Broadband control of topological-spectral correlations in space-time beams
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The synthesis of ultrashort pulses with simultaneously tailored spatial and temporal
properties opens new horizons in multimode photonics, especially when the spatial
degree of freedom is controlled by robust topological structures. Current methods
to shape space-time beams with correlations between their topological charges and
spectral components have yielded fascinating phenomena. However, shaping is cur-
rently limited to narrow topological and/or spectral bands, greatly constraining the
breadth of achievable spatiotemporal dynamics. Here, we introduce a Fourier space-
time shaper for ultra-broadband pulses, covering nearly 50% of the visible spectrum
and carrying a wide range of topological charges with values up to 80. Instead of rely-
ing on a conventional grating with linear geometry, our approach employs a diffractive
axicon with circular geometry that allows to impart azimuthal phase modulations to
beams carrying orbital angular momentum. We retrieve the spatiotemporal field by
introducing a characterization technique based on hyperspectral off-axis holography.
The tailoring of linear topological-spectral correlations enables the control of several
properties of the wave packets, including their chirality, orbital radius, and number of
intertwined helices, while complex correlations allow us to manipulate their dynamics.
Our space-time beams with broadband topological content will enable a host of novel

applications in ultrafast light-matter excitations, microscopy, and multiplexing.

Space-time coupling in ultrashort optical pulses, such
as pulse-front tilt and pulse-front curvature, generally oc-
curs when the spatial properties of a broadband light
beam are frequency-dependent [I]. These kinds of chro-
matic aberrations have been known for decades, but have
often been regarded as undesirable distortions of the spa-
tiotemporal pulse structure, and sometimes even ignored.
Only more recently, with significant advances in wave-
front [2] and pulse shaping [3], space-time wave packet
engineering has begun to flourish [4 [5]. This is part of a
broader trend toward highly multimode photonics [6-8],
in which space-time beams represent one of the richest
and most complex frontiers in terms of combinations of
optical degrees of freedom.

The synthesis of space-time beams with nonseparable
spatiotemporal states has led to spectacular demonstra-
tions of localized wave packets with exotic refraction and
controllable group velocity [O0HIT]. Among the many de-
grees of freedom exploited in complex spatiotemporal
light, the topological charge of beams, ¢, carrying or-
bital angular momentum (OAM) is the key component
in many methods, including time-varying OAM beams
[12, 13], spatiotemporal optical vortices with transverse
OAM [I4HIG], light coils [I7, [I8], revolving-rotating
beams [19], and toroidal pulses [20} 2T]. Vortex beams, in
particular, have been widely studied given that the con-
stituting OAM modes benefit from a robust topological

structure, form a convenient basis for signal multiplex-
ing [22], and are suitable for the excitation of topological
light-matter interactions.

Most space-time beam shaping methods are based on
a two—or more [I1], 13, 23]—step process, in which a
linear grating is used to angularly disperse the incom-
ing pulse and a holographic device placed at the Fourier
plane of the grating modulates the spatially-separated
spectral components of the input pulse [5]. When these
schemes are employed to define a correlation between the
frequencies and topological charges of a pulsed beam, it
becomes apparent that the linear geometry of the grating
in conventional pulse shapers is mismatched to the circu-
lar symmetry of beams carrying orbital angular momen-
tum. Due to this inherent limitation, all demonstrations
of topological-spectral correlations thus far have resulted
in pulses with a limited OAM bandwidth with values of
topological charge around unity [11 13} [I8] 24] and, in
most cases, in a relatively narrow band of optical frequen-
cies, corresponding to pulse durations in the picosecond
range.

Here we demonstrate a Fourier space-time shaper
based on an axicon grating with circular geometry to
map frequencies across nearly 140 THz (200 nm) of spec-
tral bandwidth onto concentric radial rings to which we
can impart azimuthal phase modulations with a wide
content of OAM. We are able to generate separable



and nonseparable space-time beams with tailored linear
and complex (beyond linear) topological-spectral corre-
lations, which display unprecedented spatiotemporal dy-
namics. In demonstrating broadband operation we over-
come many challenges in the achromatic modulation,
Fourier transformation, aberration correction, recombi-
nation and spatiotemporal characterization of ultrashort
wave packets, establishing a ready-to-use scheme to serve
new applications in ultrafast science and technology.

Results

Broadband space-time shaper

The conceptual scheme for the synthesis of spatiotem-
poral light fields with broadband topological-spectral cor-
relations is presented in Fig. (for a detailed setup
schematic see Fig. [2a). The coherent light source
is a non-collinear optical parametric amplifier (NOPA)
[25] 26] delivering broadband (530-700 nm) visible fem-
tosecond pulses compressed to nearly transform-limited
duration by a set of chirped dielectric mirrors [27] (Fig.
Ilp). The core element of our synthesizer is a multi-
level axicon grating fabricated in house on fused silica
by grayscale lithography (Fig. )7 which has clear ad-
vantages in terms of efficiency and spectral shaping ca-
pabilities with respect to simpler binary gratings (Sup-
plementary Note 1). The axicon design parameters—in
particular, its period and size —are tuned to maximize
the spectral resolution of the space-time synthesizer, al-
lowing us to address around 40 independent spectral win-
dows in the correlation function (Materials and Meth-
ods). Both this value and the large topological charges
that can be achieved in our synthesizer are an order of
magnitude larger than those achieved in previous sys-
tems [13, 18] 24], bringing unprecedented flexibility and
control in the design of space-time beams carrying OAM.

We access the far field of the axicon using a spheri-
cal concave mirror (Fig. [2h), which carries out a broad-
band spatial Fourier transform. At the Fourier plane, the
pulse is dispersed into concentric rings with wavelengths
linearly distributed along the radial direction, as charac-
terized by a hyperspectral camera [28] (Fig. [Ip). The
spectrally-dependent spatial structure of the space-time
beam is defined by a spatial light modulator (SLM) im-
posing an arbitrary topological-spectral coupling in the
Fourier plane of the axicon. The phase hologram dis-
played on the SLM is divided into a finite set of concentric
rings, each assigning a single topological charge to a dif-
ferent spectral window of the ultrashort pulse (Fig. [Tf).
In addition to imparting the OAM content, the hologram
also corrects for astigmatic aberrations of the system and
for the wavelength-dependent phase response of the SLM,
which is essential to account for when operating with a
broadband spectrum (Supplementary Note 2).

After the beam shaping using the SLM, the beam is
inversely Fourier transformed by a concave mirror (Fig.
2h). At the image plane of the axicon we obtain a

novel family of high-order Bessel beams with a tailored
topological-spectral correlation. In principle, by pass-
ing through a conjugate grating and propagating further
to the far field we could convert these to a family of
Laguerre-Gaussian modes (Extended Data Fig. 6), as
this would cancel out the axicon’s phase contribution to
the beam, which is responsible for the Bessel component.
We choose, however, to avoid the second grating and
keep the Bessel profiles as they provide some important
advantages over the Laguerre-Gaussian ones: first, they
mitigate both OAM- and frequency-dependent diffrac-
tion (Supplementary Note 3), which would be detrimen-
tal to the spatiotemporal dynamics upon beam propaga-
tion [4], and second, they benefit from self-healing [29],
making the beam robust against possible obstructions or
turbulence over its path.

On-axis holography

We first validate our setup with the synthesis of a
pulsed vortex beam, a separable space-time beam in
which all frequencies have the same topological charge,
here with a value of ¢ = 40 (Fig. [1g). The structured
beam is characterized by on-axis holography, interfering
it with a collinear reference beam with variable delay
(Fig. S3e). Subtracting the non-interfering intensity
components of the structured and reference beams from
the camera image, we obtain a profile directly propor-
tional to the real part of the electric field of the ultrashort
pulse [30]. The retrieved profile reveals the spatiotempo-
ral separability, showing a doughnut-like profile that only
exhibits a change in amplitude without any spatial de-
pendence as a function of delay (Fig. ) The axicon
grating-based method presented here outperforms previ-
ous schemes for achromatic vortex generation of ultra-
short pulses [3TH35], ranging from dispersion compensa-
tion and geometric phase accumulation to conical glasses
based on total internal reflection, both in terms of beam
quality and magnitude of the encoded topological charge.

Next, we generate a nonseparable space-time beam
in which the topological charge scales linearly with fre-
quency, ranging from £ = 30 to 50 over the spectral band-
width (Fig. ) The correlation is discretized in steps
0¢ = 1 rather than being a continuous curve, to avoid
noninteger values corresponding to beams with fractional
OAM, which may not be invariant over their propagation
and suffer from distortion [36]. Our method allows us to
synthesize a helical wave packet [5, B7], originally intro-
duced as a “light spring” [I7], with a rotating envelope
as shown by on-axis holography (Fig. ) The rotation
results from a spatially-dependent delay of the pulse ar-
rival time, which varies along the azimuthal coordinate
[17]. This wave packet describes a coil structure in space,
which essentially translates rigidly in the z direction as
it propagates (Extended Data Fig. 1).

Hyperspectral off-axis holography
While on-axis holography provides a partial character-



ization of the structured beam, it does not allow a full
reconstruction of its complex electric field. This limi-
tation can be circumvented by introducing a small an-
gle between the structured and reference beams. This
technique, known as off-axis digital holography [38], can
provide both the amplitude and phase of the field, with
respect to that of the reference, by filtering one of two
first order terms from the spatial Fourier transform of the
interference pattern. By scanning the time delay between
the structured and reference beams, the full complex
electric field, E(z,y,t), can be reconstructed. Though
off-axis digital holography has been successful in the re-
construction of space-time beams carrying small values
of OAM [111 24], the large OAM content associated with
the structured beams using our broadband light source
forces a relatively large off-axis angle to separate the first
order interference terms. This results in a tilt between
the pulse fronts of the interfering beams and an inter-
ference strip that drifts with the time delay out of the
spatial region of interest [39], ultimately preventing the
characterization of the complex beam evolution in space
and time (Supplementary Note 6).

To overcome this obstacle, we introduce a hyper-
spectral holography technique (Fig. ) combining off-
axis digital holography at a fixed delay of the refer-
ence with Fourier transform spectroscopy based on a
common-path birefringent interferometer [28]—known as
the Translating-Wedge-based Identical pulses eNcoding
System (TWINS) [40]. The complete 3D information of
the field is obtained by scanning the 1D temporal delay
7 of the pulse replicas generated by the TWINS inter-
ferometer while recording the 2D spatial pattern of the
off-axis interference (Fig. ), resulting in a temporal
interferogram for every camera pixel (Fig. [2b). Then,
by carrying out a temporal Fourier transform at every
pixel we obtain a set of spectral images, whose spatial
Fourier transform provides the amplitude and phase of
the field, as in off-axis digital holography (Fig. ) The
measurement is hyperspectral as it gives access to a con-
tinuous spectrum of images, rather than a discrete one
as in multispectral imaging based on spectral filters. The
outcome of this technique is the so-called spectral hy-
percube [4I] providing the 3D data set of the complex
field in space-frequency E(x, y,w) (rather than F(z,y,t)
in space-time, as in previous works using only off-axis
holography). As in other techniques based on digital
holography [42], the absolute spectral phase of the ref-
erence pulse needs to be characterized by an indepen-
dent method, such as frequency-resolved optical gating,
on the input NOPA pulse (Supplementary Note 4). Fi-
nally, by an inverse temporal Fourier transform we obtain
E(z,y,t) that, being fully characterized, can be prop-
agated to any distance z. We note that a frequency-
resolved characterization of space-time beams was also
carried out in a previous work [I3], by combining off-
axis holography with spectrum scanning based on the

rotation of a spectral filter, though such approach can
become challenging for broadband pulses like the ones
implemented here.

The spatio-spectral phase reconstructed for a helical
wave packet with hyperspectral holography shows that
frequencies with different OAM correspond to circular
beams with different diameters (Fig. [2d). This spa-
tial chirp has a nontrivial influence on the local pulse
duration of the helical wave packet, in particular when
spectral chirp is also present, due to space-time cou-
pling effects (see Supplementary Note 5 for an analy-
sis). After carrying out a decomposition of the field
on the OAM eigenstates [43] (Materials and Methods),
we obtain the experimental signature of the topological-
spectral correlation—a linear distribution of topological
charges between ¢ = 30 and 50—in excellent agreement
with our design (Fig. k). The reconstructed helical wave
packet is observed to rotate in space-time (Fig. [2f), in
striking contrast to the position-independent dynamics
of a separable pulsed vortex (Fig. [2g) despite the two
beams carrying the same mean topological charge £ = 40
(see Supplementary Movies for animations and volumet-
ric visualizations).

Linear topological-spectral correlations

Our broadband control of topological-spectral correla-
tions makes it possible to verify—and, most importantly,
to tailor to specific applications—many spatiotemporal
properties of these light fields, which were predicted by
a number of theories [I7, 37, 44, [45] but not yet experi-
mentally demonstrated, as we show in the following.

By changing the offset of the linear correlation, we can
adjust the orbital radius of the rotating pulse. In Fig. Bh
this radius is 48% larger than that of the beam shown in
Fig. [2f—a scaling in agreement with the change in the
mean topological charge, from 40 to 60. The chirality of
the helical wave packet—mnamely, the sense of rotation of
its intensity envelope—is controlled by the sign of the lin-
ear slope defining the correlations, rather than by that of
the topological charges carried by the beam. By chang-
ing from a positive to a negative slope, one can observe
in the y—t projection of Fig. that the helix rotates in
the opposite direction with respect to the beam of Fig.
3h (see also Extended Data Fig. 3a,b from the analyt-
ical theory derived in the Supplementary Note 7). The
change of slope sign also corresponds to a reversal of the
chromatic order of the concentric rings constituting the
wave packet, as observed in the spectrally-resolved im-
ages obtained from the hyperspectral camera (Fig. ,b),
emphasizing that our spatiotemporal beam shaping is an
advanced form of spatial chirp engineering.

Multiple intertwined helices can be synthesized by
changing the step size in the topological-spectral correla-
tion (Extended Data Fig. 3b-d). For the case of §¢ = 2
and for the same OAM bandwidth of Fig. [3h, we observe
the appearance of a second helix rotating in the same



direction (Fig. Bf). In this case we can clearly resolve
the spectral windows, as their width (13.4 THz) is larger
than the spectral resolution of the TWINS interferom-
eter (7.9 THz). Finally, we show that we can combine
all the previous types of control by multiplexing different
correlations over the large topological and spectral band-
widths available in our system. To this end, in Fig. [3d,
we synthesize two helices with different orbital radii and
opposite chiralities, exploiting the low-frequency (red)
spectral band to sweep charges from ¢ = 80 to 70, and
the high-frequency (green) one to go from ¢ = 40 to 50.

Complex topological-spectral correlations

Our method of space-time beam shaping allows us
to synthesize wave packets with arbitrary topological-
spectral correlations, beyond the linear ones illustrated
so far. We present in Fig. [h,b two different kinds of
complex correlations, corresponding to a square root and
a parabolic function. (Additional linear and complex cor-
relations synthesized experimentally are presented in Ex-
tended Data Fig. 2.) In each case we observe an excellent
agreement between the design and the reconstructed ex-
perimental correlation.

In the case of the square root correlation, our simula-
tions show that this produces a spatiotemporal behavior
very similar to that of a helical wave packet synthesized
from a linear correlation, but the rotating pulse has a
larger angular velocity 2 (Extended Data Fig. 4). More
generally, the orbital period of the pulse, To, = 27/€Q,
measured at a given z-plane (a.k.a. the temporal pitch of
the helical wave packet) can be controlled by the expo-
nent p of the power function appearing in the following
complex correlation

Wy — W

fw) = [A(Z

)+ ], (1)

where A¢ and Aw are the OAM and spectral band-
widths, /1 and wy are the lowest topological charge and
the highest angular frequency of the correlation, and the
square brackets indicate rounding to the nearest integer.
As p becomes either smaller or larger than unity, the tem-
poral pitch of the helical wave packet decreases (Fig. ,
left), and in the limit p — 0 or oo the space-time beam
becomes a simple pulsed vortex with Ty}, tending to zero
(Fig. , right).

For the parabolic correlation (Fig. ), we can under-
stand the space-time dynamics of the beam by decom-
posing the function into two half-parabolas and studying
them separately. We simulate each contribution by con-
sidering only half of the intensity spectrum. The two
components correspond to power functions with p = 2
and opposite orientation, leading to helical wave pack-
ets with opposite chirality (Fig. , left). The interfer-
ence of the two counter-propagating pulses results into an
achiral wave packet (Fig. 7 right), with an iso-surface

structure very similar to the one observed experimen-
tally. More generally, the chirality of a wave packet can
be calculated using the following integral

X = sgn(/ % I(w)dw) (2)

where ¢(w) is the function relating OAM to frequency,
and I(w) is the intensity spectrum of the pulse. It
can be seen that the integral vanishes for a parabolic
correlation—as long as I(w) and the parabola share the
same axis of symmetry—thus x = 0, corresponding to an
achiral wave packet.

Discussion

We have experimentally demonstrated a method for
the spatiotemporal synthesis of ultrashort wave packets
with broadband spectral and topological control. The
wide range of topological charges opens the door to an en-
tire new family of OAM-carrying space-time beams with
many properties yet to be explored. In addition to OAM,
other degrees of freedom of light could be spectrally tai-
lored in our setup, including the spectral intensities via
amplitude modulation and the relative phases among the
different spatiospectral modes of the pulse, while polar-
ization could be controlled by replacing the modulator
with a metasurface [I8]. Moreover, by adding an ampli-
tude mask the system could be changed from the gener-
ation of Bessel beams to Mathieu [46] or parabolic [47]
beams, resulting into pulses with elliptical or parabolic
profiles, rather than circular. Our hyperspectral holo-
graphic characterization technique is ideally suited for
the spatiotemporal metrology of these broadband beams,
since it does not require an iterative algorithm as in
other spatially-resolved spectral techniques [48-51]. Our
method can resolve temporal features shorter than the
duration of the reference pulse, in contrast to approaches
based on temporal cross-correlation scanning the delay
between the structured and reference beam. Moreover,
hyperspectral holography could be easily extended in the
future to reconstruct also the polarization distribution of
vectorial space-time wave packets [I8] 23] 52] [53]. The
space-time beams generated with the technique presented
here could soon find use in transferring OAM to matter,
such as in Raman processes (stimulated Raman scat-
tering) at the core of laser-plasma accelerators [54], in
the imaging of ultrafast charge carrier diffusion processes
thanks to the mapping of time to space carried out by
helical wave packets, and in increasing the capacity of op-
tical communication channels thanks to OAM-frequency
division multiplexing [55].
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Fig. 1. Synthesizing space-time beams with broadband topological-spectral correlations. a, Characterization trace
of the femtosecond pulses from the non-collinear optical parametric amplifier measured by polarization-gated frequency-resolved
optical gating (FROG, left). The intensity spectrum covers a broad portion of the visible range (right). The gray shaded areas
mask the unused part of the spectrum, where the root mean square noise is above 0.5% of the signal. b, Spectral peak
distribution in the far field of the axicon characterized by an hyperspectral camera. ¢, Conceptual scheme for space-time beam
shaping, with an axicon grating mapping the spectral content of the input ultrashort pulse into concentric rings. A hologram
displayed on a spatial light modulator in the far field of the axicon tailors a topological-spectral correlation, resulting in helical
wave packets. For clarity, the beam path is shown along a straight line here, whereas in the setup it is folded (Fig. [2h). d,
Optical profilometry image of the fabricated grayscale axicon. Scale bar is 50 pm. e, Hologram used to generate a pulsed
vortex with a topological charge ¢ = 40 at all frequencies. f, Hologram used for the synthesis of a helical wave packet with a
broadband linear topological-spectral correlation between ¢ = 30 and 50. g,h, Real part of the electric field of the pulsed vortex
and helical wave packet, respectively, obtained by on-axis holography. Image size in g,h is 2.5 mm x 2.5 mm; the largest plots
are at a delay of 0 fs. Red-to-green colors in a,b,e,f directly correspond to the visible wavelengths/frequencies.
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Fig. 3. Controlling helical wave packets by tailoring linear correlations. The synthesis of arbitrary linear topological-
spectral correlations allows us to precisely control different properties of helical wave packets: a, the orbital radius of the
rotating intensity envelope; b, the direction of rotation; c, the number of intertwined helices; d, multiplexing different helices
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Materials and Methods

Multilevel axicon grating fabrication

We fabricate the axicon as a grayscale phase mask on a 500 pm thick fused silica substrate. Prior to the fabrication
of the axicon, we perform a grayscale dose matrix to calibrate the dose and defocus of the laser writer. We perform
the grayscale lithography by exposing five layers (each corresponding to a set of concentric axicon rings at different
height levels) in sequence. The fabrication process consists in spin-coating a primer (TI Prime: 6000 rpm, 500 rpm/s,
60 s, bake 2 min at 120°C), followed by a positive photoresist (AZ5214: 4000 rpm, 500 rpm/s, 60 s, bake 90 s at
110°C), then direct laser writing (Heidelberg MLA100), development (AZ726: 60 s), reactive ion etching (50 scem
CHF3, 5 sccm Og etch: 100 W RF, 500 W inductively coupled plasma, 5 Pa pressure), and resist dissolve (acetone
bath).

Axicon design

The diameter of the fabricated axicon is @ = 10 mm and the grating period is d = 25 pm to maximize the spectral
resolution of the space-time synthesizer for a mirror focal length of f = 150 mm, while the axicon height of 1200 nm
corresponds to a 27 phase shift for a wavelength of 552 nm (ng;0, = 1.46), in the range of the NOPA. In the far field
of the axicon, each spectral component of wavelength A corresponds to an annular beam of radius R = f\/d and
half-thickness T' = fA/mwq [b6], where wy = 2.16 mm is the input beam waist. The spectral resolution of the grating
is given by 0A = A 2T /R. We characterize the parameter R/2T = mwy/2d = 136 of our system by shining a nearly
monochromatic HeNe source on the axicon, obtaining that d\ lies in the range between 4 and 5 nm over the pulse
bandwidth. From the relationship between the spectral bandwidth, A\, and the average spectral resolution, )\, we
calculate that our system can address around 40 independent spectral windows. This number can be increased either
by enlarging the input beam waist and axicon diameter or by reducing the grating period. To avoid the annular beam
diameter becoming larger than the SLM size in the latter case one can reduce f, which also makes the system more
compact. Finally, taking a typical annular beam radius of 4 mm in our system, the SLM pixel size dgry = 8 pm, and
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requiring at least 8 pixels per azimuthal sector (spanning a phase ramp from 0 to 27), we estimate that the largest
topological charge that can be imparted in our scheme is around ¢ = 27 R/8dsrm = 400.

Non-collinear optical parametric amplifier

The light source is obtained by pumping a non-collinear optical parametric amplifier (NOPA) [26] with a Ti:Sapphire
laser that emits 100 fs pulses peaked at 800 nm with a repetition rate of 1 kHz. The pulse duration of the compressed
NOPA was estimated to be 7 fs based on PG FROG characterization with an added 3.4 mm of fused silica glass in the
beam path, which introduces a similar amount of positive GVD as the structured light setup optics (Supplementary
Note 4, Sec. A). The NOPA spectrum spans from approximately 520 nm to 730 nm. Given the high sensitivity of the
holography techniques to spectral noise, we filter out the edges of the base NOPA spectrum, which have the highest
RMS noise, resulting in a spectrum with an RMS below 0.5%. In particular, the longer wavelength portion of the
spectrum shows higher noise due to its proximity to the laser fundamental at 800 nm but also due to limitations of
the chirped mirrors used for pulse compression at longer wavelengths. The output of the NOPA is sent through a first
reflective telescope with two concave mirrors (75 mm and 250 mm focal length) and a pinhole (& = 100 pm) used to
filter the beam and reduce its spatial chirp [57] (Fig. S6), and then through a second telescope with a magnification
factor 3x to increase the Gaussian beam diameter to approximately 10 mm, matching the diameter of the axicon.

Space-time beam shaper

The NOPA beam is fed into the space-time beam shaper following a broadband half-wave plate to set the polarization
along the modulation axis of the spatial light modulator (SLM). We use broadband UV fused silica beamsplitters
(BSW10R, 1 mm thick) for the realization of the interferometer for the holographic measurements. The focal length
of the concave mirror used for the spatial Fourier transform is 150 mm. The SLM is a phase-only liquid crystal
modulator (Holoeye PLUTO-2.1-NIR-133 broadband module). The holograms displayed on the SLM impart, in
addition to the desired topological-spectral correlation, astigmatic aberration corrections that are implemented via
Zernike polynomials. We convert the target phase profile into a matrix of SLM voltage levels that accounts for the
wavelength-dependent response of the modulator, exploiting the fact that the wavelengths constituting the broadband
pulse are spatially dispersed at the SLM plane. We block the zero order of the axicon, corresponding to a focused spot
in the far field, by placing a mask with a metallic disk (2 = 2 mm) just in front of the SLM (not shown in Fig. [2h).
The delay line for the reference path uses a hollow rooftop mirror on a motorized micrometer stage. The output of the
spatiotemporal synthesizer is magnified by a factor 5x using concave mirrors, to increase the size of the fringes used
in the holographic characterization. We add a small propagation distance (of the order of a few cm) from the image
plane of the axicon before detection to allow the formation of the Bessel beam, due to coupling between the phase
and amplitude of the beam along propagation. We use high resolution CCD cameras for the beam characterization
(LT665 Spiricon for on-axis holography, and PointGrey GS3-U3-23S6M).

Hyperspectral off-axis holography

The spatiotemporal characterization technique we introduce relies on two interferometers, a temporal one based
on the common-path birefringent interferometer [40] and a spatial one based on off-axis holography. The TWINS
interferometer consists of a set of two birefringent alpha barium borate (a-BBO) wedges (7° apex angle) followed
by an a-BBO plate. The wedges and the plate have crossed optical axes, and the setup is sandwiched between two
linear polarizers (Fig. ) TWINS generates two replicas of the input waveform whose delay can be controlled by
varying the insertion of one of the wedges. The length of the delay scan is 4 mm in steps of 10 pm and, combined with
our interferogram apodization (Happ-Genzel), gives a spectral resolution of 7.9 THz. The spatial component of the
interferometer relies on interfering the space-time beam with a reference (the pulsed Gaussian beam prior to shaping)
at a small angle. This angle is adjusted by making sure that the rings corresponding to the complex conjugate Fourier
transform of the electric field, F and E*. do not overlap (Fig. ) We set the delay zero of the spatial interferometer
by finding the condition in which the spatial fringes are centered with respect to the position of the time-averaged
intensity image of the space-time beam (note that these fringes drift as a function of the delay between the shaped and
reference beam), then we do not modify this delay over the measurement. This consists in acquiring an interference
image (20 ms integration time) for every temporal delay of the TWINS interferometer. We also carry out a background
measurement in absence of the reference beam (thus without any spatial interference), which is subtracted from the
previous set of data to reduce the DC contribution in the digital Fourier transform (Fig. [2t). The data processing
provides the hyperspectral cube, consisting of spectrally-resolved images of off-axis interference. On each image we
apply the procedure of off-axis digital holography by isolating only one of the complex conjugates of the reciprocal
electric field, and then by inverse Fourier transform we obtain a new hyperspectral cube giving a set of spectral images
of the amplitude and phase of the complex electric field constituting the synthesized space-time beam. Importantly,
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due to the angle used for off-axis interference, the temporal overlap between the structured and the reference beams
occurs only along a spatial strip whose position is delay dependent. We correct for this by developing a procedure to
digitally remove the tilt between the pulse front of the reference and structured beam (Supplementary Note 6).

Topological-spectral correlations

The experimental topological-spectral correlations are obtained by carrying out a modal decomposition of each spectral
image on the OAM eigenstates [43]. These are phase-only functions with no amplitude components, which do not
constitute a true (i.e. orthonormal) basis but can be used to determine the OAM content of an optical field, therefore
we used them to compare experimentally the topological-spectral correlations with the design curves used to configure
the SLM. The spectral accuracy in the absolute position of the correlation points is estimated to 5 THz, given by a
combination of the TWINS accuracy (> 1 THz) and an uncertainty in experimentally matching the position of the
SLM hologram with respect to the radial distribution of wavelengths in the far field of the axicon. While carrying
out the overlap integral and projecting to the far field for the modal decomposition, we observe that the different
frequencies have a slightly different angle: for the reference case of a pulsed vortex, where ¢ = 40 for any w, a small
shift of the spot is seen in the far field. We account for this shift and establish a calibration based on the pulsed
vortex beam, which is then applied to the modal decomposition of all space-time beams studied in this work. The
non-uniformity in the spectral rings of Fig. is attributed to a small amount of residual spatial chirp in the input
NOPA pulse [57], which we characterized with a spectrally-resolved beam profiler (Extended Data Fig. 5).

Numerical simulations

Simulations are carried out by calculating the interference of Bessel-Gauss beams with different spectral frequency
and topological charge, as determined by a given correlation function. We consider 100 modes spanning the same
frequency range of the NOPA pulse used in the experiments. Unless otherwise stated, we assume a flat spectral phase
for the input pulse.

Data availability

The datasets generated during the current study are available from the corresponding author on reasonable request.
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