This method allows to link

physical properties as pυ and H and calculate the diameter d in km:

d =
1329
√
pυ

10−0.2H . (2.5)
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Figure 2.4: Mass vs density for some asteroids and their taxonomy classes [30]. The bodies are divided
into 6 categories: Transneptunion Objects TNOs (light blue), comets (blue), and Asteroids divided into
four taxonomic groups: S in red, C in grey, X in green, and End-members in yellow. Asteroids which
taxonomy is unknown are plotted in black. The size of the symbols is a function of the object diameters.
The typical range densities for some different compositions are displayed in different colors with the
range line and corresponding name next to it. The density is shown as a normalized density compared
to the water density ρwater = 1000 kg/m3

This formula will be important to estimate the diameter of the asteroids which do not provide such

measurement.

2.2.5 Mass

The determination of the mass of an asteroid relies on the analysis of its gravitational effects on other

objects close by, typically other asteroids. Nevertheless, these close approaches are rare and only a few

accurate mass estimations exist.

The typical approach to define the mass m is using the ratio between the density and volume of the

asteroid under the assumption that the volume can be modeled as a sphere of diameter d.

m =
ρ

V
=

1

6
πρ d3. (2.6)

where ρ the density of the asteroid in kg/m3 and V its volume in m3. This equation will be used to

estimate the mass in kg of the asteroids for which it has not been evaluated.
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2.3 Signal

Here, it is presented how a signal is created and obtained from the LISA’s detectors following a close

approach. This signal is then used to draw conclusions on the detectability of NEAs using gravitational

attraction and to determine their orbital and physical parameters.

2.3.1 Interferometry

As the LISA constellation moves along its orbit, the 3 spacecrafts are linked by their laser beams.

In Figure 2.5, an illustration of the apparatus used in the LISA constellation and arm link between two

spacecrafts is shown.

The arrows indicate the direction of propagation of the laser beam.

Figure 2.5: Interferometry between two spacecrafts of the LISA constellation [45]

As seen in Figure 2.5, there is a laser in each spacecraft. It will create a laser beam which will be

reflected by the test mass into the telescope. In the telescope, the beam is expanded so that it can be

able to travel the arm length distance (2.5 Mkm). In the end, it will be received by the telescope on the

other spacecraft and the phase of the arriving light beam is going to be compared and checked to a local

laser beam through the optical phase-locked loop system to detect potential changes due to gravitational

waves. [45]

When the asteroid is coming closer to a spacecraft, it will start attracting the test mass in the space-

craft. At a point in time, the asteroid will be its closest to the spacecraft. We define this point in our

simulations as the MOID (smallest distance possible between the two bodies) so that we have the best

signal possible. The gravitational attraction due to the close approach induces an acceleration reach-

ing a maximum at the MOID, which then decreases gradually. Evidently, this motion is described by

the Newton’s law of universal gravitation [46]. Because the LISA detection system is based on inter-

ferometry, what we will measure is the phase shifts due to a motion of the test masses. The induced

acceleration will cause a variation in the velocity of the test mass, initially at rest, and as a consequence

a Doppler shift will appear which creates a difference in the phase of the laser beams and a signal at
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the detectors. Using the 3 arms configuration (3 spacecrafts linked) and their joined information, it is

possible to reconstruct a 3D signal and study its properties [47].

2.3.2 LISA Reference Frame

The principle of detection of LISA is based on a signal generated by the change in velocity, more

precisely a phase difference on the laser arms (Doppler effect) due to the motion of the test masses

[48]. In Figure 2.6, two pairs of arm links are shown: (τ13, τ32, τ21) and (τ31, τ12, τ23) corresponding to

the emission and reception of light by the spacecraft, respectively.

Figure 2.6: Definition of laser arms for LISA constellation. [49]. Each spacecraft (S/C) contains two
optical benches (OBs) (grey rectangle), each with one test mass (yellow square) acting as a mirror,
which will send (bold) or receive (dotted) the laser light from the other two spacecrafts. The laser arms
are named τij where i corresponds to the S/C emitting the laser and j the S/C receiving the laser. The
same convention is used for naming the OBs.

In order to generate the signal being detected, the velocity needs to be converted to the LISA’s

reference frame, a reference frame defined by the three directions of LISA’s arm links or laser arms.

The origin of the reference frame is the same as the heliocentric ecliptic coordinate system, thus the

change in velocity is converted from the heliocentric ecliptic coordinate system to LISA reference frame

by just making the projection of the velocity into the different arm links. Following the standard LISA

conventions, the directions of projection for the LISA’s reference frame are defined in the clockwise

direction and named after the spacecraft opposing the laser arm [50]:
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n⃗1 = e⃗τ32 ;

n⃗2 = e⃗τ13 ;

n⃗3 = e⃗τ21 .

(2.7)

In order to be able to find the directions of the LISA’s reference frame (n⃗1, n⃗2, n⃗3), we need to calcu-

late the position of the spacecrafts at the moment of the close approach and define the arm link vectors.

Then, the change in velocity on the test masses is projected into the LISA arm links

∆v12 = ∆v⃗1 · n⃗2, ∆v21 = ∆v⃗2 · n⃗1, ∆v31 = ∆v⃗3 · n⃗1,

∆v13 = ∆v⃗1 · n⃗3, ∆v23 = ∆v⃗2 · n⃗3, ∆v32 = ∆v⃗3 · n⃗2.
(2.8)

where ∆vij is the change in velocity of the test mass in S/C i with arm link j and projected in the

direction j.

2.3.3 Time Delay Interferometry

The first step in the LISA data analysis is to combine data from the individual instrument elements

in order to produce the data to be analysed. Each spacecraft will collect and interfere light from two

different lasers coming from the other spacecraft, as well as emit a laser beam. In the end, as the

lasers are not perfect, they will oscillate in frequency, and these oscillations create the laser frequency

noise. Earth-based detectors which have equal-arm interferometer detectors can cancel these laser

frequency fluctuations by comparing phases of split beams propagated along the equal, non-parallel

arms of the detectors. Nevertheless, in LISA such technique is not possible. The spacecrafts are

moving in their orbits which will make that the arm-lengths or distance between the three spacecrafts

are not the same throughout the time. In fact, the larger the difference between the arm-lenghts, the

larger will be the magnitude of the laser frequency fluctuations affecting the detectors. And on top of it,

this laser frequency noise is comparable to the amplitude of the gravitational waves to be detected.

To overcome this problem, a post-processing technique called Time Delay Interferometry (TDI) is

applied. This technique consists in the generation of virtual equal arm Michelson Interferometers2 which

drastically reduce the impact of laser frequency noise. The TDI technique combines the signal generated

by each laser on each spacecraft in a way that allows to deal with the noise and imperfections in the

armlengths. It takes advantage from the fact that the same noise will affect different measurements at

different times, meaning, even when there is no signal, the laser frequency noise will be there. As a

consequence, it is possible to time-shift and recombine the measurements in order to cancel the noise

and construct laser noise-free virtual interferometric signals [51]. In Figure 2.7, this TDI technique is

explained for the beams arriving in S/C 1.

2The Michelson interferometer is a common configuration for optical interferometry invented by the 19/20th-century American
physicist Albert Abraham Michelson. It consists in splitting a light source into two arms with the help of a beam splitter and reflect
the result using a mirror to the same place. The two arms will then combine using the superposition principle and the changes in
the resulting signal will allow to detect the desired entity.
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Figure 2.7: Illustration of TDI technique for S/C 1 [51]

The blue line represents a laser beam emitted from S/C 1 that goes bouncing in S/C 3 and S/C 2

and comes back to S/C 1. The red dotted line represents a fictional beam that does the same path but

in an inverse way, first S/C 2 and then S/C 3 coming back to S/C 1. Even if the arm-lengths between

spacecrafts are different, the total travel path for the real and fictional laser beams is the same, meaning

that they will come back to S/C 1 with the same phases and the laser frequency fluctuations will be able

to cancel each other by destructive interference as in the ground detectors (here represented by the

filled and empty circles showing different phases at the end of both paths).

The resulting signals are characterized by new variables or channels being the most often used the

Michelson TDI variables, X, Y and Z which resemble the typical variables or channels for the data

stream using a standard Michelson interferometer. The TDI variables are defined [52]:

X(t) = [s21(t)− s31(t)]− [s21(t− 2L3/c)− s31(t− 2L2/c)]; (2.9)

Y (t) = [s32(t)− s12(t)]− [s32(t− 2L1/c)− s12(t− 2L3/c)]; (2.10)

Z(t) = [s13(t)− s23(t)]− [s13(t− 2L2/c)− s23(t− 2L1/c)]. (2.11)

where smn is the phase shift measurement made at spacecraft n of the light received from spacecraft m,

Li is the length of the arm opposite to the spacecraft i and c the speed of light. The variables measure,

for each spacecraft, the instantaneous phase shift on the test masses for both laser links and a delayed

version of the phase shift which cancels out the noise.

Nevertheless, for scientific analysis, the variables X, Y and Z are not the best variables since they

are not statistically independent. It has been shown that under some simplifying assumptions that these

Michelson variables can be combined to produce the so-called quasi-orthogonal TDI channels: A,E,

and T . These are defined as [48]:
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A(t) =
1√
2
(Z −X), E(t) =

1√
6
(X − 2Y + Z), T (t) =

1√
3
(X + Y + Z). (2.12)

In theory, A and E contain the data stream in which the signal may be detected and T acts as an

empty channel or a channel where the signal is somewhat suppressed.

2.4 Noise

Sensitivity curves are useful for making a quick assessment of what signals may be detectable. Since

we currently do not have the true noise estimation to use in our calculations, we can base ourselves in

the sensitivity curve presented in Figure 1.2 to assess the noise for the simulations. The noise in this

picture is represented by the green (containing the LISA related noises) and dotted black curve (also

considering the galactic background). We will focus on the noises produced by the LISA constellation

itself (green curve) in our simulations.

The instruments in the LISA constellation measure strain through free falling test masses. In order

for the masses to be in free fall, there is a Disturbance Reduction System (DRS) acting on them, which

attempt at minimizing the external and residual accelerations due to extraneous forces other then gravity

acting on them. This system generates a noise in the low frequency spectrum, Sacc, described by [6]

S
1/2
acc (f) ≤ 3× 10−15 ms−2

√
Hz

√
1 +

(
0.4mHz

f

)2
√
1 +

(
f

8mHz

)4

. (2.13)

where f is the frequency in mHz.

Furthermore, we determine the separation between the test masses due to interferometry. The

total system responsible for this is called the Laser Interferometry Measurement System (IMS) and this

system determines the limitation of the sensitity in the high frequencies spectrum due to internal noises.

The noise in this system, SIMS, is described by [6]

S
1/2
IMS(f) ≤ 1.5× 10−11 m√

Hz

√
1 +

(
2mHz

f

)4

. (2.14)

where the frequency is again defined in mHz.

Thus, we define the total noise Sn in our simulations [6]

Sn(f) =
10

3L2

(
SIMS(f) +

4Sacc(f)

(2πf)4

)(
1 + 0.6

(
f

19.09mHz

)2
)
. (2.15)

where L = 2.5million km is the armlength between two test masses and the frequency is in mHz.

For completeness, the total sensitivity curve is obtained by adding the contribution coming from

the galactic foreground, Sc, described in [53]. The galactic foreground is caused by the combination of

signals of binary systems in the Milky Way and its a source of noise for the measurements. Its expression

is displayed in Appendix F. Because this is a non-stationary source of noise, depending on the time of
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observation, it goes down as the mission progresses and the impact on the sensitivity curves is small,

we ignore it in the simulations performed.

2.5 Signal-to-Noise Ratio

When doing signal processing and assessing detectability, it is preferable to express the signals and

noise in the frequency domain, more specifically in terms of Fourier Transforms (FT) and Power Spectral

Density (PSD). The FT is a reconstruction of the signal in the frequency domain by re-writing it as a

sum of sinusoidals of certain frequencies. The PSD, on the other hand, is the distribution of a signal’s

power over frequency and tells us how much power is contained in a given frequency band, allowing

us to better understand the characteristics of the signal in question. For the analysis performed in this

work, both concepts are used.

We can rewrite the time-series signal x(t) in the frequency domain X̃(f) using the FT definition [54]:

X̃(f) =

∫ ∞

−∞
x(t)e−2πiftdt. (2.16)

The FT of the signal is linked to the PSD using Parseval’s Theorem [54]:

PSDx(f) = lim
T→∞

1

2T
|X̃(f)|2. (2.17)

where T is the time interval for the limit.

In the analysis done in this work, we convert the interferometric signal x(t) in the detectors to fre-

quency domain using the FT. Furthermore, its PSD is calculated. As the detection depends on the

signal, but also on the noise that is going to be distorting it, it is also important to analyse the noise. The

analytic noise n(t) is described in the LISA requirements documentation. It is written in the frequency

domain, and its PSD is already computed. The expected analytical PSD of the noise, PSDn, in each of

the X, Y and Z channels after the post-processing technique TDI is [55]:

PSDn(2πf) = 64 sin2(2πfL) sin2(4πfL) (SIMS(2πf) + (3 + cos 4πfL)Sacc(2πf)) . (2.18)

As the variables to be used in this work are A, E and T , the PSD of the noise to be used in the

analysis is the one corresponding to these channels. It can be obtained from the PSD of the noise in X,

Y , T as derived in [56]:

PSDnA = 32 sin2(2πfL) sin2(4πfL)

(
(2 + cos(2πfL))SIMS(2πf) + (3 + 2 cos(2πfL) + cos(4πfL))

2Sacc(2πf)

(2πf)4

)
;

PSDnE = PSDnA ; (2.19)

PSDnT = 64 sin2(2πfL) sin2(4πfL)

(
(1− cos(2πfL))SIMS(2πf) + 8 sin4(πfL)

Sacc(2πf)

(2πf)4

)
.

where PSDnc
is the PSD of the noise in channel c.
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Having both the PSD of signal and noise, it is possible to compute the quantity allowing to assess

the detectability. The Signal-to-Noise ratio (SNR) is a dimensionless measurement parameter used in

the fields of science and engineering to compare the level of the signal to the level of background noise.

By comparing both, it is possible to understand if the signal can be detected in a datastream polluted by

noise. For the LISA constellation, the SNR is mathematically defined as [55]:

SNR2 = 8

∫ fmax

0

df
PSDx(f)

PSDn(f)
. (2.20)

where fmax is a maximum frequency gives the range of integration for the SNR. The signals of asteroids

are in the low frequency domain, so it is not needed to integrate above a certain fmax as the high

frequency spectrum will be flooded with noise. [55]

As there are three channels (A, E and T) collecting different signals,there will be three different SNRs

computations. Due to the fact that they are orthogonal and linearly independent channels, it is possible

to sum up their contribution to obtain the final SNR of the simulation [56]:

SNR2 =

[A,E,T ]∑
i

8

∫ fmax

0

df
PSDxi

(f)

PSDni(f)
= SNR2

A + SNR2
E + SNR2

T . (2.21)

As there is no intuition on how to choose an adequate minimum SNR threshold for asteroid detection

through gravitational effects, we adopt the literature value of SNR= 5. A SNR of 5 corresponds to a

statistical significance of 5σ, meaning that the probability of a measurement done being a statistical

fluctuation is and not the signal of an asteroid passing by is 0.00006% [57]. In Chapter 3.4, we conclude

that the minimum value of SNR= 5 is quite optimistic for the detection, meaning that, in the future, it

might need be adjusted to SNR= 10. Nevertheless, SNR= 5 is the value used throughout this work.
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2.6 Simulation

Now that all the concepts have been explained, a simulation is constructed. The objective of the

simulation is to assess the detectability of the asteroid following a close approach to one of the space-

craft. Thus, all the close approach is simulated and a final analysis is done using the SNR quantity. The

simulation pipeline is decomposed into several steps as shown in Figure 2.8.

Figure 2.8: Flow diagram of the simulation steps

These steps are:

1. Calculate MOID and M : The MOID and respective position of the bodies in their orbit are calcu-

lated in order to create a close approach at the minimum possible distance.

2. Generate Orbit and Generate ∆v: The LISA constellation orbits are simulated for the close ap-

proach. From that, the laser arms which depend on the position of the three spacecraft can be

extracted. The gravitational effect is simulated from the close approach and the induced velocity

∆v on the test masses is also retrieved. Having the induced velocity and laser arm vectors, the

projection of the change in velocity on the test masses can be simulated.

3. Simulate Interference Signals: Since the variation on the velocity of the test masses is now known,

it is possible to calculate the Doppler shift on the laser arms and find the interference pattern in the

detectors.

4. Apply TDI Technique: As the interference pattern is known, the TDI post-processing technique is

applied to get rid of the laser fluctuation noise and obtain a clearer signal.
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5. PSD of Signal and PSD of Noise: The calculated time-series signal is then converted to the fre-

quency domain using the FT and PSD techniques explained in Chapter 2.5 for analysis purposes.

The PSD of noise is numerically simulated using the analytic expressions defined in the LISA

requirements document.

6. Calculate SNR: The signal and noise are then used to calculate the SNR quantity, allowing us to

assess the detectability of the asteroid during the close approach to the spacecraft.

The code implementation and the Python packages used are described in Appendix A.

2.6.1 Example

We simulate a close approach during a certain time3 between one of LISA’s spacecraft (in this case

S/C 2)4 and Asteroid 4179 Toutatis, a PHA due to its close proximity to the Earth’s orbit. Its classical

orbital elements and mass5 at epoch 60200 are:

a = 2.54 au, e = 0.62, i = 0.0079 rad, Ω = 2.19 rad, ω = 4.85 rad, m = 2.12× 1013 kg.

The MOID between S/C 2 and the asteroid as well as the mean anomalies corresponding these

orbital positions are:

MOID = 3.79× 10−4 au, MNEA = 6.19 rad, MS/C 2 = 2.74 rad,

where MNEA is the value of the mean anomaly for the asteroid and MS/C i for S/C i.

After knowing these quantities, we simulate a close approach, as seen in Figure 2.9.

Figure 2.9: Magnitude of distance between S/C 2 and Asteroid 4179 Toutatis during a close approach

3Since the computational power to perform these simulations is not unlimited, we have to define a finite duration to perform it.
We use the method described in Appendix C in order to define this duration or simulation time.

4The three spacecrafts are numbered according to their corresponding orbital elements that can be found in Appendix F.
5These classical orbital elements were obtained from the Near-Earth Object Coordination Centre (NEOCC) database, acces-

sible in https://neo.ssa.esa.int/. The mass is calculated from Expression 2.6 using a density of ρ = 2200 kg/m3. The value
of diameter was calculated from Expression 2.5. The absolute magnitude was found in the database and the albedo of reference,
pυ = 0.14, was used.
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At t = 0 s, both bodies will be at the orbital positions defined by MNEA and MS/C 2 corresponding to

the minimum distance between the two, the MOID. Then, as both bodies continue to move along in their

orbits, the distance between them increases again. As expected, as the asteroid is coming closer to

S/C 2, it will start attracting its test masses. This attraction or change in acceleration of the test masses

reaches a maximum at t = 0 s, the time at which the MOID occurs, and then decreases gradually as the

distance between them increases again. This gravitational effect is displayed in Figure 2.10.

Figure 2.10: Magnitude of gravitational effect due to close approach between S/C 2 and Asteroid 4179
Toutatis. The curves of S/C 1 and S/C 3 are superposed.

The change in acceleration seems rather small (order of 10−16 km/s2), but we cannot forget that

LISA was designed to feel these very small variations of displacement like the ones caused by this

gravitational effect.

The LISA interferometer detects the phase shift of the laser light. The phase shift is directly linked to

the Doppler shift generated by the induced velocity on the test masses due to the close approach along

the arms. Knowing the position of the LISA constellation, we figure out the direction of the laser arms,

which allow to calculate the projection of the induced velocity by the close approach. These projections

are displayed in Figure 2.11.

As the induced velocity in the arms is known, it is now possible to generate the signal in detectors

and apply the TDI post-processing technique to get rid of the laser fluctuation noise. As mentioned in

Chapter 2.3.3, the variables A, E and T are used for a better signal analysis. In Figure 2.12, the signal

in these three channels after applying the TDI technique is shown.

For the current close approach, the channel that captured the most signal was E and the intensity of

the channel T is around a factor 1000 smaller, thus it is clearly visible that T is highly suppressed signal

channel. If no close approach was detected, the signal in all the three channels would be close to none.

Since the characterization of the LISA noise is in the frequency domain, for signal processing pur-

poses, it is better to transform the time-series signal into a signal in the frequency domain using the FT

and PSD techniques. In Figure 2.13, the obtained PSD for the signals in the three TDI channels and the

noise defined using the LISA requirements in Chapter 2.5 are shown.

The SNR is quite related with the plots displayed in Figure 2.13. It is directly proportional to the area

between the two curves, as seen from the Expression 2.21 defined in Chapter 2.5. fmax defines the

24



Figure 2.11: Projected induced velocities into LISA reference frame due to close approach between S/C
2 and Asteroid 4179 Toutatis

Figure 2.12: Signal after TDI for the close approach of Asteroid 4179 Toutatis to S/C 2
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Figure 2.13: PSD of signal and noise for the close approach between Asteroid 4179 Toutatis and S/C 2

range of interest for the integration which is where the signal is above the noise. Whenever the signal

is below the noise, it means that the data stream will be flooded in noise and it will be quite difficult to

retrieve it. For this close approach, the SNR obtained is:

SNRS/C 2
4179 Toutatis = 27746.48. (2.22)

As it is above the minimum SNR, we can consider that if this close approach would happen in real life,

we would be able to detect it quite clearly. In the next chapters, the simulation is used as the basic

block from which we build up the results. In the studies to choose the suitable candidates for detection

(Chapter 3.2) and assessment of the probability of detection (Chapter 3.3) use the SNR as the last

step and these values are analysed in diverse conditions. On the other hand, for the uncertainty in the

measurement study (Chapter 3.4), the SNR is replaced by a calculation of the Fisher matrix, which ends

up being the last step of the simulation for each asteroid.
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Chapter 3

Studies and Results

3.1 Hypothesis

3.1.1 Fictitious NEA Population

While more than 30000 NEAs have been found so far (as shown in Figure 1.4), the current NEA

distribution is considered quite incomplete. It is thought that only brightest asteroids (H ∼ 14) have been

fully discovered which skews already the population of detected NEAs. Yet, the remaining population

(H > 14) is considered highly skewed as it was constructed from different asteroid survey programs with

considerably different detection techniques which are not independent of H. In the end, it means that,

additionally, the current population of NEAs contains an observational bias. [58]

During activities related to ESA’s Space-Situational Awareness (SSA) programme, a tool was devel-

oped to generate a NEO population based on the debiased model proposed in [59] and simulate their

observations. This tool is called NEOPOP1.

Figure 3.1: Debiased model for the distributions of the a, e and i for NEAs with 17 < H < 20 [59].
The detected distribution is displayed by the gray bars while the debiased model predicts that the corre-
sponding height of the bars should be given by the points with an uncertainty provided by the error bars.

1The NEOPOP generator tool can be easily accessed in https://neo.ssa.esa.int/neo-population-generator
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For all the studies presented in the next sections, we took advantage of the population generation

feature of the NEOPOP tool to generate a NEAs population so we can study it. Like that, we are able

to synthesise a bigger population than the one found through observations as well as to eliminate the

observational bias which could impact the results of the studies. The generated population is composed

by more then 50000 asteroids for 17 < H < 25. The orbital elements and physical properties of some of

these asteroids can be found in Appendix F.

3.1.2 Launch Date

As of 25 January 2024, LISA was adopted, meaning that ESA recognised that the mission concept

and technology are sufficiently mature, giving a green light to its construction. The launch date of the

full constellation is fixed for mid 2035 [60], but it is not fully settled yet. As such, a flexible launch date

concept was adopted. A random initial state of the LISA constellation defined in Appendix F is used as a

starting point for the simulations. And then, the LISA constellation is shifted so that it matches the MOID

position for the tested asteroid at all times.

3.1.3 Kepler Orbits

All orbits used in the simulations are Kepler orbits. In reality, the orbits of the LISA constellation and

the asteroids are not Kepler orbits. Even though, the orbits for the LISA constellation were designed

to minimize non-gravitational perturbations2, it will still change over the period of its mission lifetime

mainly due to the gravitational attraction caused by the Earth. Additionally, for the NEAs’ orbits, other

phenomena can be expected as perturbation caused by solar wind pressure and gravitational pull of

other Solar System’s bodies. On top of these, small asteroids (10 cm ≤ d ≤ 10 km) suffer from an

additional effect called Yarkovsky effect. The Yarkovsky effect causes rotating asteroids to drift widely

over time, making it hard to predict their long-term orbits [61]. All of these effects are not taken into

account during the simulations.

3.1.4 LISA Position and Motion

It is assumed throughout the simulations that the position and motion of the LISA constellation is

known perfectly all the time. Thus, the probability of detection and uncertainties of the measurements

are overestimated. In reality, it is predicted that the position of LISA will be known to a few kilometers

and the velocity to a few meters per second [62], which may not change much the results nor make such

an overestimation of the results.

2By being in an orbit relatively similar to Earth’s orbit, LISA can be shielded from non gravitational perturbations like the solar
wind pressure. Additionally, the inclination of LISA’s triangle was chosen to minimize the gravitational impact of other bodies on the
LISA spacecrafts and diminuish the average rate of change of the lengths of the arms of the triangle over the five year operations
period of the mission [5].
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3.1.5 Probability Density Functions of Physical Properties

In Section 3.3, the mass independent probability of detection for an asteroid or groups of asteroids is

calculated. To get rid of the mass, the mass dependent probabiltiy of detection is integrated over a mass

probability density function for the fictitious population. In order to calculate this mass probability density

function, we based ourselves in Equation 2.6 to compute the mass, and we related it to the probability

density functions of the physical properties used to compute it: the albedo pυ, absolute magnitude H

and density ρ.

Due to the the lack of information in the matter, it was assumed that the three physical properties

are statistically independent. Additionally, since there is only a limited amount of measurements for the

density of NEAs, two probability density function models were assumed: a uniform distribution and a

gamma distribution. Detailed explanations are provided in 3.3.1.

3.1.6 Close Approach and Sphere of Influence

A simulation assumes a single close approach between one NEA and one spacecraft which as seen

as point particles. It means that it can be modeled as a two-body interaction and we can draw a sphere

of influence around the body. This hypothesis was used in all simulations, especially in Section 3.3.

Nevertheless, the complexity of the LISA system and some of the results of the study done in Section

3.3 showed that it is not always the case (see Appendix D: Deviation from the Sphere of Influence).
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3.2 Choosing Suitable Candidates for Detection

The first study assesses which asteroids could be interesting candidates for detection. It would be

a waste of computational resources to probe the full population as not all asteroids may be detectable.

Therefore, it becomes important to draw some criteria to allow to predict beforehand if an asteroid could

be potentially detected.

Since the gravitational effect follows Newton’s law of gravitation, quantities such as the mass and

MOID are analysed firstly. Then, different 3D geometries of the LISA constellation at the close approach

are tested. The LISA 3D geometry consists of the plane of the constellation to the orbit of the asteroid

and is a relevant criteria as it defines the direction of the laser arm links and affects the interferometric

signal. From these criteria, it is possible to evaluate the asteroid and determine if it is worth to test it.

3.2.1 Mass and MOID

To be able to draw the minimum mass and MOID for detection, the current observable population

is studied. For each asteroid, a close approach to one spacecraft is simulated (S/C 2) and the SNR is

found. The strength of the signal is directly related to the SNR, so the greater the signal, the greater

the SNR. The signal is generated by the gravitational effect of the close approach, so it is possible to

deduce immediately the effect of the two features: the bigger the mass is or the smaller the MOID is the

bigger the SNR is.

Out of the 34712 NEAs, only 120 corresponding to 0.35% of the population had a SNR above the

minimum threshold of detectability (SNR = 5) for a close approach with S/C 2. The mass and MOID

for the detected asteroids are shown in Figure 3.2. Note that for some of these asteroids, their masses

were calculated through Equation 2.6 using ρ = 2200 kg/m3 and pυ = 0.14 whenever there was a lack of

measurements for these quantities.

Figure 3.2: SNR, mass and MOID for the asteroids with SNR ≥ 5 for the observed population of NEAs.
Each point corresponds to a tested asteroid. The color code corresponds to the SNR for that same
asteroid. The red line is the threshold line relating mass and MOID and an asteroid containing a MOID
and mass above it can be considered a potential detectable candidate.
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3.2.2 LISA Geometry

Since the signal is obtained from interferometry between the three spacecraft and that it is captured

along the arm-link directions, it is clear that the direction in which the asteroid passes close to the

spacecraft will have an impact in the signal obtained. The signal captured when the asteroid passes

parallel to the arm is forcibly different to the one captured when the asteroid passes perpendicularly to

the arm. As such, another variable to be studied is the LISA geometry, corresponding to the position of

the constellation and arm link directions at the moment of the close approach. As certain geometries

allow to pick up more signal than others, to test this, the direction of the MOID was fixed and the orbit of

the asteroid was rotated by an angle γ around this axis of rotation, as illustrated in Figure 3.3.

Figure 3.3: Rotation of NEA’s path around the MOID by angle γ. The original orbital path is displayed
with the strong blue while the rotated path is shown in dashed light blue. γ is the angle of rotation around
the axis defined by the MOID and in dotted grey the axis of rotation defined by the MOID is shown. The
red point corresponds to the MOID point for the asteroid and it is common for the both orbital paths. The
armlinks with the other LISA spacecraft are shown in orange.

In Figure 3.4, we can see the variation of the SNR for Asteroid 4179 Toutatis for the rotation γ of

its initial orbit around the axis defined by the MOID. It is possible to see that the original orbit (red dot)

is passing in an unfavourable way for the interferometry and that, if the orbit was rotated by around

250◦, the collected interferometric signal would be much greater, allowing for a clearer detection. For

this asteroid, the value for the original orbit (SNR= 27746.48) is actually closer to the possible minimum

SNRmin = 25183.59 and its maximum happens around 250◦ and is more than twice as big, SNRmax =

63314.80.

As all asteroid orbits and close approaches are different, it is not possible to set a global optimal

angle to maximize the interferometric signal. It would have to be studied case by case.

3.2.3 Minimum Threshold for Detection

As all asteroid orbits and close approaches are different, it is not possible to set a global optimal

angle in which the asteroids would need to pass by to maximize the interferometric signal. It would

31



Figure 3.4: Variation of SNR for Asteroid 4179 Toutatis for close approach to S/C 2 due to different LISA
Geometries. The red dot corresponds to the SNR at the current LISA geometry, i.e, a rotation of γ = 0◦.

have to be studied case by case. Yet, with this first study it was intended to assess roughly if the

asteroid is potentially detectable or not. Therefore, we studied for the currently observed population their

variation of SNR for different γ. For each asteroid, the worst and best values of SNR were retained3,

giving us the worst and best signal for that asteroid. The percentage of detectable asteroids decreases

to 0.26% corresponding to only 91 asteroids detected considering the worst interferometric signal for

each asteroid. On the other hand, for a favourable LISA geometry, the percentage increases to 0.45%

corresponding to 156 asteroids detected. In Figure 3.5 and 3.6, the mass, MOID and SNR diagrams

for the unfavourable and favorable LISA geometries leading to the worst and best interferometric signals

are shown, respectively.

Figure 3.5: Minimum SNR, mass and MOID
for asteroids with SNR≥ 5 from the observed
population of NEAs. The blue line represents
the minimum threshold of detection for the case
in which the interferometric signal obtained for
each asteroid is always the worst possible, cor-
responding to the individual γ giving the small-
est SNR.

Figure 3.6: Maximum SNR, mass and MOID
for asteroids with SNR≥ 5 from the observed
population of NEAs. The blue line represents
the minimum threshold of detection for the case
in which the interferometric signal obtained for
each asteroid is always the best possible, corre-
sponding to the individual γ giving the greatest
SNR.

In both plots, a blue line was inserted. It corresponds to the minimum threshold for detectability

in terms of mass and MOID. For Figure 3.5, that line represents the minimum threshold for when the

3The values of minimum, maximum and current SNR for the LISA geometry at the close approach obtained for some of the
observed asteroids are displayed in Appendix F
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interferometric signal is always the worst possible. That would mean that any asteroid lying above is

certaintly detectable. For Figure 3.6, the opposite scenario is shown. As the interferometric signal

is always the best possible, we allow masses and MOIDs which in the original orbit would not allow

detectability but, in the case that the close approach is favorable for the interferometry, the asteroid may

be detected. This means that for this second diagram, the line allows a more optimistic scenario for the

detection of asteroids. The difference between the two lines (from Figure 3.5 and Figure 3.6) is only a

shift to the right.

Any of the two scenarios is valid and allows to draw the minimum threshold for detection for the

mass and MOID variables. We opted by selecting the second diagram and a more permissive line. The

minimum threshold drawn from Figure 3.6 corresponds to:

m [kg] ≥ 6.92× 1016 MOID [au] 2.06 (3.1)

According to the minimum threshold defined, the mass is related to almost the square of the distance.

This behaviour is predicted by Newton’s second law where there is a dependency of the inverse square

of the distance. The slight deviation from two comes from the fact that the LISA spacecraft is not actually

a point mass but an extended system composed of three spacecrafts. Through multiple decomposition

of the system, it would be possible to see that the three spacecrafts add a little contribution to the

exponent making it increase as seen in Equation 3.1. As a consequence of this study, the asteroids

being tested in the following studies always obey this minimum threshold.

3.2.4 Discussion of Results

In this first study, three factors affecting the detectability were tested: the mass, the MOID and the

LISA geometry. It is clear that the heavier the asteroid, the greater the signal will be and thus more

likely to be detected. On the other hand, the closer it passes by, the stronger the signal will be and so

again, the more likely to be detected. Nevertheless, the LISA geometry is a factor more unpredictable.

Some close approaches happen in a favourable way for interferometry than others and, as every close

approach is unique, it is not possible to draw a global conclusion. For some asteroids, the variation of

SNR by the LISA geometry can be as great as a factor 10 between the SNRmin and the SNRmax, while,

for the most, it is around a factor 3.

Joining all these factors together, it is possible to predict if an asteroid is likely to be detected or not

having a certain mass and a certain MOID and a minimum threshold can be drawn. The LISA geometry

allows to shift curve to be a more optimistic or less permissive. As it is preferable to test all possible

cases even if some do not lead to detection, the adopted threshold corresponds to the more permissive

scenario, defined by Equation 3.1 calculated numerically.

33



3.3 Assessing the Probability of Detection of Asteroids

In this second study, the probability of detection for a certain asteroid or group of asteroids is com-

puted. Two scenarios with different hypothesis are analysed:

1. Non-Fixed Orbit : scenario where the probability of detection is determined for an asteroid with

defined semi-major axis, eccentricity and inclination and with a close approach at the MOID.

2. Fixed Orbit : scenario where the probability of detection is determined for an asteroid with a well

defined orbit but a close approach not at the MOID, meaning other encounters generating the

weaker signal are assessed.

In the first scenario, the idea is to assess the probability of detection for one unknown asteroid. This

is relevant because the LISA mission might detect asteroids not yet observed, and this study allows to

assess the probability of such phenomenon. On the other hand, the second scenario allows to study the

detection of known asteroids which is also interesting since LISA can be used to perform complementary

measurements, especially for the mass, on known asteroids.

To calculate the probability of detection for each scenario, several steps are followed. Initially, a prob-

ability of detection for an asteroid or group of asteroids with a certain mass is found for each scenario.

Then, the probability density function for the mass is used to eliminate the dependency on the mass.

To calculate the probability density function for the mass, the probability density function of the albedo,

absolute magnitude and density are used. Due to the lack of measurements, the probability density

function of the density is hypothesized using two models: one uniform distribution and a gamma distri-

bution. These models are compared to assess the impact of the lack of information on the density of

the asteroids in the final results. Finally, the found probability of detection, independent of the mass, is

adjusted to match the LISA mission optimistic lifetime of 10 years. In this study, the fictitious population

will be used for both scenarios.

3.3.1 Getting the Mass Probability Density Function

The probability density function (pdf) for the mass allows to determine the likelihood of an asteroid

having a certain mass. The final probability of detection is independent of the mass of the asteroid,

which means that the mass is integrated out with the help of its pdf. To assess it, we come back to the

Equation 2.6 defining the mass. It is possible to rewrite it as a function of the density ρ, albedo pυ and

absolute magnitude H:

m = f(ρ) g(pυ)h(H) =
(π
6
ρ
)(

a3p
− 3

2
υ

)(
e−

3 ln 10
5 H

)
. (3.2)

where a = 1329 km. Assuming that the physical properties are statistically independent of each other, it

is possible to derive the mass probability density function pm(m):
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where t = π
6 ρ and ν =

(
a3p

− 3
2

υ

)(
e−

3 ln 10
5 H

)
, pρ(ρ) is the probability density function for the density,

ppυ
(pυ) is the probability density function for the albedo and pH(H) is the probability density function

for the absolute magnitude. The details of this derivation can be found in Appendix B. To use this

expression, we need to derive the probability density functions for each physical property.

Probability Density Function for Albedo

A simplified model of the albedo distribution based on three categories for the albedo is presented in

[39]. The pdf for the albedo, ppυ (pυ), is approximated by a piece-wise function with a flat probability for

the first two categories and an exponentially decaying probability for the last category:

ppυ (pυ) = CN



c1, pυ < 0.1

c2, 0.1 ≤ pυ < 0.3

c2
(

1
2.6

) pυ−0.3
0.1 , 0.1 ≤ pυ ≤ 1

0, otherwise

. (3.4)

where ci the constant probability for the category i and CN is the constant of normalization so that the

total probability for an albedo pυ ∈ [0, 1] is one. Figure 3.7 illustrates this simplified probability density

function.

Figure 3.7: Simplified albedo probability density function for NEOPOP population

The NEOPOP model provides the quantities c1 and c2 for each asteroid generated, which allows to

build the individual probability density function for the albedo of the asteroid.
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Probability Density Function for Absolute Magnitude

The pdf for the absolute magnitude is defined by the model of the NEOPOP generator described in

[59]. It is valid for all the asteroids of the fictitious population. The pdf for the absolute magnitude is

presented in Figure 3.8.

Figure 3.8: Probability density function of absolute magnitude for the asteroids of the fictitious population

Note that the absolute magnitude model is between H ∈ [17, 25], as this is the expected interval of

values for the asteroids orbiting around the Earth [59].

Probability Density Function for Density

We cannot generalize a probability density function for the density due to the lack of measurements.

To overcome this, two pdf models were designed.

The first model is a simple model: an uniform distribution between the interval of densities ρ ∈

[2000, 4000] kg/m3. The chosen interval corresponds to the interval of measurements of the S taxonomy

class, as it is the more likely class for NEA composition [30].

In second model, we assumed that the density could be given by a gamma function, so its pdf would

be defined by the pdf of a gamma distribution f(ρ, a) defined as:

f(ρ, a) = k
ρa−1e−ρ

Γ(a)
. (3.5)

where the density ρ ≥ 0 kg/m3, a = 2 the gamma constant and k = 1000 the multiplying factor to express

the function in kg/m3. Γ(a) corresponds to the gamma function.

This second model allows to assess the impact of a more complex pdf for the density, which is the

case when we insert the contribution of the other than S taxonomy classes into the composition of the

NEAs. Using two different models for the pdf allows to compare the effect of the pdf of the density in the

results and the repercussions of not having an accurate model due to the lack of data. In Figures 3.9

and 3.10, the uniform and gamma pdf models are presented, respectively.
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Figure 3.9: Uniform probability density function
for the density of the fictitious population

Figure 3.10: Gamma probability density func-
tion for the density of the fictitious population

Probability Density Function of Mass

There are two options to compute the pdf of the mass: either insert the pdfs of the physical properties

in the pdf found analytically presented in Equation 3.3, or sample the individual pdfs of the physical

properties, insert the found values into Equation 2.6 to calculate a value of mass and repeat this for

thousands of samples. The second method was used as it simplifies the numerical computation. The

resulting pdfs for the mass for Asteroid 4644 (for illustration purposes) using an uniform and gamma

pdf for the density are shown in Figures 3.11 and 3.12, respectively. For Asteroid 4644, the pdf of the

albedo was calculated using c1 = 0.14, c2 = 0.59 and CN = 5.17. Note that the mass pdf needs to be

recalculated for each asteroid due to their unique albedo pdf generated by the NEOPOP model.

Figure 3.11: Mass probability density function
for Asteroid 4644 using uniform probability den-
sity function for density

Figure 3.12: Mass probability density function
for Asteroid 4644 using gamma probability den-
sity function for density

The two mass probability density functions are different. Since the uniform model only considers

densities ρ ∈ [2000, 4000] kg/m3, the respective mass probability density function (Figure 3.11) allows

masses between approximately m ∈ [2×106, 8×1015] kg with a peak happening around m = 108 kg. The

second model for the mass pdf allows a variation of the mass in a bigger range m ∈ [8×104, 6×1015] kg,

with a lower upper range and a peak around m = 107 kg, due to the nature of gamma pdf for the density.

It is expected that the second model will generate asteroids with lower masses, which decreases the

strength of the signal and ending up decreasing the probability of detection. In fact, the results for this

study showed a decrease in 20% for the probability of detection using the second model.
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3.3.2 Computing the Probability of Detection

The probability of detection Pdet of a certain asteroid or group of asteroids during the LISA lifetime of

10 years is calculated through:

Pdet =
10 yr

Tsyn [yr]

∫
m

pdet(m) pm(m) dm. (3.6)

where pm(m) is the probability density function of the mass, allowing to calculate an mass independent

probability of detection and Tsyn corresponds to the synodic period for the MOID. This integral allows to

get rid of the mass dependency by integrating over the mass parameter space. The normalization using

the synodic period is needed since the mass dependant probability of detection pdet(m) is the probability

of detection for a certain mass m in a parameter space during the synodic period. The synodic period

Tsyn for the asteroid and S/C is given by:

1

Tsyn
=

∣∣∣∣ 1

TNEA
− 1

TS/C

∣∣∣∣ . (3.7)

where TNEA is the orbital period of the NEA and TS/C is the orbital period for the S/C. Out of curiosity, the

distribution of Tsyn for the synthetic population with S/C 2 are presented in Appendix F.

Mass Dependent Probability of Detection

The computation of the mass dependent probability of detection pdet(m) follows the same principle

for both scenarios. It is calculated from an area corresponding to the parameters allowing detection

Adet(m) for a given mass m, over the total area of the parameter space:

pdet(m) =
Adet(m)

(2π)2
. (3.8)

This is because we assume that the parameters are uniformly distributed in the parameter space. For the

non-fixed orbit scenario, the parameters are the orbital elements (Ω, ω) which are varied in the interval

of [0, 2π] rad. For the fixed orbit, since we assess a close approach not happening at the MOID, the

parameters correspond to the mean anomalies of the bodies in question (MNEA, MS/C) which are also

varied in the interval of [0, 2π] rad. So, the area of the 2D parameter space corresponds to (2π)2 rad2.

In this work, the mass dependent probability pdet(m) is calculated for different masses in the range

of the pm(m), so that a curve can be constructed. This curve is, then, fitted so that the results can be

extrapolated to allow the integration with the pdf of the mass pm(m) over the range of potential masses

m and compute the mass independent probability of detection Pdet. It is expected that the probability

pdet(m) can be fitted to something close to pdet(m) ∝ m0.4. This is because of the concept of Sphere

of Influence (SoI), rSoI ∝ m0.4, firstly introduced by Laplace in 1805 to investigate close encounters of

comets with Jupyter and the Earth [63]. As the mass is increased, the signal gets stronger and the

probability of detection increases. And since the impact of the change in mass is equivalent to a change

in distance, we can expect the behavior of the SoI.
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3.3.3 Assessing the Area of Detection

Non-Fixed Orbit Scenario

The NEOPOP software generates a random pair of (Ω, ω) for each asteroid. However, those values

are important since they alter the 3D geometry of the orbit and the value of the MOID. Some pairs of

(Ω, ω) can generate close approaches which allow the potential detection of the asteroid while others

not. Nevertheless, finding out which combinations of (Ω, ω) correspond to such close approaches is a

relatively hard 3D problem to solve analytically.

One way to test and obtain all valid combinations numerically is through an exhaustive search over

the whole parameter range [0, 2π] for both elements. Nevertheless, this is not a viable solution as it is

quite computationally expensive due to its exponential complexity in space and time. As a consequence,

a Local Search Algorithm (LSA) was designed to limit the search of the 2D grid on the promising pairs

of (Ω, ω).

The LSA corresponds to a brute force search guided by a heuristic. The heuristic allows to find fast

the relevant combinations of Ω and ω. It takes advantage from the fact that Ω and ω correspond to angles

of rotation of the orbit in the 3D space. Once a pair (Ω, ω) with a small MOID is found, a small change to

both elements (Ω+∆Ω, ω+∆ω) will provide another small MOID. Thus, after a promising pair is found,

the search is limited to the surrounding.

(a): Initial search state (b): Exploration at time t1

(c): Exploration at time t2 (d): Result of exploration

Figure 3.13: Illustration of search for promising (Ω, ω) using LSA. In (a), the initial probing mechanism is
shown. All the positions tested in the first column are shown in grey, while the promising pairs of (Ω, ω)
are shown in orange. As soon as these pairs are found, the search is guided by the heuristic which only
evaluates the neighborhood, shown in blue for (b) and (c) at different times of exploration (with t1 < t2).
In (d), when no more neighbors are to be tested, the search is concluded. Note that this algorithm acts
in a mirror way, meaning that it recognises that 0 ≡ 2π for both angles. So if the promising pair is found
in the upper limit, the search will continue in the lower limit.
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Before applying the LSA, the space of potential solutions is discretized, i.e, a 2D grid where Ω and ω

vary between [0, 2π] is created. Then, the next is to find the initial promising pairs (Ω0, ω0). As it is not

possible to predict these values without effort beforehand, the algorithm searches the first column of the

grid, (0, ωi) for i = 1, 2, . . . , N , where N2 is the number of pairs (Ω, ω) in the grid4. After having found

these initial pairs, we start the search in their surroundings, i.e, the frontier. The search is stopped when

there are no more points in the frontier to test. This is illustrated in Figure 3.13.

To select a promising candidate for detection, the results of the study in Chapter 3.2 to find a suitable

candidate of detection are used. As the asteroid has an initial mass calculated using the H obtained

from the model, a minimum MOID for the pairs of (Ω, ω) can be calculated through Equation 3.1. If the

MOID is lower or equal to the minimum MOID, then the pair (Ω, ω) is considered valid.

The LSA generates diagrams as the ones shown in Figure 3.14 for Asteroid 4644. In the three

diagrams, the mass of the asteroid was varied from its initial mass m0 calculated using the mass equation

model and the standard values for the density ρ and albedo pυ.

(a): m = 0.001m0 (b): m = m0 (c): m = 1000m0

Figure 3.14: SNR as a function of (Ω, ω) for Asteroid 4644 of fictitious population. The lines represent
the values of (Ω, ω) for SNR ≥ 5 not discriminated by color.

For Asteroid 4644, four strips are found in the three diagrams. In the first, the strips are more faded

since the mass m is a factor 1000 compared to the initial mass m0, calculated with the standard values

and the generated H. On the other hand, for a mass m 1000 times bigger than the original mass, the

strips become thicker. The irregularities in the thickening depend on the 3D spatial geometry of the

orbit. We note that not all asteroids present four strips and that the patterns depend on the other orbital

elements, so these diagrams, being unique, need to be simulated for all studied asteroids.

These (Ω, ω) diagrams correspond to a variation in the phase space to construct a new asteroid’s

orbit with a new MOID. The area of detection is calculated from the area of the colored strips, where the

SNR ≥ 5. By varying the mass m, it is possible to calculate a different area of detection Adet(m) which

helps drawing the curve pdet(m) for the non-fixed orbit scenario.

4The grid is squared since there is no reason to be believe that one variable should be discretized more finely than the other.
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Fixed Orbit Scenario

A close approach at the MOID is the ideal scenario, but not realistic. Additionally, the orbits of

the asteroids are defined so, all orbital elements are fixed. As the MOID allows a detection with the

best signal, we start simulating at the MOID and we assess a potential delay for the asteroid and the

spacecraft, individually, by a variation of their mean anomaly MNEA or MS/C. Since there are two bodies

in motion, there are four cases of delays/missed approach. These are illustrated in Figure 3.15.

(a): S/C at MOID: asteroid is late (b): S/C at MOID: asteroid is ahead

(c): Asteroid at MOID: S/C is late (d): Asteroid at MOID: S/C is ahead

Figure 3.15: Missed close approach scenarios. The red point represents the position of the MOID
for the body in question in its orbit.

If we inspect more closely these four missed close approaches, we can see that Figure 3.14(c) is

what will happen in the future of Figure 3.14(a) whenever the asteroid reaches the MOID. The same

applies to 3.14(d) and 3.14(b). So effectively, it is enough to vary both variables, MNEA and MS/C, to

produce all the scenarios.

These delays have an impact in the signal. Firstly because it won’t be at the MOID, it will be at a new

distance d > MOID, meaning its intensity will decrease5. On the other hand, the shape of the signal will

also change as the LISA geometry at the close approach will be different. An example of the signals

and new shapes for a missed close approach when the asteroid is late is shown in Figure 3.16. As

seen in Figure 3.16, the amplitude of the signal in case of a delay decreased. This is more pronounced

in channel A. Additionally, the shape of the signal became different, especially for channels A and T .

There was already a big decrease of SNR in the order of 20% for only a delay of 50 s corresponding to a

point a couple of thousand of kilometers away from the MOID.

5There is a small probability that the signal intensity may increase which is due to the LISA geometry. This means that very
close to the MOID, if the distance is not sufficiently small and the LISA geometry is more favourable, we can have a case of a
temporarily higher signal. Nevertheless, the trend is for the signal to decrease as we get away from the MOID.
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Figure 3.16: Signal in A, E and T channels when the asteroid is late of δMNEA = 3 × 10−6 rad. This
delay corresponds to approximately 50 s which means a difference of already a couple of thousand of
kilometers away from the MOID. The SNR decreased by 20% compared to the close approach at the
MOID.

Since M varies linearly with time, a linear relationship can be found between MNEA and MS/C. This

means that if both bodies are late or early enough by a certain amount, they still meet at the MOID. This

is easily proven if we assess the time of passage at the MOID, tMOID, for both bodies:

tMOIDNEA = tMOIDS/C . (3.9)

The time of passage is easily rewritten as (for the asteroid as an example):

tMOIDNEA =
1

nNEA
(MMOIDNEA − nNEAT0)︸ ︷︷ ︸

∆MNEA

. (3.10)

where nNEA = 2π/TNEA. Meaning that, it is possible to relate both mean anomalies:

∆MNEA =
TS/C

TNEA
∆MS/C. (3.11)

From this relationship, we see that there are pairs of delays for each body (∆MNEA,∆MS/C) that

allows them to meet at the MOID, and generate the strongest signal. The origin of the diagram where

this line is designed corresponds to an arrival at the MOID where no delay happened.

Figure 3.17: ∆θ for both bodies to arrive at the MOID at the same time. These ∆θ are calculated from
the respective ∆M deduced from Equation 3.11. Note that for ∆M = 0, ∆θ = 0 and both bodies are at
the MOID.
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The relationship works either when the body is late (δM > 0) or in advance (δM < 0). Nevertheless,

a variation of M does not mean the bodies move linearly, though. To know the actual delay angle in their

orbit, it is needed to recalculate the delay for the true anomaly, ∆θ, from the mean anomaly, ∆M to ∆θ,

as shown in Figure 3.17.

In Figure 3.18, the SNR phase diagram for Asteroid 4644 with a mass m = m0 for different values of

(∆MNEA,∆MS/C) in the interval [0, 0.001] rad is shown. The linear relationship for the (∆MNEA,∆MS/C)

delay (Equation 3.11) appears naturally, showing the highest SNR. It is also possible to see the isolines

for a delay causing a signal with a SNR = 5, in white.

Figure 3.18: SNR as a function of the δMNEA of the asteroid and δMS/C of the spacecraft for a mass
m = m0. The yellow line corresponds to the relationship illustrated by Equation 3.11 for the MOID, and
in white the isolines at SNR = 5 are shown.

To detect the area of detectability Adet(m), we draw the previous phase diagram for different masses

for the variables (∆MNEA,∆MS/C) and we calculate the area of the strips6 where SNR ≥ 5. The pair

(δMNEA, δMS/C) is defined as the individual delays generating a signal with SNR = 5 when the other

body is found at the MOID at the original time. This pair is used to calculate the area of detectability for

a certain mass m for the fixed orbit scenario:

Adet(m) = 2× 2π

(
δMNEA(m) +

TS/C

TNEA
δMS/C(m)

)
. (3.12)

By varying the mass m, it is possible to calculate the curve pdet(m). The effect of an increase in mass

is relatively the same as in the non-fixed scenario. The heavier the asteroid, the wider the strips and the

area of detectability increases.

6Note that actually there are actually two strips, so a factor 2 in the calculation of the area. This is due to the mirroring effect of
the angle between 0 and 2π. To be able to visualize this, one needs to see that we can calculate the same area in the interval of
δM ∈ [0, 2π] rad instead, and that, in the end, there will be two parallelograms, one passing at the origin (0, 0) and another one
passing at the (2π, 2π). An illustration of this idea is shown in Figure F.3 of Appendix F.
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3.3.4 Example

Asteroid 4644 is an asteroid from the fictitious population having an original MOID = 1.22× 10−5 au

with S/C 2 with whom we generate an original close approach having a SNR = 28240.29. It was already

used in some of the previous illustrations. Its orbital elements and physical properties are:

a = 2.23 au, e = 0.65, i = 0.16 rad, Ω = 0.0025 rad, ω = 4.17 rad, m0 = 1.34× 1011 kg.

For this asteroid, we constructed both curves pdet(m) for the non-fixed orbit (phase diagram of (Ω, ω))

and fixed orbit scenarios (phase diagram of (∆MNEA, ∆MS/C)) by calculating some points for different

masses m (in blue) and fitting a line (in dotted grey). These are shown in Figures 3.19 and 3.20,

respectively.

Figure 3.19: Probability of detection for the
non-fixed orbit scenario as a function of mass
for Asteroid 4644. Each point represents a
value of pdet(m) calculated for a certain mass
m. A linear fit of the pdet(m) curve is shown in
dotted grey.

Figure 3.20: Probability of detection for the
fixed orbit study as a function of mass for As-
teroid 4644. Each point represents a value of
pdet(m) calculated for a certain mass m. A lin-
ear fit of the pdet(m) curve is shown in dotted
grey.

The linear fit allows us to infer the probability of detection for other masses not tested and save

computational resources. From the observed plots, we see that the fit gives a dependency on the mass

around of pdet(m) ∝ m0.4. It is actually slightly higher than the expected value since the close approach

is slightly more complex than the model described by Laplace.

If we knew precisely the mass of the asteroid being observed with LISA, the probability of detection

would correspond to a point in these curves. Nevertheless, the mass is most likely not known so it would

be best to have a probability of detection independent of such property. That’s why, we constructed the

mass probability density function models (Figures 3.11 and 3.12). Using these models we integrate out

the mass from the calculated mass dependant probability of detection curve.

For the non-fixed orbit scenario, the resulting mass independent probabilities of detection Pdet for

Asteroid 4644 using an uniform density pdf (model 1) and a gamma density pdf (model 2) to construct

the mass pdf are:
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P non-fixed
det (1) = 3.44× 10−3, P non-fixed

det (2) = 2.78× 10−3

For the fixed orbit scenario, the resulting mass independent probabilities of detection Pdet for Asteroid

4644 for the same models are:

P fixed
det (1) = 7.33× 10−5, P fixed

det (2) = 5.87× 10−5

As expected, the probability of detection decreases for this second scenario because we fixed more

parameters, even though we allowed flexibility on the close approach. Now, this probability means that

we are able to detect with a certain likelihood this specific asteroid with fixed (a, e, i, Ω, ω) during the

lifetime of LISA but the detection does not need to happen in the MOID.

For both pairs of probabilities (both non-fixed and fixed orbit scenarios), the second mass pdf gen-

erates a 20% lower value compared to the first model. This is compatible with the analysis previously

done for the mass pdf. The second model gives more probability to smaller masses for the asteroid,

while the first has a longer tail in the higher masses.

3.3.5 Discussion of Results

Several more asteroids were tested for the two scenarios: non-fixed orbit scenario where a phase

diagram of (Ω, ω) is used to calculate the mass dependant probability of detection, and a fixed orbit

scenario where a phase diagram of (∆MNEA, ∆MS/C) is used for the same effect. The results are

displayed in Table 3.1.

Non-Fixed Orbit Fixed Orbit

Name SNR Tsyn [yr] Pdet (1) Pdet (2) Pdet (1) Pdet (2)

1836 51520.68 1.71 3.06+3.72
−1.67 × 10−3 2.47+2.97

−1.34 × 10−3 9.40+5.52
−3.48 × 10−5 7.58+4.42

−2.79 × 10−5

4644 28240.29 1.42 3.44+1.78
−1.17 × 10−3 2.78+1.42

−0.94 × 10−3 7.33+6.16
−3.34 × 10−5 5.88+4.88

−2.66 × 10−5

6135 235.80 3.27 1.51+1.13
−0.64 × 10−3 1.21+0.90

−0.52 × 10−3 7.31+33.74
−5.98 × 10−5 5.78+26.30

−4.72 × 10−5

8775 62177.07 2.03 1.27+0.08
−0.07 × 10−2 1.03+0.06

−0.06 × 10−2 1.07+1.00
−0.52 × 10−4 8.68+8.00

−4.15 × 10−5

11545 3470.39 1.30 1.45+0.40
−0.32 × 10−3 1.18+0.32

−0.25 × 10−3 9.40+3.26
−2.45 × 10−5 7.98+2.62

−1.97 × 10−5

13323 8801.66 8.77 5.33+4.35
−2.39 × 10−4 4.29+3.46

−1.91 × 10−4 4.18+3.59
−1.93 × 10−5 3.36+2.86

−1.54 × 10−5

14414 120.68 1.35 7.73+6.42
−3.50 × 10−3 6.22+5.11

−2.80 × 10−3 6.11+30.54
−5.07 × 10−5 4.81+23.65

−3.98 × 10−5

19021 11.94 185.09 2.34+1.02
−0.71 × 10−5 1.91+0.82

−0.57 × 10−5 6.94+53.75
−6.12 × 10−7 5.35+40.81

−4.71 × 10−7

Table 3.1: Results for Probability of detection study for the non-fixed and fixed orbits cases for 8 aster-
oids of the fictitious population. (1) uses the uniform distribution (Figure 3.9) for the probability density
distribution of ρ. (2) uses the gamma function (Figure 3.10) for the probability density distribution of
ρ. The MOID and the synodic periods Tsyn were calculated with S/C 2. More results can be found in
Appendix F.
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The two models for the density pdf used to generate the mass pdf were studied: model (1) con-

sidering a uniform distribution between ρ ∈ [2000, 4000] kg/m3, and model (2) considering a gamma

distribution with a = 2 and k = 1000.

As seen, the probability of detection for the fixed orbit approach is always smaller than the non-fixed

orbit one. It makes sense as the second study has more constraints than the first one. Furthermore,

the probability of detection using the gamma probability density function for the density keeps its trend

of being 20% lower compared to the uniform probability density function for the density. Moreover,

the smaller the SNR, the less likely the detection of the asteroid, and thus, its probability of detection

decreases.

Asteroid 8775 has the greatest probability of detection in both cases being also the one with the

lowest uncertainties. We can also see that there are uncertainties on the probability of detection, and

that these are not symmetrical. We tend to underestimate the probability when we use the fitted curve

for pdet(m). The errors are usually on the order of 50% being able to up to 100%. Although in terms of

relative error it seems a lot, the probabilities found are very small, thus a small variation causes great

relative errors. While looking at it from the absolute point of view, the errors make the probability still

stay in the same order of magnitude and are not that big.

Another interesting result from both these studies is that from the fitting done to the mass depen-

dent probability of detection pdet(m) for both studies, from all the data collected, we can see that it is

proportional to the mass as:

pdet(m) ∝ m0.45±0.03. (3.13)

This alludes to the concept of sphere of influence. In our case, it becomes a sphere of detectability

around the MOID and the sphere decreases radius it the mass of the asteroid is smaller, meaning that

it needs a closer approach to be detected. Again, due to the complexity of the LISA system and that it

is not a point mass, the exponent doesn’t match perfectly what is defined in Laplace’s equation. Being

above 0.4 is consistent with the contributions of the other spacecrafts to the measurement done and to

the detection of the asteroid.

Some of the asteroids, we can see that for the fixed orbit scenario, we underestimate the probability

of detection sometimes by a significant amount. The study is under the assumption that there is only

a single close approach to a specific spacecraft but this may not be the reality. As soon as its region

of influence becomes considerable, it can generate smaller signals on the other spacecraft which allow

to collect much more information and increase its probability of detection. And, when the delay is suffi-

ciently important, it may end up placing the asteroid in a favourable position for a close approach with

another spacecraft. This translates by a faulty fit for the curve pdet(m) which then translates to a bigger

uncertainty for the positive error. A more complete explanation of this phenomenon which affects several

asteroids in a certain scale can be consulted in Appendix D: Deviation from the Sphere of Influence.

These results allow to see we can predict the order of magnitude of the probability of detection

within a certain uncertainty interval. Moreover, the non-fixed and fixed orbit scenarios have different

assumptions but they are not mutually exclusive, so it is possible and envisioned to join these together.
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If we end up calculating new SNR phase diagrams taking into account (Ω, ω) and the ∆M delays,

it is possible to calculate a pdet(m) curve which encompasses both effects. So, we can calculate a

probability of detection for an asteroid defined by (a, e, i) but not assuming a close approach at the

MOID. Additionally, if we want to calculate a probability of detection for the fictitious population and not

just a group of asteroids with well defined (a, e, i), we can also integrate out these variables using the

probability density functions of (a, e, i) of the NEOPOP model shown in Figure 3.1. But for that we would

need a lot of computational power and, right now, we are limited by computational time7, and we can

only envision it as future work.

7For a single asteroid, the average computational time needed for the first study is around one day and for the second study
around two hours using a MacBook Pro with a chip M1 Max and a memory of 32GB.

47



3.4 Assessing the Uncertainty in Measurements

In this final study, we assess the uncertainty in the asteroid orbital elements and physical properties

assuming a measurement is done with the LISA mission.

The determination of the uncertainty in signals is valuable as it is often employed as a proxy for

the amount of information that can be collected by the detectors. However, to predict the parameter-

estimation performance of future observations is a complex matter even if there are theoretical descrip-

tions of the expected signals and realistic descriptions of the noise and of the detectors. There are a few

analytical techniques that can be applied to make such prediction. In the source-modeling and gravita-

tional waves’ community, the analytical tool of choice has been the Fisher Information theory [64]. The

Fisher-matrix formalism allows to calculate the uncertainty in the parameters making some assumptions

on the noise probability and measurements in a singularly economical way due to its compactness and

accessibility. Therefore, we adopted this technique.

In the first part of this study, the Fisher Matrix F is derived for the parameters θ to be extracted from

the signal after detection. Then, from the Fisher Matrix, the Covariance Matrix C is deduced, which

provides the standard deviation σ for the measured parameters. Finally, the Correlation Matrix X is

computed so that the parameters’ dependency for the signal and the relations between the different

uncertainties is known.

Since the LISA mission captures signal in three different TDI channels, their individual information

can be joined to compute a final Fisher Matrix and subsequent results gathering all the information of

the full system.

3.4.1 Fisher Information

The Fisher Information concept allows to quantify the amount of information an observation carries

about a set of parameters. In order to explain it, we will base and adapt the work in [65, 66]. We start by

defining the output of the detector, i.e, the data stream g(t,θ) as:

g(t,θ) =

n(t), if no signal is present;

n(t) + x(t,θ), if signal x(t,θ) is present.
(3.14)

where θ is a vector containing the unknown parameters we pretend to extract, n(t) the noise on the

data stream and x(t,θ) is the potential signal characterized by the parameters θ. The data stream

corresponds to the time-series data collected in the detectors, with or without containing a signal.

For an NEA, the parameters to be extracted from a LISA measurement correspond to the orbital

elements and the mass, so θ can be defined as the vector:

θ =
[
a e i Ω ω m

]
. (3.15)

where the semi-major axis a is in au, the angles i, Ω and ω in rad and the mass m in kg.
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We intend to define the error bars on the detection of the signal x(t,θ) given that we collected the

datastream g(t,θ) and that we have a model m(t,θ) that explains the data, i.e, the model of the signal.

In other words, we want to define the covariance of the model m(t,θ). For that, Bayes’ Theorem is used.

We can define the probability P (x | g) of presence of the signal x(t,θ) given the observed datastream

g(t,θ):

P (x | g)︸ ︷︷ ︸
posterior

=

likelihood︷ ︸︸ ︷
P (g |x)

prior︷ ︸︸ ︷
P (x)

P (g)︸ ︷︷ ︸
evidence

. (3.16)

where P (g |x) is the probability of observing g(t,θ) assuming the signal x(t,θ) is present, P (x) is the

probability that the signal x(t,θ) defined by the parameters θ is present, and P (g) is the probability that

the datastream g(t,θ) is observed.

As we know nothing about the posterior probability P (x | g) itself, we use the previous relationship to

relate it to the likelihood probability P (g |x) that we can deduce while making some informed assump-

tions. As the prior probability P (x) is not known either, we adopt an uninformative prior based on the

principle of indifference which states that in the absence of any relevant evidence, we should distribute

the probability equally among all the possible outcomes under consideration. On the other hand, the

evidence probability P (g) is typically used either as a normalization probability or a comparator between

different models for the signal. It allows us to assess how well the model predicts the signal.

Note that all the results presented below correspond to the matrix form of the Fisher Information due

to the nature of the parameters θ to be studied.

Likelihood

From Equation 3.16, it can be seen that the posterior probability P (x | g) is proportional to the like-

lihood probability. This means that by analysing the error bars defined with the likelihood, we end up

analysing the error bars on the model that is defined by the posterior probability.

To be able to determine the likelihood, we can perform an experiment where we measure N data

points (gk, tk) where k = 1, 2, ..., N in a case where the datastream contains the signal. On top of it, we

assume we have the model m(t,θ) that describes such signal. The noise n(t) on the data is assumed

white Gaussian noise, N (0, σ2) , with a variance σ2. In this case, the probability P (gk |xk) of observing

one measurement of the datastream gk given that it contains the signal xk is:

P (gk |xk) =
1√
2πσ2

k

e
− (gk−m(tk,θ))2

2σ2
k . (3.17)

The likelihood L(g |x, θ) is the probability of doing independent measurements of all gk, given by:

L(g |x; θ) =
N∏

k=1

P (gk |xk)

∝ e
−

∑N
k=1

(gk−m(tk,θ))2

2σ2
k .

(3.18)
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In practice, it is often convenient to work with the natural logarithm of the Likelihood, i.e, the Log-

Likelihood ℓ(g |x; θ):

ℓ(g |x; θ) = logL(g |x; θ)

= −1

2

N∑
k=1

(gk −m(tk,θ))
2

σ2
k

+ q.
(3.19)

where q is a constant related to the product of the normalization of the measurement probabilities.

In Statistics, we can perform a estimation of the parameters θ of an assumed model given the

observed datastream using the Maximum Likelihood Estimation method. It relies on maximizing the

likelihood function (or log-likelihood function as it is also a monotonic function with the same maximum)

where the observed data is the most probable under the assumed statistical model.

In our case, the maximization of the log likelihood function leads to the formalism of the Least

Squares Estimation method, meaning, we intend to estimate the parameters θ that allow to minimize

the residuals or error between the model m(t,θ) and the signal x(t,θ) in the datastream g(t,θ). The

constant c becomes irrelevant in this minimization as it does not change the result of the estimation

method.

max
θ

ℓ(g |x; θ) ≡ min
θ

N∑
k=1

(gk −m(tk,θ))
2

σ2
k

. (3.20)

We define θmin as the parameters that minimize the Least Squares problem.

θmin = argmin
θ

N∑
k=1

(gk −m(tk,θ))
2

σ2
k

= LSQ(θ). (3.21)

It is possible to rewrite the Least Squares problem using a Taylor Expansion.

LSQ(θ) = LSQ(θmin) + (θmin − θ) ∂θ LSQ(θ)|θmin︸ ︷︷ ︸
=0

+
1

2
(θmin − θ)2 ∂2

θ LSQ(θ)|θmin + ... . (3.22)

The first term of the Taylor Expansion corresponds to the value of the Least Square problem at the

parameters θmin minimizing it. That means if θmin is chosen carefully, LSQ(θmin) should be close to or

tend to 0. The second term is 0 by the definition of minimization and derivative. On the other hand,

higher orders than second order are just residuals and also average out. Thus, the only relevant term

for this expansion is the second derivative. This means that the likelihood can be approximated to the

second order derivative of the Taylor Expansion around θmin:

L(g |x; θ) ∝ e−
1
4 (θmin−θ)2 ∂2

θ LSQ(θ)|θmin . (3.23)

This means that close to the maximum, the likelihood behaves as a Gaussian with a variance σ2 of:
1

σ2
=

1

2
∂2
θ LSQ(θ)|θmin . (3.24)
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By applying a second derivative on the LSQ problem defined in Equation 3.21, we can evaluate it to:

∂2
θ LSQ(θ) =

N∑
k=1

∂2
θ

(gk −m(tk,θ))
2

σ2
k

= 2

N∑
k=1

(m(tk,θ)− gk) ∂
2
θ m(tk,θ) + (∂θ m(tk,θ))

2

σ2
k

(3.25)

At θ = θmin, the first term (m(tk,θ) − gk) ∂
2
θ m(tk,θ) corresponds to the residuals of the fit between

the model m(tk,θ) and the signal x(tk,θ) present in the datastream gk. So assuming, an accurate model

of the signal, this term averages out. This means that:

∂2
θLSQ(θ)|θmin = 2

N∑
k=1

(∂θ m(tk,θ)|θmin)
2

σ2
k

(3.26)

Now, the previous equation can be rewritten in a more matrix friendly and generalized format:

1

2
∂θi∂θjLSQ(θ)|θmin =

N∑
k=1

=
∂θim(tk,θ)|θmin ∂θjm(tk,θ)|θmin

σ2
k

= C−1
ij (3.27)

where Fij = C−1
ij corresponds to the Fisher Matrix element i, j, and Cij the Covariance Matrix element

i, j of the model.

The derivatives of the model and the covariances are inversely proportional. This means that if the

model depends strongly on the parameters, the covariances will be small and thus, the signal can be

determined quite well. On the other hand, if the model doesn’t depend strongly on the parameters, their

determination can become difficult due to the large covariance. This alludes to the need of a somewhat

precise model when detecting NEAs in the LISA datastream.

Through Parseval’s Theorem (Equation 2.17), one can easily calculate the PSDn of the noise. Nev-

ertheless, in the frequency domain, the variance of the noise is nothing less than the variance than the

average power of the noise, i.e, the integral of the PSD over the frequency spectrum. Consequently, the

variance of the noise σ2 can be rewritten as:

σ2 =

∫ ∞

−∞
PSDn(f) df. (3.28)

We considered so far the model m(t,θ) in the time domain, but we can also translate it to the fre-

quency domain. With the help of the definition of Fourier Transform (Equation 2.16), we end up with a

frequency domain model, m̃(f,θ). Now, using the definition of inner product between two signals in the

frequency domain and the previous definition of variance, it can be shown that we can rewrite the Fisher

Matrix element Fij as:
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Fij =

∫ ∞

−∞

(∂θim̃(f,θ)) (∂θjm̃(f,θ))∗ + (∂θim̃(f,θ))∗ (∂θjm̃(f,θ))

PSDn(f)
df = C−1

ij . (3.29)

From its definition, it can be seen that the Fisher Matrix F = C−1 is a symmetric matrix, but also

invertible so that it is possible to extract the covariances for the parameters. The relevant part of the

Covariance Matrix C is its diagonal, which contains the variance for the parameters θ. We can define

the diagonal matrix D containing the standard deviations of the measured parameters θ as:

D =


0

0

√
Cθ1

0

. . .

0

√
CθM

0

0
 (3.30)

where θ contains M unknown parameters. Finally, we can calculate the Correlation Matrix X using

this diagonal matrix D for scaling purposes.

X = D−1CD−1 (3.31)

The Correlation Matrix allows to measure the intensity and relation between the different parameters.

It allow us to determine how correlated are the variables between them. And from it, we can assess the

estimation of the parameters itself, meaning assess their stability or potential considerable errors in their

measurement.

3.4.2 Example

Asteroid 1836 is an asteroid from the fictitious population having a MOID = 4.61× 10−5 au with S/C

2 with whom we generate a close approach having a SNR = 51520.68. Its orbital elements and physical

properties are:

a = 1.79 au, e = 0.53, i = 0.15 rad, Ω = 1.14 rad, ω = 2.09 rad, m0 = 2.84× 1012 kg.

The objective of this study lies on calculating both the Covariance and Correlation Matrix to assess

how well can we determine the parameters θ = [a, e, i, Ω, ω, m]. According to Equation 2.15, the PSD

of the noise is defined as PSDn(f) = Sn(f). The model of the signal m(t,θ) is exactly the signal in

the detectors after applying the TDI technique on our simulation (see 4. Apply TDI Technique in Page

25). Since it is computationally expensive to calculate the derivative of the model m(t,θ) for each pair of

(θi, θj), the definition of derivative through its limit is used considering a variation of the parameters ∆θ:

∆θ =
[
10−6a 10−6e 10−4i 10−6Ω 10−6ω 10−2 m0

]
.

The chosen values allow to calculate a sufficiently accurate derivative without compromising the
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numerical precision of the computations. For illustration purposes, the signals in the TDI channels for

the current asteroid parameters θ with the impact of individual variations ∆θ on each parameter are

illustrated in Figure 3.21.

(a): TDI Signal when varying the semi-major axis a by ∆ a = 10−5 a

(b): TDI Signal when varying the eccentricity e by ∆ e = 10−5 e

(c): TDI Signal when varying the inclination i by ∆ i = 10−3 i

(d): TDI Signal when varying the longitude of ascending node Ω by ∆Ω = 10−5 Ω
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(e): TDI Signal when varying the argument of perihelion ω by ∆ω = 10−5 ω

(f): TDI Signal when varying the mass m by ∆m = 0.5m

Figure 3.21: Time-series TDI signal for Asteroid 1836 for variations of its parameters θ according to
∆θ =

[
10−5a 10−5e 10−3i 10−5Ω 10−5ω 0.5m0

]
. Note that each subfigure shows the TDI signal

where only the respective element is varied. The presented values ∆θ were chosen for visualization
purposes. The close approach at the MOID corresponds to t0 = 4700 s.

For this asteroid in particular, we can see the impact of the variation of the different parameters. If we

increase the semi-major axis, the MOID is anticipated and increase slightly the signal captured. On the

other hand, a decrease in the eccentricity delays the MOID for a later time in the orbit. Surprisingly, in

this case, an increase in inclination has only a direct impact in the amplitude of the signal while keeping

the MOID in the same place. Additionally, an increase in the longitude of ascending node allows to

have an anticipated MOID and while the signal in channel A increases, in channel E it decreases. A

variation in the argument of perihelion changes the shape of the signal in channel A while impacting the

amplitude in channel E. Finally, like the inclination, but here quite expected, changing the mass impacts

only the amplitude of the signal. As expected, in channel T we can also see the impact of the variation

of the parameters, but quite attenuated (usually 2 or 3 orders of magnitude below) and polluted with high

frequency noise due to the design of the channel as an empty channel.

Each channel contains an individual data-stream, thus an individual signal and, as seen in Chapter

2.5, an individual noise. Thus, we can compute for each channel a fisher matrix as well as the corre-

sponding covariance matrix. Additionally, it is possible to combine the information of the three fisher

matrices to have a better estimate on the parameters and decrease the uncertainty (see Appendix E:

Adding Fisher Matrices). So, we compute the individual fisher matrices and we add them together to find
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the final fisher matrix from which we can compute the covariance and correlation matrices. For Asteroid

1836, the resultant Fisher Matrix F1836 and Covariance Matrix C1836 are:

F1836 = 1026



a e i Ω ω m

4.40 −8.98 0.06 −0.30 −0.48 1.82× 10−17 a

−8.98 35.38 −0.82 4.81 7.31 −1.03× 10−16 e

0.06 −0.82 0.03 −0.16 −0.26 3.01× 10−18 i

−0.30 4.81 −0.16 1.10 1.59 −1.73× 10−17 Ω

−0.48 7.31 −0.26 1.59 2.40 −2.66× 10−17 ω

1.82× 10−17 −1.03× 10−16 3.01× 10−18 −1.73× 10−17 −2.66× 10−17 3.53× 10−34 m



C1836 = 10−21



a e i Ω ω m

8.41 4.82 49.42 −16.47 3.35 4.25× 1014 a

4.82 2.77 28.38 −9.46 1.93 2.48× 1014 e

49.42 28.38 352.99 −117.86 40.49 9.79× 1015 i

−16.47 −9.46 −117.86 39.36 −13.56 −3.29× 1015 Ω

3.35 1.93 40.49 −13.56 8.26 2.60× 1015 ω

4.25× 1014 2.48× 1014 9.79× 1015 −3.29× 1015 2.60× 1015 1.37× 1030 m



The standard deviation for each parameter σ1836 is the squared root of the diagonal of the Covari-

ance Matrix C1836:

σ1836 =
( σa σe σi σΩ σω σm

9.17× 10−11 au 5.26× 10−11 5.94× 10−10 rad 1.98× 10−10 rad 9.09× 10−11 rad 3.71× 104 kg
)

The standard deviation σm for the mass can be translated to a normalized standard deviation σ∗
m =

σm/m × 100 corresponding to the percent accuracy on the mass. For this asteroid, the normalized

standard deviation is σ∗
m = 1.31× 10−6 %.

Finally, the illustrated Correlation Matrix X1836 is shown in Figure 3.22.

Figure 3.22: Correlation matrix X1836 for Asteroid 1836. The correlation scale goes from 1 (strong blue)
to -1 (strong red), where the first means strongly directly correlated and the second strongly inversely
correlated. A correlation value of 0 indicates no correlation between the variables. This correlation
matrix is a unique matrix for the signal generated to Asteroid 1836 due to its orbital geometry as well as
the geometry of the close approach and the LISA constellation at that time.
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Note that the correlation matrix varies in the interval [−1, 1] and, when it is is closer to −1 and 1 it

corresponds to a strong inverse and direct correlation.

Due to the difference in order of magnitudes between the mass and the orbital elements we can

see that there are discrepancies between the values in the Fisher matrix F1836, and, consequently in

the Covariance matrix C1836. Nevertheless, the relevant results are the standard deviations for the

parameters θ and the Correlation Matrix.

From these, it can also be seen from the order of magnitude of the uncertainties that, if we have

a model of Asteroid 1836 and if we manage to detect it at the MOID, we will be able to determine its

properties with vast precision. This would be quite revolutionary because in a sole measurement, we

would attain the parameters with standards of deviation σ1836 with an incredible accuracy. Moreover,

the mass would be observed with a precision never seen before except for methods relying on close ap-

proaches with the asteroid. Notwithstanding, this level of precision would be possible because Asteroid

1836 contains a SNR of 51520.68, meaning that if detected, its signal would be quite clear and visible in

the data-stream as it would not be flooded with noise.

Additionally, from the Correlation Matrix X1836, it is possible to distinguish the correlations related to

the features on the signal. For the signal of Asteroid 1836, we can see that the longitude of ascending

noise Ω is negatively correlated to all the other elements. An increase in Ω would generate a signal

that would correspond to a decrease in the other parameters. This means that an increase in Ω, is

as if we decreased the mass in a small way (due to the weak negative correlation) and the signal’s

amplitude would decrease. This effect is actually visible in Figure 3.20(d) especially for the Channel

E. Furthermore, it is clear that the mass m is not strongly correlated to a, e, i and Ω, so errors in their

measurements will not affect much the measurement of the mass m. Yet, there is a relatively strong

correlation between (a, e), meaning that they act in the same way, both elements modulate the amplitude

of the signal somewhat in the same way (as seen in Figures 3.20(a) and 3.20(b)), so their uncertainties

are related, i.e, if the measurement of e is more uncertain, so will be the one of a. There are other

strong correlations for this signal, such as the pairs (a, i), (i, ω) and (ω, m). Again the reasoning is the

same, for these pairs if one measurement gets more uncertain, it will impact its pair, which can then

impact the other elements it is correlated to. A matrix dominated by strong correlations means that, in

the end, the model needs to be quite precise, otherwise a small variation will cause big uncertainties. As

a consequence, to be able to detect this asteroid especially its orbit in a very accurate way, the model

needs to be quite precise too. Note that these correlations are unique to this signal due to its distinct

orbit and close approach to S/C 2.

3.4.3 Discussion of Results

In Table 3.2, the results for the standard deviation σ and Correlation Matrix X for other seven aster-

oids of the fictitious population are shown. The SNR is also presented to provide an idea of the quality

of the signal detected.
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Asteroid SNR Standard Deviation for θ Correlation Matrix X

1279 491.23

σa = 2.04× 10−6 au
σe = 1.31× 10−6

σi = 2.04× 10−7 rad
σΩ = 1.17× 10−6 rad
σω = 6.50× 10−6 rad
σ∗
m = 3.17× 10−4 %

4644 28240.29

σa = 2.62× 10−13 au
σe = 1.17× 10−13

σi = 1.29× 10−12 rad
σΩ = 3.42× 10−13 rad
σω = 7.00× 10−14 rad
σ∗
m = 1.09× 10−7 %

6135 235.80

σa = 6.84× 10−7 au
σe = 1.07× 10−6

σi = 1.02× 10−5 rad
σΩ = 2.25× 10−6 rad
σω = 2.59× 10−6 rad
σ∗
m = 1.91× 10−3 %

8117 6.28

σa = 7.12× 10−5 au
σe = 1..93× 10−4

σi = 4.80× 10−4 rad
σΩ = 9.45× 10−6 rad
σω = 4.68× 10−4 rad
σ∗
m = 0.16%

11545 3470.39

σa = 5.30× 10−9 au
σe = 2.93× 10−9

σi = 1.33× 10−7 rad
σΩ = 1.46× 10−11 rad
σω = 1.70× 10−8 rad
σ∗
m = 1.14× 10−5 %

20406 90.67

σa = 5.70× 10−7 au
σe = 2.33× 10−6

σi = 3.10× 10−5 rad
σΩ = 1.84× 10−7 rad
σω = 1.31× 10−5 rad
σ∗
m = 3.20× 10−3 %

25414 19208.36

σa = 2.18× 10−10 au
σe = 3.98× 10−10

σi = 2.70× 10−10 rad
σΩ = 1.70× 10−11 rad
σω = 8.88× 10−10 rad
σ∗
m = 3.07× 10−7 %

Table 3.2: Standard deviation and correlation matrix for some asteroids of the fictitious population. The
orbital elements and physical properties of the tested asteroids can be found in Appendix F. The deriva-
tives were calculated using ∆θ =

[
10−6 a 10−6 e 10−4 i 10−6 Ω 10−6 ω 10−2 m

]
. The SNR pro-

vided is the one for a close approach at the MOID.
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It can be seen that the better we detect a signal, the lower the uncertainty as shown by the standard

deviation. The correlation matrix is different for each signal as these are unique. Moreover, according to

the tested population, if we detect an asteroid, its mass measurement will still be quite precise (minimum

of σ∗
m = 0.16% for Asteroid 8117). This is logical, as the LISA detector is detecting variations in gravity

which are quite related to the mass of the asteroid. Nevertheless, as seen from its correlation matrix, any

error in one of the parameters, and the signal will not be correctly identified, which makes sense as its

SNR = 6.28 is quite low. In Tables F.4 and F.8, we can see the standard deviation for already observed

asteroids and for more asteroids from the fictitious population. As observed from all these results, as

soon as LISA observes well an asteroid, it will measure its orbital parameters in an accurate way with

one sole measurement which can measure up to the traditional methods after multiple observations and

with a great precision for the mass parameter.

Lastly, it can be seen from the results and, especially the correlation matrices, that the minimum

SNR threshold for detectability is not the most suitable value. Signals with a SNR below a 10 are

not well detected (flat correlation) and, even a small variation, can set off all the measurements of the

parameters. So, a benchmark of SNR = 10 seems better suitable to be the minimum criterium for

detectability.
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Chapter 4

Conclusion

In this work, the possibility of using the LISA mission for the detection of NEAs was assessed.

Through the different studies, several insights about the feasibility of such detections were gained.

Firstly, we understood the factors influencing NEA detectability such as: the asteroid’s mass, its

MOID with the spacecraft and complex geometric configurations of the LISA constellation. While heav-

ier asteroids and those with closer approaches exhibit stronger signals, the unpredictability of LISA’s

geometry poses a challenge in the prediction of detectability. Some configurations are more favourable

than others. However, by studying such situations, it became possible to delineate a minimum threshold

for NEA detectability, providing a foundational framework for subsequent analyses.

The subsequent work delved deeper into the calculation of NEA detection probabilities through two

distinct approaches. The first approach allows flexibility in orbital elements but fixes the close approach

at the MOID. The second approach attempts at being more realistic and freezes the orbit to explore vari-

ations in close approach distances. Both approaches offered complementary perspectives and allowed

to define an order of magnitude for the probability of detection in the different scenarios.

Finally, the uncertainty of the measurements of the LISA constellation, assuming a NEA would be de-

tected was evaluated. By employing techniques such as the Fisher information and Bayesian statistics,

we were able to derive the standard deviations and correlation of uncertainty for the asteroids in study.

These analyses revealed the remarkable precision of LISA measurements, particularly if the signal is

well modeled and detected. Additionally, insights from correlation matrices prompted a reassessment of

the minimum SNR threshold for detectability, suggesting potential ways for refinements in future works.

In conclusion, these findings highlight the potential of using gravitational wave astronomy and the

LISA mission in advancing our comprehension of the NEA population allowing for their detection and

characterization. The research done does not point to a great number of close approaches and detec-

tions with the NEA population but, for the ones that will happen, we may be able to get insights into their

properties, especially their mass, and, potentially, predict future close encounters with our planet.
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4.1 Future Work

There are several directions for the future work, either in terms of improvements of the current work

or in exploring different hypothesis and studies.

Regarding this work, the LISA system and the close approach was simplified to a two body interac-

tion. In reality, the constellation is composed of three bodies which can all interact and contribute for the

detection. In the future, it is envisioned a more realistic model for the LISA constellation and of a region

of influence to improve the accuracy of some of the presented results.

Moreover, it was not presented how to extract the parameters from the signal, only how to calculate

their uncertainties. The design of the models for the signals we expect to detect is a future direction of

this work.

Finally, it was assumed that an asteroid could be modeled as a sphere of a certain diameter. This

is typically done since because there is no way to estimate the size and shape of an asteroid without

ray-tracing. But deviations from this simple model can lead to big uncertainties on the results. As

prospective research, we can study the impact of different models for the shape and size of the asteroid

in the results obtained.
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Appendix A

Code Implementation

Several individual Python packages were put together to be able to create the simulation of the close

approach. These are:

• MOID FORTRAN routine: As the calculation of the MOID is a difficult 3D geometrical problem,

the iterative method and FORTRAN routine provided in [67] are used. These were adapted and

wrapped into Python so that the MOID could be calculated as well as the respective M for each

body to find the respective points in the orbit which the bodies would have the minimum distance

between them.

• SpiceyPy package and SPICE toolkit : are packages [68–70] providing access and tools to interact

with planetary and spacecraft ephemeris and ancillary engineering information using Python. It

was used to calculate the position of the bodies from their orbital elements in the heliocentric

ecliptic coordinate system.

• LISA Orbits package: is a Python package [71] which was created to standardize the LISA orbits

and generate orbit files which are compatible with other packages for the purpose of simulating the

LISA constellation motion in orbit. It is used to store and assess the orbits and laser arms of the

LISA constellation during the simulation.

• LISA Glitch package: is a Python package [72] capable of generating glitch1 files which contain

and store the induced velocity profiles for the different test masses and are compatible with the

next package in the simulation pipeline. In this case, the glitch is the perturbation caused by the

close approach of the NEA to the spacecraft, meaning that the glitch file stores the signal for the

simulation.

• LISA Instrument package: LISA Instrument [73] is a Python package which implements of the

simulation model described in [74]. It allows to run quick or partial simulations considering the

1A glitch is considered a perturbation in the laser beams.
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instrumental effects and noises of of the full measurement and analysis chain of LISA’s interfer-

emeter. It allows to obtain the frequency shift profiles2 of the signal in the LISA detectors.

• PyTDI package: is a Python package [75] based on the models presented in [76] that is capable

of applying the TDI technique for the measurements obtained using LISA Instrument. It is used to

compute the interferometric signal on the channels A, E and T during a close approach.

• psd package: is a Python package [77] that contains easy-to-use tools for quick data visualiza-

tion and spectral analysis. It converts time-series signals to the frequency domain and allows to

compute their PSD. It is used to convert the signal into the frequency domain and assess the SNR.

2While we would be expecting to see phase shifts in the results of the numerical simulations, frequency shifts are obtained
instead. This is due to the fact that the frequency of the lasers used in LISA is too high and in the end, programmatically speaking,
there would be a numerical overflow and loss of precision while calculating phase shift instead. Thus, the signals obtained from
the interferometer are expressed as frequency shifts.
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Appendix B

Computing the Mass Probability

Density Function

We intend to find the mass probability density function. For that, we need to go back to the mass

equation and study its components. The mass equation can be written as a function of each of the

physical properties, density ρ, albedo pυ and absolute magnitude H:

m = f(ρ) g(pυ)h(H) =
(π
6
ρ
)

︸ ︷︷ ︸
t

(
a3p

− 3
2

υ

)
︸ ︷︷ ︸

z

(
e−

3 ln 10
5 H

)
︸ ︷︷ ︸

w

. (B.1)

where a = 1329 km. Since the mass depends on these variables, it is only logical that its probability

density function (pdf) will also depend on the corresponding pdfs.

To find the pdfs of t, z and w, the theorem of Transformation of a Univariate Random Variable can

be used [78]. It states that for a strictly increasing or decreasing function y = f(x), the pdf of y can be

calculated from the pdf of x using the following formula:

py(y) = ± px(f
−1(y))

d

dy
f−1(y) (B.2)

where the + applies to the strictly positive and − to the strictly decreasing function.

t is a strictly positive function for any ρ > 0 kgm−3 which is our study case. On the other hand, z and

w are strictly decreasing functions for the range of pυ ∈ [0, 1] and H ∈ [17, 25]. So, we can derive the

pdfs of t, z and w using Equation B.2.

pt(t) =
6

π
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(
6

π
t
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pz(z) = −2a2

3
z−

5
3 ppυ

(
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2
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3w ln 10
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−5

3

lnw

ln 10

) (B.3)
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For two independent and continuous random variables B, C with probability density functions pB and

pC respectively, the pdf of D = BC is given by [78]:

pD(d) =

∫
pB(b) pC

(
d

b

)
1

|b|
db (B.4)

where d and b are instances of the random variables D and B.

Due to the lack of information in the matter, we consider that the the physical properties alebdo pυ,

absolute magnitude H and density ρ are independent from each other. This assumption allows us to

apply Equation B.4 twice to calculate the final pdf for the mass pm(m):

pm(m) =

∫∫
pt(t) pz

(ν
t

)
pw

(m
ν

) 1

|t||ν|
dt dν

=
20 a2
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) 2
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lnm− ln ν

ln 10

)
dt dν

(B.5)

where ν = zw.

Equation B.5 allows to define a mass pdf depending on the pdfs of the physical properties pH , pρ and

ppυ
and can be used to integrate out the mass of the probability of detection in Chapter 3.3: Assessing

the Probability of Detection of Asteroids.
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Appendix C

Find Duration of a Simulation

When performing a simulation, it is very important to define an appropriate duration. The duration is

a result of a compromise between capturing the essence of the signal but minimizing the computational

time. If the simulation is too short it will impact the results found, yet if it is too long it will take to much

time to be performed.

Because each asteroid has a distinct signal and characteristic time1, it is not possible to define a

fixed duration for all simulations. Thus, we defined a method to calculate it. Firstly, we calculate the

acceleration profile for a long period of time, i.e, a month2. From that, we define the time interval in

which 99% of the acceleration profile is contained and we use this time interval as the duration for the

simulation, as illustrated in Figure C.1 for Asteroid 10603 of the fictitious population. In this example, 99%

of the acceleration profile corresponds to a simulation of 113000 s and a signal like the one represented

in Figure C.2 for channels A, E and T which contains all the features of the close approach.

Figure C.1: Relative acceleration profile for Asteroid 10603 of the fictitious population for close approach
with S/C 2. The red dots enclose the region containing 99% of the acceleration profile.

1The characteristic time corresponds to the time for the close approach. It is directly linked to the velocity that it has at and
close to the MOID.

2A month is a good choice for the long duration as it is unrealistic to have close approaches lasting for one month to any of the
spacecrafts. As a consequence, this duration allows to contain all the acceleration profile for the close approach.
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Figure C.2: Signal profile in TDI channels for Asteroid 10603 of fictitious population for close approach
with S/C 2.

The value 99% was chosen as a compromise between containing the most signal possible and having

a minimum duration allowing to decrease computational time. Several tests were performed with other

values for the threshold for different asteroids and they can be seen in Figure C.3. Additionally, we can

see the exponential behaviour of the simulation time as a function of the threshold for Asteroid 10603 in

Figure C.4.

Figure C.3: Normalized SNR as a function
of threshold for 4 asteroids. The normalized
SNR corresponds to SNRnorm = SNRth/SNRmax
where SNRth is the SNR at a given threshold
and SNRmax is the value of SNR for a threshold
of 99.999% of the acceleration profile. The dot-
ted lines and red point refer to an Normalized
SNR of 95% for a threshold of 99%.

Figure C.4: Simulation time as a function of
threshold for Asteroid 10603 of the fictitious
population. The dotted lines and red point refer
to a simulation time of 113000 s for a threshold
of 99%.
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Appendix D

Deviation from the Sphere of Influence

When analysing the results for the Probability of Detection study, we realized that for the scenario of

a fixed orbit, the probability of detection was significantly underestimated. We recall such probabilities

below.

Pdet(1) = 7.31+33.74
−5.98 × 10−5 Pdet(2) = 5.78+26.30

−4.72 × 10−5

The only way these could have such an uncertainty is if the fit done to pdet(m) was not correctly done.

So, we decided to take a look at that. The found pdet(m) curve is shown in Figure D.1.

Figure D.1: Probability of detection as a function of mass for Asteroid 6135 of the fictitious population.
Each point represents a value of pdet(m) calculated for a certain mass m.

Evidently, this asteroid did not follow the expected linear trend, but rather had a jump on the probabil-

ity of detection. To be able to understand where it came from, we backtracked the process and analysed

the curves of δMNEA and δMS/C as a function of the mass, shown in Figures D.2 and D.3. While the

curve for the δMS/C seems perfectly coherent with the expected behaviour of a sphere of influence, we

can see that the δMNEA curve is far from it. There seems to be a jump around m ∈ [2 × 1012, 5 × 1012]

kg. Because the probability of detection is directly calculated using the δM , it inherits this behavior and

thus has the jump in the same region.
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Figure D.2: δMNEA as a function of mass for As-
teroid 6135 of the fictitious population

Figure D.3: δMS/C as a function of mass for As-
teroid 6135 of the fictitious population

So, since the problem is for the δMNEA, we examined more closely the phenomenom in the region

of the jump, for m = 2 × 1012 kg and m = 5 × 1012 kg. The relative distance plot for each mass and

corresponding delay allowing an SNR = 5, is shown in Figure D.4.

(a): m = 2× 1012 kg

δMNEA = 0.0018 rad

(b): m = 5× 1012 kg

δMNEA = 0.013 rad

Figure D.4: Magnitude of relative distance between S/C 2 and Asteroid 6135 of the fictitious popula-
tion during delayed close approach for the two masses in the jump region and their respective delays.

These plot are enlightening. While the close approach was orchestrated with S/C 2 and it was still

the close approach making the most contribution to the signal and SNR for m = 2 × 1012 kg, it was no

longer true for m = 5× 1012 kg. For the second case, the close approach was actually with S/C 3. This

happened because, in the end, when we applied a δMNEA = 0.013 rad, we got sufficiently delayed from

S/C 2 that make the close approach be at a distance causing a close approach to another spacecraft.

A delay of 0.013 rad can be on the order of millions of kilometers, which is precisely the inter-distance

between spacecrafts. Due to the orbital geometry and the way the bodies move, this phenomenon

appeared for a delay on the δMNEA but it could as well have appeared on δMS/C. It is just that for this

asteroid, a delay in δMNEA causes a motion of the asteroid in the direction of the constellation’s motion.

Additionally, we can see that already for m = 2 × 1012 kg, the distances for the close approaches with

the different spacecraft are not so far apart. This means that there is also another contribution to the

80



SNR, multiple interactions with other spacecrafts for bigger masses. The relative distances for the three

spacecraft are less than a factor 10 away from each other, which means that if we are already detectable

by S/C 2 at this distance, if the mass is increases slightly, the other spacecraft will also be able to detect

it and contribute to the probability of detection. This was confirmed when we analysed the relative

acceleration, displayed in Figure D.5.

(a): m = 2× 1012 kg and δMNEA = 0.0018 rad

(b): m = 5× 1012 kg and δMNEA = 0.013 rad

Figure D.5: Magnitude of relative acceleration between S/C 2 and Asteroid 6135 of the fictitious
population during delayed close approach for the two masses in the jump region and their respective
delays.

If we observe these curves, we see that there is a strong close approach to S/C 2 for m = 2 × 1012

kg but yet there are some small close approaches to S/C 1 slightly earlier and S/C 3 slightly later in time.

These accelerations are already above the expected signal for just one close approach, so they end up

contributing to the SNR. The acceleration for m = 5× 1012 kg shows that the strongest close approach

is for S/C 3 and contributions of the other spacecraft.

We can draw a curve of SNR as a function of δMNEA to understand the extent of this phenomenon

for this asteroid. Such curve is displayed in Figure D.6. If the detection was linked to just one sphere of

influence as we hypothesized while doing the linear fit to pdet(m), we would expect just an exponential

decay on the SNR. Nevertheless, for a sufficiently heavy asteroid and the right orbital configuration, we
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can see that that is no longer the case, and we have bumps arising from the interactions with the other

spacecraft, more favourable at certain delays than others. In some cases, for sufficiently large masses,

the bumps rise above the minimum threshold of 5 and end up contributing for the detection.

Figure D.6: SNR vs δMNEA for Asteroid 6135 of the fictitious population with a mass of m = 8× 1012 kg.
The red dot corresponds to the MOID.

In the end, all asteroids are bound to experience from this effect. If we increase sufficiently the mass

of an asteroid, it will cause the expansion of sphere of influence. But in this case, as we have more than

one body, we will end up expanding three spheres which can at some point intercept the orbit and we

end having multiple interactions as illustrated in Figure D.7. For some asteroids, it is a phenomenon, we

will never see since it will happen for absurd masses. This is predicted by the first study (Figure 3.2).

While for others such as Asteroid 6135, the orbit and close approaches are favourable in such a way

that it can be seen even at reasonable masses (also visible in Figure 3.2).

Figure D.7: Illustration of delayed close approach to S/C 2 with the spheres of influence of each S/C
intercepting the orbit of the NEA. The sphere of influence for each S/C is delineated by the dotted gray
line. Not to Scale.
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Appendix E

Adding Fisher Matrices

Ideally, since there are three TDI channels collecting a signal in the LISA mission, it would be best to

join the information contained by all of them for a better parameter resolution. To verify if this is possible,

Bayes’ Theorem (Equation 3.16) is used once again.

Assuming that there are two measurements that result in parameter distributions with Fisher matrices

F1 and F2, it is possible to calculate the new posterior probability for the two measurements using the

likelihood. We are still under the assumption that the parameters measurement probability distribution

is a (multinormal) Gaussian distribution as before. That being said, we have:

P (θ |F1, F2) ∝ e−
1
2θ

TF1θ × e−
1
2θ

TF2θ,

∝ e−
1
2θ

T (F1+F2)θ.
(E.1)

Bayes’ Theorem allows us to add directly the likelihoods of the two measurements. This means that

adding Fisher matrices together is possible. Yet, it is not evident from Bayes’ Theorem that by adding the

Fisher matrices together, the uncertainty on the measurements will decrease. In other words, it is not

clear that the information from the two measurements will complement each other and end up resulting

in lower uncertainties or covariances.

In a standard one-dimensional case, it is trivial to show that two measurements (with associated

fisher matrices F1 and F2 and variances σ1 and σ2) of the same quantity provide more information about

this quantity, and make the uncertainty decrease.

σ2
2 < σ2

1 + σ2
2 ⇒ σ2

2

σ2
1 + σ2

2

< 1 ⇒ σ2
1σ

2
2

σ2
1 + σ2

2︸ ︷︷ ︸
(F1+F2)−1

< σ2
1 . (E.2)

Nevertheless, for a multidimensional case, we need to look at the error volume, quantified by the

diagonal of the Covariance matrix C = (F1 + F2)
−1 for both measurements, corresponding to the

generalisation of the one-dimensional uncertainty. For this proof, we base ourselves in the work in [79].

Knowing that the Fisher Matrix F1 is symmetric, we can easily diagonalize it:
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F d
1 = RF1R

T . (E.3)

where X is a suitable rotation matrix with the properties RRT = 1 and detR = 1 and F d
1 is the resulting

diagonal matrix.

Any diagonal matrix can be written as sum of the outer products of two vectors vk and vT
k , consisting

on the “square root” of the column vectors.

F d
1 =

n∑
k=1

vk v
T
k , vk =

1√∥∥col(F d
1 , k)

∥∥ col(F d
1 , k). (E.4)

Defining uk = RTvk, it is possible to rewrite F1 as:

F1 =

n∑
k=1

RTvk v
T
k ,R =

n∑
k=1

uku
T
k . (E.5)

Now, the Sherman–Morrison–Woodbury formula [79] can be used. It states that for a square matrix

M and two vectors b and c are:

(M + bcT )−1 = M−1 − M−1bcTM−1

1 + cTM−1b
. (E.6)

M and the vectors b and c can be defined using the variables in our problem:

M =

n−1∑
k=1

uku
T
k +C2

−1,

b = c = un.

(E.7)

Replacing M , b and c in Equation E.6, the total covariance C is:

C = (M + unu
T
n )

−1 = M−1 − M−1unu
T
nM

−1

1 + uT
nM

−1un
. (E.8)

Now the diagonal of C corresponds to the variance of the parameters. The variance, then, corre-

sponds to:

diagC = diagM−1 − diag (M−1unu
T
nM

−1)

1 + uT
nM

−1un
,

= diagM−1 − diag (M−1un(M
−1un)

T )

1 + uT
nM

−1un
.

(E.9)

As M is a symmetric definite positive matrix due to its definition, and that the denominator is larger

than 1, we can conclude that:

diagC < diagM−1 = diag

(n−1∑
k=1

uku
T
k +C2

−1

)−1
 . (E.10)
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Iterating the previous formula for n steps, we end up with the following result:

diagC < diagC2. (E.11)

C is smaller than the covariance of the individual measurement covariance C2. If the definition of M

was changed to include C1, then we would obtain the same result for the other individual measurement

covariance. Therefore, this proves that the covariance decreases when we add two Fisher matrices

together.

Concluding, it means that it is possible to add the Fisher matrices of the three TDI channels to

obtain a better resolution on the parameters to be tested, given by the lower covariance. A final Fisher

Matrix F can be computed and inverted to obtain the final Covariance Matrix C and further on, the final

Correlation Matrix X for the LISA detection:

F = C−1
A +C−1

E +C−1
T ,

C = F−1.
(E.12)
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Appendix F

Tables and Extra Results

F.1 LISA Constellation

F.1.1 Spacecraft Orbital Elements

The orbital elements for the three S/C of LISA used in all the simulations performed are presented in

Table F.1.

a [au] e i [rad] Ω [rad] ω [rad] M [rad]

S/C1 0.999006 0.004821 0.008293 0.132958 1.560585 4.661102
S/C2 0.998994 0.004824 0.008407 2.230733 1.557594 2.566136
S/C3 0.998991 0.004821 0.008372 4.311799 1.571140 0.471570

Table F.1: Orbital elements for LISA constellation

F.1.2 Galactic Foreground Noise

The total sensitivity curve is obtained by adding the contribution coming from the galactic foreground,

Sc, described in [53]:

Sc(f) = Af−7/3e−fα+βf sin (κf) [1 + tanh(γ(fk − f)] Hz−1 (F.1)

where the fit parameters in this equation can be found in Table F.2.

Time [yr] α β κ γ fk

0.5 0.133 243 482 917 0.00258
1 0.171 292 1020 1680 0.00215
2 0.165 299 611 1340 0.00173
4 0.138 221 521 1680 0.00113

Table F.2: Parameters of the analytic fit the galactic foreground noise, Sc according to [53]. The amplitude
A has been fixed to 9× 10−45. The frequency, fk, decreases with observation time and γ increases with
observation time, leading to a decrease of the galactic background noise over time which makes valid
our simplification. The other parameters vary as a function of time.
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F.2 Observed NEA Population

F.2.1 Asteroid Taxonomy

Some of the classes of asteroid taxonomy allowing to identify an average albedo and an expected

composition are shown in Table F.1.

Figure F.1: Description of taxonomic classes for asteroids [43]. The spectral appearance, visual albedo
mean value as well as its lower and upper standard deviation, and the spectral prototypes of the 17
classes from observations are shown in this Table. Note that this list excludes the X class. The plots of
asteroid spectra on the right display the reflectance in the y-axis and the wavelenght / µm on the x-axis.
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F.2.2 Orbital Elements and Physical Properties

In Table F.3, the collected orbital elements and physical properties for some of the observed NEAs

using the traditional detection methods based on observations are shown.

Name a [au] e i [rad] Ω [rad] ω [rad] M [rad] H pυ d [m]

1981 Midas 1.78 0.65 0.69 6.23 4.67 3.06 15.26 0.29 1900

2201 Oljato 2.17 0.71 0.04 1.31 1.71 4.77 15.36 0.24 2100

4179 Toutatis 2.54 0.62 0.01 2.19 4.85 5.08 15.30 0.41 2640

5693 1.27 0.59 0.09 1.69 4.52 1.14 16.87 - 1400

13651 1.34 0.31 0.30 2.04 2.34 2.36 17.85 0.51 560

16960 2.20 0.86 0.31 4.54 4.25 4.33 14.03 0.23 4100

69230 Hermes 1.65 0.62 0.11 0.59 1.62 3.26 17.62 0.27 820

85713 1.92 0.64 0.19 0.71 1.80 2.89 15.46 0.08 3484

90416 1.69 0.49 0.14 5.70 4.07 0.48 18.78 0.07 900

143649 1.09 0.19 1.08 0.02 1.83 6.28 17.37 * *

154276 1.70 0.69 0.15 0.59 1.74 3.48 17.67 0.14 1060

162567 1.25 0.25 0.24 5.82 2.33 4.03 19.97 0.17 330

179806 1.86 0.53 0.09 5.86 2.20 2.49 20.43 * *

221455 2.02 0.66 0.02 0.37 4.08 1.29 19.51 * *

242643 1.83 0.87 0.15 0.68 0.85 2.76 17.38 0.092 1430

252399 0.87 0.55 0.27 1.01 2.37 0.38 19.5 0.68 260

357028 1.38 0.61 0.16 0.18 4.99 3.95 19.46 * *

387668 1.30 0.43 0.40 6.05 4.83 4.35 20.42 * *

415745 1.75 0.46 0.18 1.20 3.77 1.90 19.34 0.19 502

453729 1.38 0.28 0.36 1.60 3.12 4.86 18.82 * *

509821 1.73 0.61 0.02 5.54 4.00 3.88 20.17 * *

523820 2.24 0.60 0.96 0.30 5.57 4.34 18.26 0.02 2660

620100 1.34 0.50 0.05 1.43 1.53 3.81 21.32 * *

2001YB5 2.34 0.86 0.10 1.89 2.01 1.03 20.65 * *

2002NY40 2.05 0.71 0.10 2.54 4.71 2.02 19.34 0.34 280

2003UQ12 1.71 0.53 0.09 0.55 5.09 1.14 25.23 * *

2004MC 2.43 0.59 0.04 1.59 3.56 1.04 23.35 * *

2005YR3 0.82 0.27 0.06 1.31 3.80 0.28 23.56 * *

2007VD12 1.15 0.36 0.40 1.09 1.59 1.17 19.88 0.39 220

2008VZ3 1.85 0.53 0.06 3.99 4.15 0.27 24.50 * *

Table F.3: Orbital elements and physical properties of 30 asteroids. Data obtained from NEOCC
database: https://neo.ssa.esa.int/ for epoch 60400 mjd. * : data is estimated using the standard
interval for the albedo pυ = [0.05, 0.25] and derived using Equation 2.5. - : information is not available.
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F.2.3 Uncertainties in Observed Orbital Elements

In Table F.4, the collected uncertainties for some of the observed NEAs using the traditional detection

methods based on observations are shown.

Name σa [au] σe σi [rad] σΩ [rad] σω [rad]

1981 Midas 2.57× 10−9 2.09× 10−8 9.80× 10−8 2.80× 10−8 8.03× 10−8

2201 Oljato 8.13× 10−9 2.80× 10−8 5.44× 10−8 1.74× 10−6 1.74× 10−6

4179 Toutatis 4.29× 10−10 1.29× 10−9 2.83× 10−9 3.53× 10−7 3.44× 10−7

5693 1.70× 10−9 2.22× 10−8 3.65× 10−8 4.31× 10−7 4.23× 10−7

13651 7.54× 10−10 2.66× 10−8 8.03× 10−8 1.60× 10−7 2.00× 10−7

16960 3.89× 10−9 1.93× 10−8 4.97× 10−8 3.03× 10−7 2.86× 10−7

69230 Hermes 1.79× 10−9 1.01× 10−8 6.08× 10−8 1.48× 10−7 1.46× 10−7

85713 7.43× 10−10 1.92× 10−8 6.12× 10−8 1.92× 10−7 1.97× 10−7

90416 1.00× 10−9 1.65× 10−8 8.57× 10−8 1.90× 10−7 2.13× 10−7

143649 1.15× 10−9 2.72× 10−8 2.42× 10−7 3.38× 10−8 1.72× 10−7

154276 6.94× 10−9 1.35× 10−8 7.15× 10−8 1.83× 10−7 1.89× 10−7

162567 1.77× 10−9 4.39× 10−8 1.65× 10−7 2.93× 10−7 3.61× 10−7

179806 1.77× 10−9 4.39× 10−8 1.65× 10−7 2.93× 10−7 3.61× 10−7

221455 2.39× 10−8 4.49× 10−8 1.68× 10−7 3.10× 10−7 3.68× 10−7

242643 1.60× 10−9 1.39× 10−8 1.12× 10−7 2.11× 10−7 2.18× 10−7

252399 1.45× 10−9 8.55× 10−8 1.26× 10−7 2.41× 10−7 2.46× 10−7

357028 3.34× 10−9 7.36× 10−8 1.46× 10−7 8.81× 10−7 8.65× 10−7

387668 5.72× 10−9 8.45× 10−8 3.17× 10−7 1.93× 10−7 2.33× 10−7

415745 1.66× 10−9 3.42× 10−8 1.06× 10−7 5.73× 10−7 5.60× 10−7

453729 3.97× 10−9 3.34× 10−8 7.87× 10−8 1.83× 10−7 2.74× 10−7

509821 1.83× 10−9 4.86× 10−8 1.59× 10−7 1.00× 10−5 1.00× 10−5

523820 2.62× 10−8 1.28× 10−7 6.51× 10−7 1.93× 10−7 3.93× 10−7

620100 2.93× 10−9 2.38× 10−8 5.64× 10−8 3.17× 10−7 3.21× 10−7

2001YB5 2.53× 10−3 4.39× 10−4 1.40× 10−4 1.21× 10−3 1.27× 10−3

2002NY40 5.38× 10−8 5.19× 10−8 1.26× 10−7 7.22× 10−8 2.39× 10−7

2003UQ12 4.25× 10−3 1.49× 10−3 3.7× 10−4 7.90× 10−4 8.80× 10−4

2004MC 1.37× 10−3 1.13× 10−3 4.49× 10−6 6.00× 10−5 2.30× 10−4

2005YR3 4.00× 10−6 1.00× 10−6 1.19× 10−6 2.00× 10−5 1.00× 10−5

2007VD12 2.26× 10−9 2.08× 10−7 2.75× 10−7 5.89× 10−8 4.75× 10−7

2008VZ3 2.40× 10−3 6.22× 10−4 1.30× 10−4 1.34× 10−3 1.43× 10−3

Table F.4: Standard deviation for orbital elements and physical properties of 30 asteroids. Data obtained
from NEOCC database: https://neo.ssa.esa.int/ for epoch 60400 mjd.
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F.2.4 Variation in SNR for different LISA Geometry

In Table F.5, the results for the first study allowing to decide if the asteroid is a good candidate for

detection for some of the observed NEAs using the traditional detection methods based on observations

are shown.

Name m [kg] MOID [au] SNRmin SNRoriginal SNRmax

1981 Midas 4.53× 1013 3.28× 10−3 15.29 27.61 87.89

2201 Oljato 6.72× 1012 3.08× 10−3 2.94 3.42 14.90

4179 Toutatis 1.81× 1014 3.79× 10−4 25183.59 27746.48 63314.80

5693 4.35× 1012 9.00× 10−4 22.22 123.53 221.87

13651 2.04× 1011 4.00× 10−4 4.95 23.43 49.20

16960 1.15× 1014 7.22× 10−3 6.44 19.40 34.20

69230 Hermes 1.27× 1012 2.66× 10−4 222.76 372.07 841.95

85713 4.87× 1013 1.42× 10−3 132.64 201.68 714.94

90416 1.04× 1012 2.50× 10−4 291.47 291.48 808.40

143649 1.90× 1012 1.77× 10−4 121.39 1575.91 2533.25

154276 1.37× 1012 4.97× 10−4 48.44 99.75 234.47

162567 4.33× 1010 2.00× 10−4 6.15 28.92 41.03

179806 2.73× 1010 9.82× 10−5 56.83 84.71 116.08

221455 1.00× 1011 1.43× 10−4 113.65 179.01 249.97

242643 9.06× 1012 1.30× 10−3 27.75 127.54 173.33

252399 2.84× 1010 3.05× 10−4 1.11 9.24 13.41

357028 1.09× 1011 3.77× 10−4 6.62 22.47 39.74

387668 2.55× 1010 2.66× 10−5 746.85 794.08 846.99

415745 1.28× 1011 4.16× 10−4 12.89 17.71 39.47

453729 2.56× 1011 2.20× 10−4 49.08 95.10 232.03

509821 3.92× 1010 2.32× 10−4 12.80 28.71 39.48

523820 6.21× 1011 8.53× 10−4 5.92 17.54 31.33

620100 7.99× 109 4.61× 10−5 63.32 70.97 111.39

2001YB5 1.86× 1010 1.21× 10−5 1338.00 1989.04 2110.60

2002NY40 2.05× 1011 7.69× 10−5 737.40 798.75 1303.45

2003UQ12 5.93× 107 8.04× 10−6 9.94 20.77 21.39

2004MC 4.91× 108 2.57× 10−5 22.58 39.89 40.10

2005YR3 3.03× 108 5.71× 10−6 93.06 363.51 388.10

2007VD12 6.01× 1010 2.36× 10−4 2.87 31.14 44.50

2008VZ3 1.18× 108 1.43× 10−6 118.05 600.75 941.92

Table F.5: Variation of SNR due to LISA geometry for 30 asteroids of the observed NEA population. Note
that to calculate the mass of these asteroids, Equation 2.6 was used. Due to lack of measurements,
a density of 2200 kg/m3 was assumed, and whenever the diameter and/or albedo was not available,
Equation 2.5 and the standard albedo of pυ = 0.14 were used.
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F.3 Fictitious NEA Population

F.3.1 Orbital Elements and Physical Properties

In Table F.6, the collected orbital elements and physical properties for some of the fictitious NEAs

created with NEOPOP are shown.

Name a [au] e i [rad] Ω [rad] ω [rad] M [rad] H d [m] m0 [kg] MOID [au]

1279 1.89 0.81 0.04 3.68 2.24 1.05 18.24 798.84 5.87× 1011 2.31× 10−4

1836 1.79 0.53 0.15 1.14 2.09 6.14 17.1 1350.40 2.84× 1012 4.61× 10−5

2331 1.45 0.31 0.23 0.10 3.17 0.14 17.51 1118.05 1.61× 1012 1.62× 10−4

2474 2.46 0.71 0.61 5.69 1.23 2.94 17.04 1388.23 3.08× 1012 4.42× 10−4

3112 1.94 0.50 0.19 5.73 2.73 2.19 18.84 605.98 2.56× 1011 1.50× 10−4

4368 2.26 0.62 0.23 3.24 5.46 1.08 16.4 1864.06 7.46× 1012 9.72× 10−4

4644 2.23 0.65 0.16 0.0025 4.17 5.52 19.31 488.05 1.34× 1011 1.22× 10−5

5401 3.39 0.72 0.43 3.53 5.92 1.55 18.21 809.96 6.12× 1011 1.79× 10−4

6135 1.27 0.64 0.16 4.56 2.01 1.82 17.72 1014.99 1.20× 1012 3.52× 10−4

6707 3.15 0.72 0.45 5.62 5.54 5.92 17.7 1024.38 1.24× 1012 1.21× 10−4

7151 2.40 0.83 0.14 1.51 1.20 5.39 19.61 425.07 8.85× 1010 3.73× 10−5

7578 3.60 0.74 0.56 5.95 5.76 2.80 19.16 522.95 1.65× 1011 1.28× 10−4

8117 1.32 0.41 0.65 3.26 4.51 2.64 19.75 398.53 7.29× 1010 5.50× 10−4

8775 1.57 0.49 0.03 4.84 5.25 2.56 18.41 738.69 4.64× 1011 1.22× 10−5

10198 2.64 0.66 0.07 4.67 2.49 6.09 18.88 594.92 2.43× 1011 1.44× 10−4

10603 2.45 0.73 0.21 3.11 4.98 4.23 18.26 791.52 5.71× 1011 7.82× 10−4

11545 2.64 0.84 0.72 5.39 4.45 0.60 16.26 1988.20 9.05× 1012 2.27× 10−4

11805 1.75 0.60 0.04 3.34 5.11 0.42 17.59 1077.61 1.44× 1012 4.79× 10−4

12382 2.60 0.61 0.54 0.36 0.08 5.13 17.73 1010.32 1.19× 1012 4.84× 10−4

12965 2.47 0.63 0.19 0.21 5.55 0.06 17.83 964.85 1.03× 1012 8.89× 10−4

13175 1.05 0.18 1.27 4.90 1.65 3.65 19.1 537.60 1.79× 1011 3.23× 10−5

13323 1.08 0.16 0.59 3.28 4.39 1.41 19.42 463.94 1.15× 1011 2.00× 10−5

14414 2.46 0.60 0.42 2.94 0.19 5.30 19.16 522.95 1.65× 1011 1.68× 10−4

16594 1.58 0.40 0.02 4.61 2.76 2.09 19.77 394.88 7.09× 1010 5.05× 10−5

18875 1.76 0.52 0.20 1.16 4.11 4.24 19.76 396.70 7.19× 1010 3.16× 10−4

19021 1.00 0.21 0.23 0.43 4.86 3.12 19.22 508.70 1.52× 1011 5.16× 10−4

20406 2.75 0.80 0.59 2.35 4.74 1.30 16.46 1813.26 6.87× 1012 9.13× 10−4

22349 1.24 0.65 0.41 0.12 4.24 5.68 18.85 603.20 2.53× 1011 2.55× 10−4

25414 1.08 0.57 0.33 6.23 2.04 6.26 17.32 1220.28 2.09× 1012 6.42× 10−5

25716 1.60 0.37 0.36 1.39 0.04 5.17 18.67 655.33 3.24× 1011 1.52× 10−4

Table F.6: Orbital elements and physical properties of 30 asteroids. The diameter and mass were
calculated using Equations 2.5 and 2.6, respectively, with the values of pυ = 0.14 and ρ = 2200 kg/m3.
The MOID was calculated for S/C 2.
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F.3.2 Probability of Detection

Synodic Period Distribution

The distribution for the synodic period of the asteroids of the fictitious population is shown in Figure

F.2. The highest synodic period belongs to Asteroid 9387, being T x
syn = 3279.22 yr, and the lowest to

Asteroid 22055, being T y
syn = 0.34 yr.

Figure F.2: Distribution of synodic periods for the fictitious population

δM Diagram and Area of Detectability

The mirroring effect of the angle δM between 0 and 2π makes that in the end there are two parallelo-

grams for the area of detection. In theory depending on the slope, several parallelograms could happen

due to mirroring effects. Nevertheless, the slope is linked to the orbital periods of the NEAs and that

these vary in a way that only allow two parallelograms in the interval of [0, 2π] rad. Figure F.3 illustrates

this principle.

Figure F.3: Illustration of area of detectability in δM diagram. Not to scale. The bold line represents the
linear relationship of Equation 3.11. The dashed lines are the limits of the detectable region, i.e the lines
of SNR = 5.
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Results

In Table F.7, the results of the probability of detection study for some asteroids of the fictitious popu-

lation are shown.

Non-Fixed Orbit Fixed Orbit

Name SNR Tsyn [yr] Pdet (1) Pdet (2) Pdet (1) Pdet (2)

1279 492.24 1.62 1.28+1.30
−0.65 × 10−2 1.03+1.04

−0.52 × 10−2 7.86+21.96
−5.77 × 10−5 6.32+17.41

−4.62 × 10−5

1836 51520.68 1.71 3.06+3.72
−1.67 × 10−3 2.47+2.97

−1.34 × 10−3 9.40+5.52
−3.48 × 10−5 7.58+4.42

−2.79 × 10−5

2331 1836.15 2.34 1.26+0.45
−0.33 × 10−2 1.06+0.38

−0.28 × 10−2 7.46+32.73
−6.06 × 10−5 5.96+25.75

−4.82 × 10−5

2474 237.07 1.35 1.61+1.63
−0.81 × 10−3 1.30+1.30

−0.65 × 10−3 6.99+145.12
−6.65 × 10−5 5.51+111.82

−5.23 × 10−5

3112 7.85 1.59 4.05+1.47
−1.07 × 10−3 3.28+1.18

−0.86 × 10−3 7.41+160.66
−7.06 × 10−5 5.76+122.04

−5.48 × 10−5

4368 144.79 1.42 2.67+2.83
−1.37 × 10−3 2.16+2.25

−1.10 × 10−3 3.71+16.79
−3.02 × 10−5 2.91+13.01

−2.37 × 10−5

4644 28240.29 1.42 3.44+1.78
−1.17 × 10−3 2.78+1.42

−0.94 × 10−3 7.33+6.16
−3.34 × 10−5 5.88+4.88

−2.66 × 10−5

5401 751.53 1.19 7.39+5.86
−3.26 × 10−3 6.00+4.71

−2.63 × 10−3 1.02+0.50
−0.33 × 10−4 8.34+4.02

−2.70 × 10−5

6135 235.80 3.27 1.51+1.13
−0.64 × 10−3 1.21+0.90

−0.52 × 10−3 7.31+33.74
−5.98 × 10−5 5.78+26.30

−4.72 × 10−5

6707 1654.02 1.22 5.85+6.30
−3.03 × 10−3 4.76+5.07

−2.45 × 10−3 1.32+6.03
−1.08 × 10−4 1.06+4.76

−0.86 × 10−4

7151 1906.86 1.37 4.17+2.02
−1.36 × 10−3 3.37+1.62

−1.09 × 10−3 9.75+2.52
−2.00 × 10−5 7.95+2.04

−1.62 × 10−5

7578 275.42 1.17 6.57+12.9
−4.34 × 10−3 5.26+10.2

−3.46 × 10−3 1.18+31.87
−1.13 × 10−4 9.14+242.01

−8.79 × 10−5

8117 6.32 2.95 6.78+185.33
−6.52 × 10−4 5.53+146.8

−5.32 × 10−4 3.41+195.86
−3.34 × 10−5 2.61+146.11

−2.56 × 10−5

8775 62177.07 2.03 1.27+0.08
−0.07 × 10−2 1.03+0.06

−0.06 × 10−2 1.07+1.00
−0.52 × 10−4 8.68+8.00

−4.15 × 10−5

10603 20.71 1.35 2.83+3.26
−1.51 × 10−3 2.27+2.58

−1.20 × 10−3 5.54+17.70
−4.21 × 10−5 4.46+14.04

−3.37 × 10−5

11545 3470.39 1.30 1.45+0.40
−0.32 × 10−3 1.18+0.32

−0.25 × 10−3 9.40+3.26
−2.45 × 10−5 7.98+2.62

−1.97 × 10−5

11805 179.07 1.76 1.14+0.18
−0.16 × 10−2 9.32+1.49

−1.29 × 10−3 8.15+7.93
−4.01 × 10−5 6.65+6.39

−3.25 × 10−5

13323 8801.66 8.77 5.33+4.35
−2.39 × 10−4 4.29+3.46

−1.91 × 10−4 4.18+3.59
−1.93 × 10−5 3.36+2.86

−1.54 × 10−5

14414 120.68 1.35 7.73+6.42
−3.50 × 10−3 6.22+5.11

−2.80 × 10−3 6.11+30.54
−5.07 × 10−5 4.81+23.65

−3.98 × 10−5

19021 11.94 185.09 2.34+1.02
−0.71 × 10−5 1.91+0.82

−0.57 × 10−5 6.94+53.75
−6.12 × 10−7 5.35+40.81

−4.71 × 10−7

Table F.7: Probability of detection for the non-fixed and fixed orbits scenarios for 20 asteroids of the
fictitious population. (1) uses an uniform distribution (Figure 3.9) for the probability density distribution
of ρ and (2) uses a gamma function (Figure 3.10). The synodic periods Tsyn were calculated with S/C 2.
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F.3.3 Uncertainty in Parameters

Standard Deviations

In Table F.8, the collected uncertainties calculated through the Fisher Information method (see 3.4

Assessing the Uncertainty in Measurements) for some of the fictitious NEAs generated are shown. In

Figure F.4, the respective correlation matrices are displayed.

Name SNR σa [au] σe σi [rad] σΩ [rad] σω [rad] σ∗
m [%]

1279 492.24 2.04× 10−6 1.31× 10−6 2.04× 10−7 1.17× 10−6 6.50× 10−6 3.17× 10−4

1836 51520.68 9.17× 10−11 5.26× 10−11 5.94× 10−10 1.98× 10−10 9.08× 10−11 1.31× 10−6

2331 1836.15 1.41× 10−7 6.71× 10−8 2.14× 10−7 2.79× 10−8 3.38× 10−8 2.34× 10−4

2474 237.07 2.05× 10−6 1.03× 10−6 4.68× 10−6 3.47× 10−8 4.34× 10−6 8.75× 10−4

3629 7.85 3.31× 10−5 1.03× 10−4 3.67× 10−4 2.62× 10−6 2.18× 10−4 0.11

4368 144.79 8.16× 10−5 2.45× 10−5 5.99× 10−5 8.54× 10−6 8.00× 10−5 0.037

4644 28240.29 2.62× 10−13 1.17× 10−13 1.29× 10−12 3.42× 10−13 7.00× 10−14 1.09× 10−7

5401 751.53 1.23× 10−7 1.15× 10−8 3.29× 10−7 1.50× 10−8 2.12× 10−8 2.07× 10−4

6135 235.80 6.84× 10−7 1.07× 10−6 1.02× 10−5 2.25× 10−6 2.59× 10−6 1.91× 10−3

6707 1654.02 1.40× 10−9 1.89× 10−10 2.28× 10−8 2.66× 10−10 6.50× 10−10 3.84× 10−5

7151 1906.86 5.36× 10−11 2.82× 10−11 1.51× 10−9 4.61× 10−10 5.36× 10−10 6.57× 10−6

7578 275.42 2.30× 10−8 2.00× 10−9 7.90× 10−7 1.27× 10−8 6.51× 10−9 6.28× 10−5

8117 6.32 7.12× 10−5 1.93× 10−4 4.80× 10−4 9.45× 10−6 4.68× 10−4 0.16

8775 62177.07 1.60× 10−14 1.90× 10−14 3.78× 10−14 2.58× 10−13 2.27× 10−13 1.40× 10−7

10198 251.50 2.99× 10−7 5.72× 10−8 7.41× 10−8 7.45× 10−8 2.33× 10−7 1.42× 10−4

10603 20.71 1.93× 10−4 1.39× 10−4 4.01× 10−4 7.29× 10−5 5.48× 10−4 0.10

11545 3470.39 5.30× 10−9 2.93× 10−9 1.33× 10−7 1.46× 10−11 1.70× 10−8 1.14× 10−5

11805 179.07 1.28× 10−5 1.97× 10−5 1.40× 10−5 6.55× 10−5 1.19× 10−4 0.019

12382 123.88 5.26× 10−5 7.87× 10−6 3.98× 10−5 1.22× 10−6 4.22× 10−6 0.019

12965 23.74 2.77× 10−4 5.99× 10−5 5.78× 10−5 1.19× 10−5 1.54× 10−4 0.096

13175 4507.01 5.12× 10−13 5.89× 10−12 2.25× 10−10 9.77× 10−13 1.20× 10−11 3.89× 10−7

13323 8801.66 1.18× 10−12 3.18× 10−12 2.87× 10−10 6.96× 10−12 7.55× 10−13 4.18× 10−7

14414 120.68 1.22× 10−6 2.03× 10−7 2.65× 10−6 8.70× 10−8 1.25× 10−7 1.44× 10−3

16594 727.91 3.74× 10−9 1.82× 10−9 1.11× 10−10 1.61× 10−9 4.47× 10−9 2.18× 10−5

18875 21.99 9.14× 10−5 5.49× 10−5 4.07× 10−5 8.41× 10−6 1.48× 10−4 0.031

19021 11.94 1.39× 10−5 7.81× 10−5 2.79× 10−4 4.28× 10−5 1.85× 10−4 0.17

20406 90.67 5.70× 10−7 2.33× 10−6 3.10× 10−5 1.84× 10−7 1.31× 10−5 3.20× 10−3

22349 149.50 1.05× 10−6 1.55× 10−6 3.36× 10−6 1.49× 10−7 4.00× 10−6 4.36× 10−4

25414 19208.36 2.18× 10−10 3.98× 10−10 2.70× 10−10 1.70× 10−11 8.88× 10−10 3.07× 10−7

25716 438.90 2.18× 10−7 8.56× 10−8 2.90× 10−6 1.51× 10−7 1.43× 10−7 1.67× 10−3

Table F.8: Uncertainties in orbital elements for 30 asteroids of the fictitious population. The close ap-
proaches were calculated between the asteroids and S/C 2. These standards of deviation were calcu-
lated using ∆θ =

[
10−6 a 10−6 e 10−4 i 10−6 Ω 10−6 ω 10−2 m

]
.
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Correlation Matrices

1279 1836 2331 2474 3629

4368 4644 5401 6135 6707

7151 7578 8117 8775 10198

10603 11545 11805 12382 12965

13175 13323 14414 16594 18875

19021 20406 22349 25414 25716

Figure F.4: Correlation matrices from Fisher information study for 30 asteroids of
the fictitious population. These correlation matrices were calculated using ∆θ =[
10−6 a 10−6 e 10−4 i 10−6 Ω 10−6 ω 10−2 m

]
.
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